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Groups Generated by Two Operators WhoierlUilative 

Transforms are Equal to Each Other. 



By G. a. Millbb. 






If s and t represent two operators of a group the important operator 

s-Hs 

is known as the transform of t with respect to s. Similarly f^st is called the 
transform of s with respect to t. These two transforms are usually distinct. 
When s and t are commutative they are equal to each other whenever s and t 
are identical and only then. When s and t are non-commutative the equality 
of these transforms still implies, among other things, that $ and t have the 
same order, since the order of an operator is equal to that of all its transforms. 
The main object of the present paper is to determine fundamental properties 
of the groups generated by s and t when they satisfy the equation 

s'^H$ = t'^'st, (A) 

but are not otherwise restricted. 

Our first object is to determine the order of t^^s when the common order 
of s and t is an arbitrary positive integer a. For the determination of this 
order it is convenient to employ the equation 

{t'^sY=st''\ (B) 

which can readily be established by writing (A) in the form 

and substituting in the second member of 

From (B) it results directly that t~^s is transformed into its square by 5"\ 
Hence s transforms into itself the cyclic group generated by t^^Sj and the 
group G generated by this cyclic group and s is identical with the group 
generated by s and t. In particular, it results that G is of finite order pro- 
vided f^s is of finite order. We shall now prove that the latter order is a 

divisor of 2»— 1 = 2«-^+2-*+ .... +2+1. 
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2 Millbb: Groups Generated by Two Operators 

This fact can easily be established by means of (B). When a = l no 
proof is required. When a>l, sets of four factors in the first member of the 
following equation,. beginning at the left, 

can be replafee&'by sets of two factors by means of (B). We thus obtain the 
simpler;Aination 

•.^ ••.';•" ' st-'st-' .... r*5= (5r^)^"'-^ • r^5=5(r^5)^"'-* • t-'s. 

,.•.'.. \*Wien a=2 it is evident that the members of the last equation reduce to 
' *•' identity. When a>2 we may write out the last member of this equation and 
in it affect a similar reduction by means of (B), thus obtaining the equation 

sH^'st^'s. . . .<-«5=5*(r^5)'***-* • t-^s. 

The members of this equation are evidently equal lo the identity when a =3. 
When a>3 the process may clearly be repeated until the identity is reached. 
Hence the theorem : 

// s and t are two operators of order a which satisfy the condition 
s'^Hs = t'^^stj then the order of t^^s is a divisor of 2* — 1. 

The fact that the order of t'^s must be exactly 2*— 1 whenever no addi- 
tional restriction is placed on s and f, may be established by actually con- 
structing a group involving operators which satisfy these conditions. We 
proceed to do this. Let ti represent an operator of order 2* — 1 and let Si 
represent an operator of order a in the group of isomorphisms of the cyclic 
group generated by ti. Since 2 belongs to exponent a mod 2* — 1 it may be 
assumed that Mi^r^='i9 ^nd hence 

The operators Si and Siti^ are therefore of order a. Their relative transforms 
are equal to each other since 

sT^ ' Siti\=ti^Si and tiSi^ - Si' Siti^=tiSiti^. 

In fact, the second members of these two equations are the inverses of 
operators which were proved equal to each other and hence they must also be 
equal to each other. 

From the preceding paragraph it results that there are two operators of 
order a, a being any positive integer, whose relative transforms are equal to 
each other and which satisfy the condition that the product of one and the 
inverse of the other is of order 2" — 1. Hence the following theorem has 
been established : 



Whose Relative Transforms are Equal to Each Other. 3 

// the relative transforms of two operators of a group are equal to each 
other these operators have the same order a and when they are not otherwise 
restricted they generate a solvable group of order a (2**— 1). 

For a particular value of a there is one and only one such group. This 
group contains a cyclic commutator subgroup of order 2* — 1 and is generated 
by this subgroup and an operator of order a which transforms each of its 
operators into its square. In view of the great importance of the concept of 
transform in the theory of groups and the remarkable simplicity of these 
groups it may be desirable to denote this system by a special name. We shall 
call it the equi-transform system of groups. 

For the sake of illustrations it may be desirable to note that when a=l 
this group is the identity, when a=2 it is the dihedral group of order 6, when 
a=3 it is the semi-metacyclic group of order 21, etc. It is evident that each 
of the groups in the equi-transform system contains a set of 2* — 1 conjugate 
cyclic subgroups of order a which are therefore separately transformed into 
themselves by only their own operators. Moreover, when a is even and repre- 
sented by 2n all the 2'*+l operators of order 2 contained in such a group con- 
stitute a single set of conjugates. The fact that each of these operators of 
order 2 appears in at least one set of independent generators of results 
directly from the following evident theorem : 

If each one of a complete set of conjugate operators of a group can he 
transformed into each of the other operators of the set by some operator of the 
set then each of these operators appears in at least one set of independent 
generators of the group. 

From the preceding paragraph it results directly that the ^-subgroup of 
G must always be of odd order. We proceed to prove that the order of this 
subgroup is 2*— 1 divided by the product of all its distinct prime factors. To 
prove this theorem it is only necessary to prove that every operator of G which 
is not found in its invariant cyclic subgroup of order 2* — 1 does appear in at 
least one of the sets of independent generators of G. If this theorem were not 
true there would be such an operator 8 of prime order p which would not 
belong to a set of conjugates having the properties noted in the theorem closing 
the preceding paragraph. 

Since S would be a power of an operator s of order a contained in (7 it 
may be assumed that a=kp and that s^Hs=t^f t being a generator of the 
invariant cyclic subgroup of order 2*— 1 contained in G. Hence 

S-'HS^t^'. 
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It may be noted that when 2" — 1 is prime to p the theorem is evident. Hence 

we shall assume in what follows that 2" — 1 is divisible by p. Moreover, it 

may be assumed that S is commutative with the Sylow subgroups whose orders 

are prime to p contained in the invariant cyclic subgroup of order 2" — 1. 

Hence it results that 

2*— 1=0 mod (2«— l)/p. 

It is easy to prove that this congruence is impossible. In fact, 

p(2*— 1)<2«— 1 

since p • 2*< 2*=2*''. Hence the operator 8 belongs to a set of conjugates such 
that each of the operators of the set is transformed into every operator of the 
set by some operator of the set, and the following theorem has been established : 

The ^-subgroup of every group in the equi-transform system is cyclic and 
of order 2* — 1 divided by the product of the distinct prime factors of this 
number. Incidentally it has also been proved that every prime factor of 
a is a divisor of the remainder obtained by subtracting unity from some prime 
factor of 2*— 1. 

Univebbitt of Illinois. 



A Classification of General (2, 3) Point Correspondences 

Between Two Planes. 

By Temple Rice Hollcroft. 



§ 1. Introduction and General Discussion. 

1. Introduction. — The purpose of this paper is to discuss and classify 
algebraic (2, 3) point correspondences between two planes. Such a corre- 
spondence is established between two planes (x) and (a;') when an algebraic 
relation in x^, iTg, x^ and x[y x^j a;J exists such that to any point of (x) shall 
correspond two points of (a;'), and to any point of {x') three points of {x). 

While the theory of (1, 1) correspondences has been thoroughly devel- 
oped and that of (1, n) correspondences treated in some detail, there are but 
few writings that consider the case in which both planes are multiple and thus 
have a direct bearing on the subject of the present paper. The first paper on 
(2, 2) point correspondences was published in 1889 by P. VisallL* In this 
paper he discusses a very special case in which the lines of either plane 
correspond to conies in the other. Burali-Forti t later obtained certain (2, 2) 
correspondences by combining two (1, 2) correspondences and showed that 
the case treated by Visalli is included in these. The first investigation of 
general (2, 2) point correspondences was made by G. Marietta.} He considers 
two special types and deduces the properties of their associated transforma- 
tions geometrically in four dimensional space. Finally an exhaustive classifi- 
cation of (2, 2) point correspondences has been recently made by F. R. Sharpe 
and Virgil Snyder.^ 

The only paper to date on correspondences of multiplicities greater than 
two is that of Richard Baldus, || who has investigated certain properties of 
(mi, ma) point correspondences by geometrical methods. 

* p. Visalli, <'La trasformazione quadratica (2,2)," Rend, del Circ. Mat. di Palermo, Vol. Ill 
(1889), pp. 165-170. 

t G. Burali-Forti, " Sulle trasformazione (2, 2) che si possono ottenere me«Kaiite due trasf ormazioni 
doppie," Rend, del Circ. Mat. di Palermo, Vol, V (1891), pp. 91-99. 

to. Marietta, "La trasformazione quadratica (2, 2) fra piani," Rend, del Giro. Mat. di Palermo, 
Vol. XVII (1903), pp. 173-184. "La trasformazioni cubiche (2, 2) fra piani," same volume, pp. 371-386. 

§ F. R. Sharpe and V. Snjder, " Types of (2, 2) Point Correspondences Between two Planes." T. A. 
M. 8., Vol. XVIII (1917), pp. 402-414. 

II R. Baldus, " Zur Theorie der gegenzeitig mehrdeutigen algebraischen Ebenentransformationen," 
Mat. Annal., Vol. LXXII (1912), pp. 1-56. 
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2. A general (2, 3) point correspondence is said to exist between two 
planes (rr) and {x') when the points of the two planes are related as follows: 
Choosing (rr) and {x') respectively for the double plane and the triple plane, 
to a point P' of (a?') correspond three points Pi^P^jPz of (a;), ordinarily 
distinct. To Pi, P^^ Ps correspond in (x') the original point P' and the 
residual points P[y P'ij P^j respectively, which are usually distinct from each 
other and from P\ One more step will fully illustrate the general procedure. 
To P[y Pg , P'sj respectively, correspond the three sets Pi^ P^y P^; P^y P^y Pj; 
Pj , Pg , Pq , the three points in each set being usually non-coincident. 

If in {x') the three residual points PI, P2, Pi coincide in one point Pq, 
then the three points Pj, Pg, Ps of (x) correspond to either P' or Pq of {oc') 
and to each of the points Pj, Pj, Pa corresponds the pair P', Pq. Such an 
involutorial (2, 3) point correspondence may be obtained by combining a 
(1, 2) and a (1, 3) point correspondence and is known as a (2, 3) compound 
involution. Since (2, 3) compound involutions, although distinct types, are 
not general (2, 3) point correspondences, they will not be discussed in this 
paper. 

In the general (2, 3) point correspondence between two planes, a type is 
distinguished and defined by two equations, each algebraic in the coordinates 
of both planes. As shown in the next article, such a pair of equations estab- 
lishes an algebraic relationship between the planes (x) and (x') such that to a 
point of (x) correspond two points of (re'), and to a point of (a?') correspond 
three points of (x). By analogy to Riemann surfaces, (x) is called the double 
plane and (a?') the triple plane. By considering all the possible forms of 
these defining equations that do not establish (2, 3) compound involutions, 
twelve independent types of general (2, 3) point correspondences have been 
obtained. By independent types we mean those that can not be reduced, one 
to the other, by any series of birational transformations. It will be shown 
finally that all general (2, 3) point correspondences are birationally equivalent 
to some one of these twelve types. 

3. General Properties. — The defining equations of a (2, 3) point corre- 
spondence between two planes (x) and {x') may be written as tysro algebraic 

equations of the form, 

j:u,{x)uUx')=Oy (1) 

J:v,{x)v',{x')=0. (2) 

When x[y rri, a;J are parameters, these equations represent two curves of (x) 
intersecting in three variable points corresponding to the point {x[y a;i, a?i), 
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and when Xi^Xz^or^s are parameters, two curves of {x') intersecting in two 
variable points corresponding to the point {x^ x^^ x^). Connected with each 
(2, 3) point correspondence, the defining equations establish a transformation 
between the two planes (a;) and (a?') such that to a line Ci{x) corresponds a 
curve C'n{x') of order n and genus p' which may have fundamental points A] of 
multiplicities rj. Likewise to a line CJ(ir') corresponds a curve C^{x) of order 
n and genus p which may have fundamental points A^ of multiplicities r,. 

The fundamental or basis points of a given plane are fixed points on the 
curves of that plane. The order of a basis point is its multiplicity on the 
images of general lines. To each basis point of order r in either plane corre- 
sponds a basis curve of order r in the other plane. If a curve C passes 
through a basis point A its image is composite, consisting of the image of A 
counted as many times as the multiplicity oi A on C and a residual curve 
called the proper image of C 

To a point P' of {x') correspond three points Pi, Pj, Pg of {x) which 
describe the curve C„ as P' describes the line C[ . Similarly, to a point P of 
{x) correspond two points PJ, PJ of {%') which describe C^ as P describes Cj. 
To the point of intersection of two lines of {x) [(a:')] correspond in {x') [(x)] 
two [three] non-basic intersections of the image curves of these lines. These 
two [three] image points always lie at the two [three] intersections of the 
two curves of {x') [(^•)] given by the defining equations in which the parameters 
are the coordinates of the common point of the two lines of {x) [{x')]. The 
images in both planes are distinct except for points on certain fixed curves. 

If the two images P[ , Pg of a point P of {x) coincide, P is on the branch- 
point curve of {x) which will be called L{x). The locus of the corresponding 
coincidences is the coincidence curve of (re'), denoted by K'{x')j which is in 
(1, 1) correspondence with L{x). If in (re), two of the three images of the 
point P' of (rr') coincide, P' is on the branchpoint curve L'(rr') and the coinci- 
dent image points Pi^^Pg describe the coincidence curve K(x) in {x) which is 
in (1, 1) correspondence with L'(rr'). At the same time the remaining image 
point Pg in {x) describes a fixed locus r(rr), the residual image of L'(rr') and 
also in (1, 1) correspondence with it. When all three image points coincide, 
K{x) and V{x) have a common tangent at P^^P^^P^ and P' is a cusp on 
U{x'). There are but a finite number of points of (a?') whose three image 
points in (rr) coincide unless every point of L'{x') has this property. 

The equation of L{x) is the condition on the rr,. that the two curves of 
(rr') given by the defining equations be tangent, L{x) has no non-basic multiple 
points. The proper image of L{x) is K'{x') counted twice. K'{x') may have 
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non-basic multiple points since it is of the same genus as L{x). In like 
manner the equation of L'{x') is the condition on the x'i that the two curves of 
(x) be tangent. Aside from the basis points, the only singularities of L'(rr') 
are cusps. The proper image of L'{x') is [K{x)yr{x). Both K{x) and 
r{x) are of the same genus as L'{x') and may have non-basic multiple points. 
When the genus of the image curves of the straight lines of one plane is 
known, the order of the branchpoint curve of that plane can be readily found 
without the above-mentioned algebraic process which is always possible, but 
sometimes laborious. If t is the multiplicity of the transformation and p the 
genus, the number of coincidences of the transformation is given by the for- 
mula 2{t+p — 1), known as "Zeuthen's formula.''* Since these coincidences 
are in (1, 1) correspondence with the intersections of the branchpoint curve 
and a general line of the other plane, the order of that branchpoint curve is 
2(t+p-l). 

All image curves of (x) have only contacts with L{x) in accordance with 
the lemma : 

// a point P of (x) describe a curve C, the necessary and sufficient condi- 
tion that its images PJ, PJ of {x') describe distinct curves is that C touch L{x) 
at every common point. 

This lemma was proved for (2, 2) point correspondences t where it was 
valid for both planes. In the case of (2, 3) point correspondences, however, 
it holds only for the double plane (x). For the triple plane (a?') we have 
the lemma: 

// a point P' of {x') describe a curve C, the necessary and sufficient con- 
dition that its images Pi, Pij Pz of {x) describe distinct curves is that C and 
L'{x') have contacts and intersections respectively equal to the intersections 
of the image of C" with K{x) and V{x). 

Applying these lemmas to the fixed curves of (a;) and (a?') we have the 
theorem : 

In (a?') L'(x^) and K'{x') have r intersections and s tangencies corre- 
sponding in (x) to r tangencies of L{x) and r{x) and s tangencies of L{x) 
and K{x). 

If a line C'l meets K'{x') in t' points, its image in (x) is a curve C\ tan- 
gent to L{x) at i' points. The image of C„ is C[ counted three times, and a 

* Zeuthen, ** Nouvelle ddmonstration de th^or^mes sur des Buries de points correspondants tur deux 
courbes," Mat. AnnaL, Vol. Ill (1871), p. 150. 

t F. R. Sharpe and V. Snyder, loo. cit., Article 2. 
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residual curve that cuts C[ in 2d+i' points corresponding to the d variable 
double points of C. and the t' contacts of L{x) and C». If a line Ci meets 
K{x) and T{x) in i and ; points respectively, its image in {x') is a curve C'^ 
which has i contacts and ; intersections with L'{x'), The image of C^ is Ci 
counted twice, and a residual curve intersecting Ci in 2d'+i points corre- 
sponding to the i contacts of C'^ and L'{x') and the d' variable double points 

of c: . 

4. Types of Correspondences. — ^There are twelve independent types of 
general (2, 3) point correspondences between two planes. Special cases may 
be common to two or more types. Each type is established by a set of 
defining equations as described in the preceding article. For convenience, 
these have been divided into three classes with respect to the curve system in 
the triple plane. 

Class 1. Lines and conies; five types. 

Class 2. Curves of order n having basis points of multiplicity n—.2 at 
the vertex of the line pencil ; four types. 

Class 3. Conies with two basis points; three types. 

The following table shows the curves employed in the defining equations 
for each type. The symbol C^;jPi means a curve of order n with ; basis 
points of each multiplicity i. 



Class. 



Type. 


u'u{x')=0. 


'u,{x)=0. 


vl{x')=0. 


v^{x)=0. 


I 


line 


line 


conic 


cubic 


II 


line 


cubic 


conic 


line 


III 


line 


conic ; Pi 


conic 


conic ; P^ 


IV 


line 


cubic ; 6Pi 


conic 


cubic ; 6Pi 


V 


line 


conic ; 2Pi 


conic 


cubic ; PJPi 


VI 


line pencil 


cubic 


C.;P.-2 


line 


VII 


line pencil 


line pencil 


C»;P.-3 


C -P • 


VIII 


line pencil 


cubic ; 6Pi 


Cn ; Pn-« 


cubic ; 6Px 


IX 


line pencil 


cubic ; 8Pi 


Cn;Pn-2 


C,;8P, 


X 


conic ; 2Pi 


line 


conic ; 2Pi 


cubic 


XI 


conic ; 2Pi 


conic ; P^ 


conic ; 2Pi 


conic ; Pj 


XII 


conic ; 2Pi 


cubic ;6Pi 


conic ; 2Pi 


cubic ; 6Pi 



Each of these types will now be discussed, Type I in detail and the others 
more briefly. Similar methods are used in investigating all the types, but the 
algebraic details naturally differ. 
2 
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§2. Class 1. Fivb Types. 
5. Type I. Image of a Ltne. — The defining equations, 



8 



k»l 

hu,ix)vi{x')=0, 



(1) 
(2) 



ik«l 



where Uj,{x)=Oj v',,{x')=0 are respectively cubics of (x) and conies of (re'), 
relate the point (^, ^s, ^) to the three intersections of the line and cubic 
determined by it in (a;), and the point (o^i, tTj, x^) to the two intersections of 
the line and conic determined by it in {x'). 

8 

The image of a line, CJas S aia;t=0, is the quintic 

6 

Cs has a double point at {a[j o^, o^) and is of genus 5. The image of a line, 

8 

Ci= S ata?*=0, is the quintic 

C5^Swt(a2icJ — as^cj, a^x^ — aiX^j aiX^ — a2x[)v'jg{x') =^0. 

Ce has a triple point at (ai, Oj, (h) &nd is of genus 3. 

6. Branchpoint and Coincidence Curves. — The equation of L{x) is the 
condition that the line and conic of {x') be tangent. Writing the equation of 
a tangent to (2) at (x[, x\^ rrg) and equating the coefficients of this equation 
to those of (1), we have 



at^; 



S Wt^-r =p^o t = l, 2, 3. 



(3) 



6 

t=i ^x\ 

Let vi^aia;;^ + V^x'^ + c'^x'} + Id'^x'^ + 1e'^x'^x\ + 2/;a^a;; =0. 

Eliminating the x\ and p from the three equations of (3) and from (1), we 
have the equation 



h{x)^ 



"Lu^a'^ Sw*/; Swte; x^ 

Swi/i Stijkfc; Sw^rf; x^ 

2jt/ik6J^ SliibC2j^ S^ft^ib ^8 

Xx Xi x^ 



=0. 



L{x) is of order 8 and genus 21 having no singularities. The image of Lg is 
K'fo. It is of genus 21 and has 150 double points. 

The equation of L'{x') is the condition on the parameters x'i that the line 
and cubic of (x) be tangent. It is the equation of the cubic in line coordinates. 
The coefficients in the equation of the line appear to degree equal to the class 
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of the cubic and the coefficients of the given curve appear to degree equal to 
that of the discriminant of a binary cubic* The cubic is of class 6, the dis- 
criminant of order 4, and each element in it is of degree 2 in the x'i . Hence 
L'ix') is of order 14. L'l^ has thirty-nine cusps and is of genus 39. The 
image of L'^ is £^17 counted twice and the residual curve F^ . £^17 and Fm are 
each of genus 39 and have 81 and 556 double points, respectively. 

The order of L{x) by Zeuthen's formula is 2 (2+3—1) =8. The order of 
L'{x') is 2(3+5 — 1) =14. This formula serves as a check when the equations 

of the branchpoint curves and the genera of the image curves are found by 
other methods. 

Kn and Fsa have thirty-nine contacts corresponding to the thirty-nine 
cusps of Li4 . The three image points corresponding to a point at a cusp of 
Lu coincide at the corresponding contact of £"17 and F^ . L[^ and K'^q have 
sixty-eight contacts corresponding to the contacts of Lg and Kit , and . 144 
intersections corresponding to the contacts of Lg and Fgg . 

7. Successive Images of Lines. — To a line C[{x') corresponds C^ix) 
having one variable double point. The image of C^ is C'25 which consists of C[ 
counted three times, and a residual C^ which passes through the twenty inter- 
sections of C[ and K^q corresponding to the twenty contacts of C5 and Lg . The 
other two intersections of C^ and C[ correspond to the variable double point 
of C5. C'^ and Lj^ intersect in 308 points which consist of eighty-five contacts 
corresponding to the eighty-five intersections of C, and K^, , and 138 intersec- 
tions corresponding to 138 of the 180 intersections of C^SLndT^. To the 
remaining forty-two intersections of C^ and Fg^ correspond the forty-two inter- 
sections of L'u and C[ counted three times. 

To a line Ci{x) corresponds Ci(a;') having one variable triple point. The 
image of Cg is Cjg consisting of Ci counted twice and a residual Csg . Of the 
twenty-three intersections of Ci and C^s , six correspond to the triple point on 
Cg and the remaining seventeen are at the seventeen intersections of £^17 and 
Cj which correspond to the seventeen contacts of Ci and L^ . To the remain- 
ing thirty-six intersections of CJ and L'u correspond the thirty-six intersections 
of Fgo and Ci , which are not on C^z • C^ and Lg intersect in 184 points which 
are ninety-two contacts corresponding to ninety-two of the 100 intersections 
of Cs and £^0 • ^0 the remaining eight intersections of C's and £^ correspond 
the sixteen intersections of Ci counted twice and Lg . 

Two lines CJ, C[ of {x') have Cg, Cg for images in (x) which intersect in 
twenty-five points. Three of these are coUinear and correspond to the conamon 

*See Salmon's "Higher Plane Curves/' 4th ed.. Art. 91, 188, 222. 
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point of CJ , C[. The remaining twenty-two points have for their images the 
twenty-two intersections of C[ with ^J, and C[ with Ci, . The images of two 
lines Ci, Ci of (x) are CJ, C5 of (tc') which intersect in twenty-five points. 
Two of these intersections correspond to the common point of Ci , Ci , and the 
remaining twenty-three have for their images the twenty-three intersections 
of Ci with Cm, and C'l with Cm, and also twenty-three intersections of C» 
with ^tt* 

8. Cubics in {x) with One Basis Point. — Let Pj be a simple basis point 
on the cubics of (x). The image of C[ is C^ passing through P^ and having a 
variable double point. The image of Ci is C5 which has a variable triple point. 
The image of Pi is the fixed line /i . The image of f[ is Pi and a residual /» 
with a triple point at Pi . K^ and /s have the same three tangents at Pi . 

L{x) is of order 8 and genus 20, having a double point at Pi. Its proper 
image is K[g. L'{x') is of order 14 and genus 39 having thirty-nine cusps. 
£^17 has a triple point and Fse an eight-fold point at Pi . 

A line Ci through Pi corresponds to /i and Ci . C[ has a variable double 
point on /i and is of genus 2. The two simple intersections of /i and C[ are 
images of the direction of Ci through Pi. The image of C4 is Ci counted 
twice and a residual Cis with a double point at Pi . C^s nieets Ci in sixteen 
points apart from Pi , fourteen of which are at the non-basic intersections of 
Ci and Kij , and two correspond to the variable double point of Ci . 

9. Conies in (x) with One Basis Point. — Let the simple basis point be P[ . 
The image of C[ is C5 which has a variable double point. The image of Ci is 
Cs passing through P[ and with a variable triple point. The image of Pi is 
the fundamental line /i . To /i corresponds P[ and a residual /i with a four- 
fold point at P[. K'20 and fs have the same four tangents at P[. L(x) is of 
order 8 and genus 21. f^ has a four-fold point at Pi and 144 double points. 
L'{x') is of order 14 with a four-fold point at P[. It is of genus 36 and has 
thirty-six cusps. Ki^ and r34 have 66 and 487 non-basic double pointsy 
respectively. 

To a line C[ through P[ corresponds /i and a C4 of genus 3. Two of the 
intersections of /i and C4 correspond to the direction of C[ through P[ . The 
image of C4 is Ci counted three times and a residual C'n passing through Pi 
simply. Ci7 meets C[ in sixteen points apart from Pi which are at the sixteen 
non-basic intersections of K'fo and C( . 

10. Cubics in (x) withi<9 Basis Points and Conies in {x') with y<4 
Basis Points. — In general there may be any combination of i simple basis 
points, i^9, on the cubics of (tv), and i <4 on the conies of (a;'), and any par- 
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ticular case may be obtained from the following results by giving to % and j 
their appropriate values. Let the basis points of (x) be denoted by P< and 
those of (x') by PJ. The image of C[ is C^ passing simply through each of 
the Pi of genus 5 and having a variable double point. The image of Cj is C^ 
passing simply through each of the P^ of genus 3 and having a variable triple 
point. To each basis point Pi corresponds a fixed line /J . To each /< corre- 
sponds the Pi whose image it is, and a residual /s with a triple point at that 
Pi and passing simply through the remaining i — IP^. To each PJ corresponds 
a fixed line /y. The image of /y is the PJ to which it corresponds and a 
residual f^ having a four-fold point at that P] and passing simply through the 
the remaining j — 1 PJ . 

L{x) is of order 8 and genus 21 — i, having a double point at each of the 
P,. K'^i has each of the P; of multiplicity 4 and i (i— 20) (»— 15)— 12; 
non-basic double points. L[^ is of genus 39—3; having 39 — 3; cusps and a 
four-fold point at each of the PJ . K^^f has a triple point at each of the P< 
and i (;"^— 25;— 6i+162) double points. Fse-ay has an eight-fold point at 
each of the P< and 2(;'*— 33;— 14iH-278) double points. Apart from the 
P'n I^u aiid Kia_i have 68 — 3t— 4; contacts and 144 — Si — 8; intersections 
corresponding to the non-basic contacts of Lg with £^i7_y and r8^2y> respectively. 

The images of a general line through one basis point of either plane are 
similar to those in the cases previously discussed. The lines joining two or 
more basis points will now be considered. Since the cubics and conies are not 
composite, there can be no more than three coUinear basis points in (x) and 
two in (a;'). The image of the line joining two basis points Pi, P, of (x) con- 
sists of f[ , /s and a fixed Cs through their intersection and through all the P] . 
Let three basis points P^ P^j Pj be coUinear. To the line joining them corre- 
sponds fly fiy fz all concurrent and a fixed Cj not through their common inter- 
section, but through the Py . The image of the line joining two basis points 
P[y Pi of {x') consists of /i, /, and a fixed Cj not through their intersection, 
but through all the P^. . 

11. Line Pencil in Each Plane. — Let the lines in {x) given by equation 
(1) form a pencil whose vertex P^ (0,0,1) is not on the cubics. Then the 
lines of {x') also form a pencil whose, vertex P'^(0, 0, 1) can not be on the 
conies. The image of C\ is C^ with a double point at P and of genus 5. To 
Cx corresponds CJ with a triple point at P' and of genus 3. The image of P' 
is the cubic /j whose image in {x') is P' and a residual f\^ with a twelve-fold 
point at P'. The image of P is the conic /i to which corresponds P and a 
residual /lo with a six-fold point at P. To the line p' through P' corresponds 
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/t and the line p counted twice through P. To p corresponds /, and p' counted 
three times. The rays of the two pencils are in (1, 1) correspondence. L{x) 
is of order 8 and genus 20 having a double point at P. K[s has a twelve-fold 
point at P! and fifty double points. L[^ has thirty cusps, a six-fold point at 
P' and is of genus 33. Ki^ has a six-fold point at P and thirty double points. 
Fu has a sixteen-f old point at P and 100 double points. 

12. Now assume that both defining equations are satisfied by x^=0^ 
^1=0. The image of C[ is 0^2=0 and C^ of genus 3 through P. The image of 
Ci is irj=0 and C[ with a double point at P' and of genus 2. To P' corre- 
sponds 0^2=0 and a conic ft not through P. To P corresponds x[=0 and the 
line fi not through P'. The image of a;2=0 is x[^=iO and /J. The image of 
x[=0 is 0^=0 and f^. L^ has a^=0 as a component, the proper curve being a 
sextic of genus 11D and not through P. K[s consists of x[^=0 and a proper C[i 
with a six-fold point at P\ L\^ has x^=^ as a component and a proper Cio 
with a double point at P\ of genus 17 and having eighteen cusps. K^ consists 
of 0^=0 and a Cio with a double point at P. Vi/^ consists of rc2=0 and a C^t 
with a six-fold point at P. The fixed components 2^=0, x\=^ are illustrations 
of the curves Z>i, Z>2 discussed by B. Baldus.* 

13. When, in addition to the line pencils, there are i<l basis points on 
the cubics of {x) and ; <3 basis points of the conies of (a;"), the image of C\ 
is Ci with a double point at P and simple points at each of the P< , and the 
image of G^ is C^ with a triple point at P\ and passing simply through each of 
the Py. Lg has double points at P and at each of the P^. f^Ig.^ has a (12— i)- 
f old point at P and triple points at each of the P\ . L^ has a six- fold point at 
P' and four-fold points at each of the P\. K^^ has a (6—;) -fold point at P 
and double points at each of the P<. r24__2/ has a (16— 2;)-fold point at P and 
four-fold points at each of the P^ . The image of P' is ft through the P^ , but 
not through P. The image of P is /J through the P) , but not through P'. To 
each P} corresponds a line through P, and to each P,. a line through P'. 

14. Geometric Depiction of Pencil Cases. — ^All the cases in which the 
bilinear equation has but two terms can be visualized after the method of 
Marietta t by means of a quintic surface in ordinary space. Let P=0 be a 
surface of order 5 with a triple point at Pg and a double point at P2 . Choose 
two planes (x) and {x') not through P^ or Pg as the double and triple plane, 
respectively, upon which the correspondence is to be pictured. Take any point 
P in (x) and any point P' in {x'). Connect P with P, . The line PP^ meets F in 

* BalduB, loo, oit,, 2, Articles 6, 7, 8. 
f 0. Marietta, loc, cil. 
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two points not at Pj- Project these two points from P, upon {x') obtaining 
in {x') two points that are the images of the point P in (x). Going the other 
way, join P' with P^ and project the three points of intersection of P'P^ and F, 
not at P,, on (x) from Pg. This gives in {x) the three images of P'. 

The apparent contour of F from P^, i. e., the tangent cone, is cut by (a/) 
in the curve LJ4 . Every tangent line, elements of the tangent cone from P, , 
meets F in one other point. The projections of the locus of the points of 
tangency and the locus of the residual intersections upon (x) from P, give the 
curves Ku and r24, respectively. In like manner the tangent cone to F from 
Pj is cut by (x) in Lg, and its curve of contact is projected upon (a?') from Pj 
into K'lg . 

If 0^2=0, x[=0 satisfy both defining equations, the surface F5 consists of 
a plane through P^Pt and a residual surface F4 passing through P, and having 
a double point at Pg. The depiction on (x) and {x') may now be obtained as 
before. Basis points in (a;) and {x') are accounted for by fixed lines on F 
passing through P2 and P, respectively. 

15. Type 11. — The defining equations of this type are obtained by inter- 
changing the parameters of the line and conic of {x'). The image of a line, 

Ci=SaX=0, is, 

8 

CyseS rrfct;i(ajwg— aiwj, ojiii— aiu,, ajti,— ajiij) =0. 
Since the three cubics 

form a pencil, their nine intersections are variable double points on C7 , leaving 
it of genus 6. The image of Ci is CJ with four variable triple points at the 
common points of the pencil of conies whose parameters are those of Ci . C? 
is of genus 3. 

The equation of L (x) is found as in Type I. Lg is of genus 21 and has 
no singularities, f^ is of genus 21 and has 330 double points. As in Type I 
we find that L[^ has fifty-seven cusps and is of genus 48. Kfs and Fm have 183 
and 2032 double points respectively. 

16. Type III. — The defining equations are 

iu,{x)vUx')=0, (1) 

iv,{x)x',=0, (2) 
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wherein Uj,{x) = (ij Vi,{x) = {i are conies of {x) having a basis point at 
5^(1,0,0) and Vu{x')=Q are general conies of {x'). To C[ corresponds C^ 
with a triple point at R and three variable double points at the other three 
intersections of a pencil of conies whose parameters are those of C'l . C^ is of 
genus 4. The image of C^ is Ce with seven variable double points and of 
genus 3. If Ci passes through li its proper image is a cubic of genus 1. The 
image of of i{ is a fixed cubic of genus 1. 

Lg has a four-fold point at R and is of genus 15. K[^ has 121 double 
points. The equation of L'{x') is the condition that two conies through a 
fixed point have a contact not at that point. This condition is of order 4 in 
the coefficients of each of the conies. Then L'(x') is of order 12. It has 
twenty-seven cusps and is of genus 28. K^o has R of multiplicity 11, and 
eighty-eight double points. Fs, has a f ourteen-fold point at R and 346 double 
points. 

17. Type IV. — The correspondence is defined by equations of the same 
form as those in Type III, wherein now u,,{x) =0, Vjt{x) =0 are cubics through 
six simple basis points P^ of (x). The image of C[ is C^ with each of the P.- 
three-fold, and with double points at the three variable intersections of a 
pencil of cubics whose parameters vary with C[ . To Ci corresponds Cg with 
twenty-three variable double points. If Ci passes through one P< its proper 
image is C^. To each Pi corresponds a fundamental cubic. If Ci contains 
two Pi its proper image is a fixed Ci. The proper image of a cubic through 
the six P< is a Ci . 

Lis has a four-fold point at each P< and is of genus 19. K'^ has 117 double 
points. The equation of L'(x') is the condition that the two cubics through 
the Pi be tangent. This condition is of order 6 in the coefficients of each. 
Lis has seventy-five cusps and is of genus 61. £^88 h^s ^^ eleven-fold point at 
each Pi and 105 double points. Fq^ has a thirty-two-fold point at each P< and 
1428 double points. 

18. Type V. — The defining equations are written as in Type III. For 
the present type U]f{x) =0 represent cubics with a double point at P^(0, 0, 1) 
and a simple point at Jf2^(l, 0, 0) and Vi,{x) =0 are conies through P and R. 
The image of C[ is C7 with P four-fold, R three-fold and two double points at 
the two variable intersections of a pencil of conies through P and R whose 
parameters vary with C[ . C7 is of genus 4. 

In order to study the properties of the image of Ci , we may write the 
defining equations as follows : 
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S Uk{x)vl{x')^X2{a'x\+b'x2a^+c'XiX^+e'XiX2+f'ai) +d'x^Xi=0^ (1) 

8 

S Vfc(a;)a?;t =X2{p'Xi + q'x2 + r'Xs) +s'XiXi=0, (2) 

wherein a', 6', c', rf', e', /' are quadratic and p', g', r', 5' linear in the rrj . Mul- 
tiply (1) by 5', (2) by d'Xi and subtract, using the resulting equation 

s'{a'Xi + h'X2Xs+c'x^x^+e'XiX2+fxi)—d'a>i{p'Xi+q'X2+r'Xi) =0, (3) 

with (2) as the pair of defining equations. Eliminate the x^ from the equation 
of Ci and (2) and (3) and we obtain a Cg with double points at the two inter- 
sections of 5'=0, d'=0 and containing s'=0 as a fixed component. Then the 
proper image of Ci is CJ, which passes simply through the two basis points 
5'=0, d'=0. It is of genus 4 and has eleven variable double points. 

The proper image of a line through P is a cubic which does not pass 
through 5'=0, d'=OT The image of P is /i. The proper image of a line 
through /if is a quartic not through 5'=0, rf'=0. To R corresponds /i. Both 
/i and /i pass through 5'=0, d' = 0. The image of the fundamental line PR is 
/i/4. The image curves of (x) intersect PR only at the basis points P and R. 
Every point of PR except P and R corresponds to the two basis points 5'=0, 
d'=0. To each of the basis points 5'=0, d'=0 corresponds the line PR. The 
image of 5'=0 is PR counted twice, and a fixed C^ with a triple point at P and 
a double point at R. The image of d'=0 is PR counted twice and a fixed C12, 
with P seven-fold and R five-fold. 

Lio has P six-fold and R four-fold and is of genus 15. K[f has 105 double 
points. The condition that the cubic and conic of (x) defined by (1) and (2) 
be tangent is of order 4 in the coefiicients of each, giving L'{x') of order 
12. L'12 has twenty-seven cusps and is of genus 28. Neither LJg nor K'^ pass 
through the basis points 5'=0, rf'=0. -Bljs bas a fourteen-fold point at P, a 
nine-fold point at R and seventy-six double points. T^s has a twenty-fold point 
at P, an eighteen-fold point at R and 295 double points. 

§3. Class 2. Foub Types. 
19. Type VI. — The defining equations are 

Sa;,.^;(a;')=0, (1) 

x[iii{x)-{-XiU,{x)=(i, (2) 

wherein Ui{x) =0, Ut{x) =0 are oubics of {x), and 

^'u(af)^x't^u'^{x\,(t^) +a;;v;(a;;, xi) -\-w],{x\, xj) =0, 
3 
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{u'uyV'ujW'u being homogeneous functions of ir| , irj of the respective degrees 
n — 2, n — 1, n) are curves of order n with (n— 2)-fold points at ^'s(0, 1,0), 
the vertex of the line pencil of (a;'). The cubics of {%) would have no basis 
points but for the fact that the lines of {x') form a pencil. This forces the 
cubics of {x) to form a pencil, thus introducing nine simple basis points P^ 
into {x). 

The image of C\ is Cg^+i with an n-fold point at each P, and of genus 3w. 
If C[ passes through Q' its proper image is a cubic counted twice through 
the P,.. The image of Q' is f^nr-^ with an (n — 2) -fold point at each P<, To Ci 
corresponds CJ^+j with a (3n— 5)-fold point at Q', and a triple point at each of 
the 4n — 4 variable intersections of a pencil of curves of order n whose 
parameters vary with C^. Ci^+i is of genus 3w— 3. If C^ passes through a 
P<, its proper image is CJ^+i with Q' of multiplicity 2n— 3. If Cx passes 
through two P< its proper image is C^^^ with an (n— l)-fold point at Q'. The 
image of each P^ is /i of order n with Q' (w — 2) -fold. The proper image of a 
cubic through the P< is a line counted three times through Q\ The line pencil 
of {x') is in (1,1) correspondence with the pencil of cubics of {x). 

To find the equation of L{x)y solve equation (2) for rrj in terms of x[j 
substitute this value ol x'^m (1) and rearrange, obtaining a quadratic in x'^/x^ 
whose discriminant equated to zero is L{x), L(x) is of order 6w— 4 and 
genus 12n— 12 with a (2n — 2) -fold point at each P,.. K'{x') is of order 6n — 2 
with a (6n — 8)-fold point at Q' and ISn— 18 double points. L'(ir'), found as 
in Type I, is of order 6n-f-4, genus 30n— 15, has Q' (6n— 8)-fold and 36n— 18 
cusps. K{x) is of order 12n— 12 and has a (4n— 2)-fold point at each P^ and 
18n— 6 double points. V(x) is of order 48n— 32 and has a (16n— 12)-fold 
point at each P,. and 162w — 126 double points. Apart from Q', Li^_4 and K'^^^ 
have 24n — 14 contacts and 60n — 44 intersections corresponding to the non- 
basic contacts of L^^,^ with K^^^^ ^^d Fig^^aa respectively. 

20. Type VII . — The defining equations are 

ii>k{xHk{^')=0, (1) 

a>ix[+X2x'^=0. (2) 

^*(^)^^t*t(^l, ^2)+^lVk{^iy OC^)+iX>zW^(Xi, X2)+St{Xi, X2)=0 

(wherein u^j v^j Wi^j Sit are homogeneous functions of the respective degrees 
m — 3, m — 2, m — 1, m in Xi^ X2) is a C^ with an (m — 3) -fold point at 
P^(0, 0, 1), the vertex of the line pencil of (x). '^k{x') is defined as in 
Type VI. Equation (1) has t terms where t takes the value 3n or 4m — 2 
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according as m is greater or less than l/4(3n+2). A special case of this 
type for n=2, m=3 has bepn discussed in Article 11. 

The image of C[ is (7^+^ with an (m+n— 3) -fold point at P and of genus 
2{m+n)—5. The image of Ci is Cl+,» with an (m+n— 2)-fold point at Q' 
and of genus m+n — 2. The proper image of a line p through P is a line g' 
counted three times through Q\ and the proper image of q' is p counted twice. 
The pencils of (x) and {x') are in (1,1) correspondence. To P corresponds 
/i»+n-« with Q' {m+n — 5)-fold. To Q' corresponds /„n.«-2 with an {m+n — 5) 
fold point at P. 

L{x), obtained as in Type VI, is of order 2 (m + n) —2 and genus 
10(m+n)— 30, having a [2 (m+n) —8]-fold point at P. K'{x') is of order 
6 (m+n) —12 having Q' of multiplicity 6 (m+n) —18 and 20 (m+n)— 50 
double points. To obtain the equation of L'{x'), solve equation (2) for x^ in 
terms of Xi and substitute this value of X2, in (1). Then (1) may be written 
as a cubic in x^Xi whose discriminant equated to zero is the equation of L'{x'), 
It is of order 4 (m+n) — 6 and genus 16 (m+n) — 47 with Q' of multiplicity 
4(m+n)— 14 and 12(m+n)— 30 cusps. K{x) is of order 4(m+n)— 6 with 
P of multiplicity 4(m+n) — 14 and 12(m+n)— 30 double points. r{x) is of 
order 8 (m+n) —16 with P of multiplicity 8 (m+n) — 24 and 40 (m+n) — 100 
double points. 

21. Notation. — In the types of Classes 2 and 3 the defining equations 
represent respectively the same curve systems in the double plane as in Class 1. 
Thus the discussion of the succeeding types is so similar to the corresponding 
types of the first class that only a tabulation of the results is essential in most 
cases. The following notation will be used in this tabulation : 

The symbol *^^'' meaning "corresponds to''; 

L, Jf', L\ Ky r, fixed curves as defined heretofore ; 

/, /', fundamental curves of {x) and (a/) ; 

C, C", variable curves of (a;) and {x') ; 

P, Q, B, P', Q\ R\ basis points of {x) and {x') ; 

P, non-basic but fixed points of either plane ; 

P, variable points of either plane ; 

p, genus of curve being described ; 

A, cusps of L' ; 

Subscripts of curves denote their order ; 

Subscripts of points denote their multiplicity on the curve being described ; 
(the subscripts i and ;, however, denote any one of a given number of basis 
points or curves playing the same role). 
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The following types will illustrate the use of this notation : 

22. Type F//Z.— The defining equations are 

iw*(^)^;(^') =0, (1) 

^ivi(^) +^zVz{x) =0. (2) 

in which Uj,{x) =0, Vi{x) =0, v^{x) =0, are cubics with six simple basis points 
Pi. The cubics of equation (2) form a pencil because their parameters belong 
to a line pencil, and thus introduce three additional basis points Q^ into {x). 
The pencil of cubics of {x) and the line pencil of {x') are in (1, 1) corre- 
spondence. 

Ci-C;,^8,P=3n-l;g;,_3, (12w-4)P,. 

Pi'^ii. n+l ; Qn-l • 
Qi'^fu n ; Qn-2 . 

Lc, , p = 12n-8 ; 6P,, , 3Q,,_, . 
£:;„, p = 12n-8;g;,_e, (18n-12)P,. 
^^n+c, P=30w-15;Q;„_e, (36n-6)A:. _ 
^i2«+6,l^=30n-15;6P,,+2, 30,,.,, ISwP,. 

r48„-i2, p=30n-15;6Pxe,_4, 3(?ia«-8, (167n-72)P2. 

23. Type IX. — The defining equations are written as in Type VIII. For 
the present type, t;i(a?)=0, Vz{x)=0 represent cubics of {x) passing through 
eight basis points P, and therefore determining a ninth Q; Uk{x)=0 repre- 
sents curves of order 9 with triple points at each of the eight P,., but not 
passing through Q. 

C;-C3,^9, p=3n+4;8P,+,, Q,. 
Ci-C;,^,,p=3n+5;Q;„+8, (12«+20)P,. 

C'-'/8n+8;8P,+l,Q,_2. 
Pt'^/<,n+8>G»+l' 

^;.+., p=12n+i;Q'^, (18n+6)Ps. 

^i«+u» p=30n + 25 ;(?;., (36n+30)A, 

^u.+«., p=30n+25;8P,.+io, Qin-t, (18»+18)P2^ 

r«,+48, P=^0n + 25;8Pi,,+u,Q,tn+„ (162n+90)P,. 
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^4. Class 3. Threb Types. 
24. Type X. — The defining equations are 

iu,{x)cUaf)=0, (1) 

ia;tt;i(a^)=0, (2) 

wherein cl{x') =0, vlix') =0 are conies of {x') with basis points Q^^(0, 1, 0) 
and ii'^(l, 0, 0) and Ui^ix) =0 are general cubies of (a?). The image of Ci is 
C's with four-fold points at Q' and R' and triple points at the two variable 
intersections of a pencil of conies whose parameters depend on those of Cj .. 
Cg is of genus 3. To obtain the image of CJ we may write the defining equa- 
tions as follows : 

arcj^ + hxifli -\- cx\x'^ + dx\x\ = , ( 1 ) 

px*i + qx'^'^ + rx\x'^ + sx\x'^ = , ( 2 ) 

wherein a, 6, c, d and p, g, r, s are respectively general cubic and linear func- 
tions of a?!, a;,, a^g- Multiply (1) by 5, (2) by rf, subtract (2) from (1), 
remove the common factor x^ and we obtain the equation 

{cs — rd)x\-\' (65— gd)rc2+ {as—pd)x'^=^. (3) 

Using (3) with either (1) or (2) as defining equations, the image of C\ is 
found to be C^ with double points at the sixteen intersections of a pencil of 
quartics whose parameters vary witl CJ . Three of these double points lie at 
the intersections of 5=0, rf=0, and the remaining thirteen are variable. The 
line 5=0 is a fixed component of Cq so the proper image of C\ is C^ passing 
through the three basis points 5=0, (2=0 and having thirteen variable double 
points. Cg is of genus 8. 

Lg, p=21. 

^^,P = 21;<?;e,i?;e,(204)P,. 

L;,, p=39;C;cm Bio, 42ft. 

JS:i8,p=39;97P^. 

r44, p=39;864Pj. 

2$. The following statements hold for all three types of Class 3. The 
images of Q' and B' are respectively the basis curves 

65— rfg=0, C5— frf=0. 

The line Q'R' is the image of each of the three basis points 5=0, rf=0 of (a?). 
All the curves of (a?') intersect Q'Bf only in points Q' and B/ which are always 
points of equal multiplicity. There is no proper image of the line Q'Bf^ but 
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every point of it except Q' and R' corresponds to the three basis points s=0, 
d=0. The equation of L{x) is the condition that the two conies of (x') be 
tangent, which is of order 2 in the coefficients of each. The curves L{x)^ 

K(x)j V{x) do not pass through the basis points 5=0, rf=0. 

* 

26. Type XI. — The defining equations are 

hu,{x)c',{x')=0, (1) 

hv,{x)vUo!')=0, (2) 

wherein Ut(x) =0, Vt{x) =0 are conies with one basis point P. 

C'l'^Ca, p=6',Pt, {s=0, d=0),, 9P,. 

R'-^UiPt, («=0,rf=0)i. 

Lg, p=15iPt. 
K'u,p=15;Q'^,R[„106P,. 
L;„ p=25,Q's,R's,m. 
«^i8,P = 25;Pio,66^. 
Tm, p = 25;P«, 260P,. 

27. Type XII. — In the defining equations, Uk(^) =0, Vt(^) =0 are cubics 
with six simple basis points P^ . 

C;~Ok, p=10;6Pt, (s=0, rf=0),, 9P,. 
Ci-C'«,p=5;(?;,2f;,20P,. 

Pi'-'f'i.ilQuR',. 
Q'-^ftiGP^, (5=0,d=0)x. 
R'-^ftiGP^, (5=0, d=0),. 
L^, p=19;6P«. 
JSr«,P=19;<^«,i2;i,102P,. 
Lm, P=55;Q;,, Ra,^6k. 
/r„,p = 55;6Pio,81P,^ 
Tm, p=55;6Pa,,1080P8. 

^5. COMPLETBNESS OF THE CLASSIFICATION. 

28. Reduction of Certain Cases to Type Form. — It remains now to be 
proved that all cases of general (2, 3) point correspondences are birationally 
equivalent to certain of these twelve independent types. All cases where the 
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defining equations are made up of combinations of the curve systems used in 
the twelve types (except those that define (2, 3) compound involutions) either 
belong to these types or can be reduced to certain of them by quadratic trans- 
formations. These curve systems are as follows: In {x') lines and conies; 
line pencil and curves of order n with the vertex of the pencil (n — 2) -fold; 
conies with two basis points. In (x) lines and cubics ; line pencil and curves 
of order m with the vertex of the pencil (m— 3) -fold; conies with one basis 
point ; cubics with six basis points ; cubics with a double and a simple basis 
point through which pass conies ; cubics with eight basis points and curves of 
order 9 with triple points at each of them. 

In Class 1, all the cases in which the lines of {x') form a pencil are partic- 
ular cases of the corresponding types of Class 2 for n=2. When the conies 
of {x') form a pencil, they may be transformed into a line pencil by quadric 
inversion, by which also the lines of (a?') are transformed into conies with 
three -basis points. These cases are then birationally equivalent to particular 
cases of Class 2. All the above cases would be independent types of Class 1 
if they were not forced, as it were, into special cases of types of Class 2 by 
the fact that the lines or conies of {x') can have but two homogeneous 
parameters because these parameters represent a pencil in (x). If in Type V 
the parameters of the line and conic are interchanged, the cubics of (x), since 
their parameters are now lines of (a?'), can have but three homogeneous 
parameters and therefore have two basis points besides those required by the 
system in (x). By quadric inversion these cubics go into conies through the 
double point and the two added basis points. The conies of {x) through the 
two required basis points are invariant. Then the conies, transforms of the 
cubics, and the invariant conies have one point in common, so this case 
reduces to a special case of Type III. 

In Class 2 if the system in (x) consists of lines and cubics and the lines 
are forced into a pencil by having the line pencil of (a?') for parameters, we 
have a special case of Type VII for m=3. When the system of {x) is 
composed of conies with a common basis point, the conies having the line 
pencil of (a/) as parameters form a pencil which goes into a pencil of lines by 
quadric inversion. By the same process the conies in the other equation are 
transformed into cubics none of whose basis points need be at the vertex of 
the line pencil. This case, then, is birationally equivalent to Type VII for 
m=3. When the system in (x) consists of cubics with a double and a simple 
point and conies through these points, if the conies form a pencil they 
correspond to a line pencil ; the cubics are invariant under quadric inversion 
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80 this also reduces to a special case of Type VIT. When the parameters are 
interchanged the cubic pencil, since it contains a double point is transformed 
into a pencil of conies and thence into a pencil of lines. The conies given by 
the other equation are transformed into cubics with three basis points, none of 
which are at the vertex of the line pencil. This is also a special case of 
Type VII. 

In Class 3 when the conies of {x') form a pencil in one equation we have 
a particular case of the type of Class 2 having the same system of curves 
in (x). When the system in {x) consists of cubics with a double and a simple 
point and conies through them, the cubics are given two more basis points 
because the conies of {x') allow but four homogeneous parameters in the 
equation. The cubics then reduce to conies through two points one of which 
is the double point, and as the conies given by the other equation may remain 
invariant, this ease is birationally equivalent to a special ease of Type IX. 

If, in any combination of the curve systems used in the twelve types, the 
associated parameters so restrict each other that the curves of each of the two 
defining equations become pencils in their respective planes, a (2, 3) compound 
involution is established. 

29. Reduction of All Other Cases. — Since any combination of the fore- 
going curve systems of {x) and {x') that has at least three parameters in one 
of its defining equations is birationally equivalent to some one of the twelve 
independent types, in order to prove the classification complete it remains 
only to show that any curve system having two [three] variable intersections 
is birationally equivalent to some one of the above curve system of {x*) [ {x)]^ 
The proof of this is the same as that for the curve systems of the simple 
planes of the (1, 2) and (1, 3) point correspondences. From the inequalities 
connecting intersections of curves of such systems, it follows by reasoning 
exactly like . that used by Bertini * that any given non-involutorial curve 
system intersecting in two [three] points can be reduced by a series of 
quadratic transformations to one of the preceding systems of {x^) [(a;)]. 
Any algebraic method of establishing a general (2, 3) point correspondence 
between two planes is therefore birationally equivalent to some one of the 
given twelve independent types. 

COBNELL UnIVEBSITT, 1917. 

*£. Bertini, "Ricerche sulle trasformazioni univoche involutorie nel piano," Annali di Maiematicat 
Ser. 2, Vol. VIII (1877), pp. 244—286. 



The Clcissification of Plane involutions of Order (3), 

By Anna Maymb Howe. 



Introduction and General Discussion. 

1. The purpose of this paper is to discuss all the different algebraic 
(1, 3) point correspondences between two planes. Such a correspondence is 
established between two planes (x) and {y) when a relation exists such that 
to any point in (x) corresponds a point (y), but to any point in (y) corre- 
sponds three points (x). 

The images of lines on either plane are curves of order m in the other. 
The simple plane (x) contains curves which are nets, images of lines in (y). 

These curves have n variable intersections which are the n points of {x) 
corresponding to a point (y) determined by the intersection of two lines whose 
images are the two curves; the remaining m — n intersections are fixed and 
are common to all the image curves of the net. If two of the n points coincide, 
two curves of the net are tangent at the point. The locus of all these points 
of tangency is the curve of coincidences. We shall designate it by K. It is 
always a component of the Jacobian of the net. 

There exists in the (y) plane a curve of branch points whose points are 
in (1, 1) correspondence with those of K. This curve of branch points, denoted 
by L, is a fixed curve, every point of which has at least two of its n image 
points coinciding in a definite direction at a point on the coincidence curve. 
In case m>2 the remaining non-coincident image points describe another 
locus, the residual image of L. This locus will be denoted by J'. The points 
at which more than two of the n images of a point in (y) coincide are inter- 
sections of the residual image with the curve of coincidences. 

The first (1, 2) transformations discussed were those by Geiser.* 

In this discussion a cubic surface is projected on a double plane from a 
point on it, and also mapped on a single plane by means of two non-intersecting 
lines on the surface. 

In 1871 Clebsch* devised a (1,2) point correspondence between two 
planes depending on the bisection of Abelian functions connected with plane 

*'<Ueber zwei geometresche Probleme/' CrelWa Journal fUr die Mathematik, Vol. LXVII (1887), 
pp. 78-89. 

4 



26 Howe: The Classification of Plane Involutions of Order (3). 

conicBy the plane of the conic being so related to a surface that to a point on 
the surface corresponds one point in the plane, but to a point in the plane 
corresponds two points on the surface. 

The next step was made by de Paolis f who worked out the general theory 
of (1, 2) point correspondence between two planes as a generalization of the 
rational transformation of Cremona. 

This is the first published treatment of multiple correspondence by means 
of an algebraic method. 

The classification of all possible birational (involutorial) transformations 
associated with the (1, 2) types was completed by Bertini. t 

Also F. M. Morgan. ^ In 1884 Chizzoni || developed the general theory 
of {If n) point correspondence by a plane involution of order n in which he 
considered a given plane as containing cx>^ series of groups of n points such 
that each group is fully determined by any one of the points. 

Other writers that have made noteworthy contributions to the theory of 
{If n) point correspondence between two planes are G. Castelnuovo,l[ Miss 
Charlotte A. Scott,* * and Amerigo Bottari.ft 

All of these treat the subject for a general n except Miss Scott who, in 
addition, works out several examples for special values of n greater than 2. 

Enumeration of Independent Types. 

2. In the theory of (1, 3) point correspondence between two planes there 
are five types, no one of which can be derived from another by means of a 

*«Ueber den Zusammenhang einer ClaAse yon Flftchenabbildungen mit der Zweitheilung der 
Aberschen Functionen/' Mathematiache Annalen, Vol. Ill (1871), pp. 45-75. 
t(l) "Le transformazioni doppia." 

(2) " La transf ormazione piano doppia di secondo ordine, e le suo applicazione alia geometria non 
euclidea." 

(3) " La transformazione piano doppia di terzo ordine prime genere, e la sua applicazione a curve 
del quarto ordine/' Aiti della R. Aooademia dei Linoei, Series 3, Vol. XII (1877). 

t " Ricerche sulle transformazioni univoche involutorie nel piano/' Annali di Matematica, Series 2, 
Vol. VIII (1877), pp. 244-286. 

§" Involutorial Transformations/' American Joubnal or Mathematios, Vol. XXXV (1913), 
pp. 79-104. 

||"8opra le involuzioni piani," Atii della R. Aooademia dei Lencei, Series 3, T. 19 (1884), pp. 
801-^71. 

f Sulla razionalita delle involuzioni plane," Maihemaiieche Annalen, Vol. XLIV (1894), pp« 
125-155. 

**" Studies in Transformation of Plane Algebraic Curves," Quarterly Journal of Maihematioe, 
Vol. XXIX (1899), pp. 320-381, and ibid., Vol. XXXII (1901), pp. 209-239. 

tt " Sulla razionaliti dei piani multipli {»y^F{w,y) }," Qiomale di Matemaiiche,yo\. XLI (1903), 

pp. 285-320, and also "Sulla razionaliti dei piani multipli {»,yiJ/F(»,y)}/' Annali di Matematioa, 
Series 3, Vol. II (1899), pp. 277-296. 
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birational transformation. For each type there exists in one plane a point 
determined by two straight lines, and in the other three image points. The 
five distinct types are defined in the following ways : 

(1) a. A field of straight lines, Sj^<^<=0. 

b. A net of cubic curves ^<=0 without basis points, St/i^i=0. 

(2) a. A pencil of lines, yiXi+y^=0. 

b. A net of curves of order higher than 3 and having a fixed point 
of multiplicity n — 3 at the vertex of the pencil of lines yia?i+y2^2=0. This is 
associated with Jonquieres' configuration in (1, 1) and (1, 2) transformations. 
A discussion of the (1, 1) type has been presented by P. P. Boyd.* 

(3) a. A net of conies through one fixed point. 

b. A net of conies through the same fixed point, 

2y<w<=0, Sy..t;<=0, 

where ii<=0, Vi=^0 are general conies through a fixed point. 

(4) a. A net of cubic curves passing through six fixed points. 

b. A net of cubic curves passing through the same fixed points, 

St/<ti<=0, Sy<t;<=0, 

where Ui=Oj Vi=0 now represent cubic curves through six basis points. 

(5) a. A pencil of cubic curves through nine fixed points. 

b. A net of curves of order 9 passing triply through eight of the 
nine fixed points. 

If Ui is of order mi and v^ is of order m^ , the transformation curves are 
of order ini+m2=in. To the line t/i=0 correspond curves ^i{x) =0 of order 
m; to the lines a?<=0 correspond curves '^i{y) =0 of order m. 

The fixed points common to all curves of the defining system ti{=0, t;{=0 
are fundamental. To each fundamental point F corresponds a curve f{y) 
whose order is equal to the multiplicity of the point on the curves ^i(x) =0, 
and to each direction through the fundamental multiple point corresponds a 
point on the image fundamental curve /(y). The complete image of /(y) is 
composite. The components are the original multiple point and a residual 
curve. 

Every branch of this residual curve has contact with some branch of K 
through this point. To each of these simple intersections on L is related a 

*«0n the Perspective Jonquiires Involutions Associated with the {2, 1) Ternary Correspondence." 

AlOBBIOAN JOXTBNAL OF MATHEMATICS, Vol. XXXIV (1912), pp. 290-324. 
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direction of J' through the original point. Aside from these intersections J' 
has only points of contact in common with the residual curve and these corre- 
spond to the points of tangency of L with f{y). See F. Chizzoni.* 

If two curves of the defining system have contact at a given point, then 
one curve of the net has a double point at the point. Hence the locus of all 
the double points of curves of the net is the curve K. 

The order of the Jacobian is 3(m — 1). The multiplicity of any funda- 
mental point P^ on the ^, = which lies on the Jacobian is 3t — 1. 

The equation of L may be obtained by eliminating {x^) from the equation 
for K and the equations of transformation yi=^i{x). 

The order of the curve L is the number of intersections aside from those 
at the fundamental points of K with the image of a straight line (t/). This 
has been expressed by Zeuthenf in the formula 2{k+p — 1) where k is the 
multiplicity of the transformation and p is the genus of the curves of trans- 
formation, images of the straight lines in (y). 

The complete image in (x) of L is a composite curve which has for its 
order the product of the orders of L and the transformation ^. The image 
contains K twice and the residual curve J'j and also contains fundamental 
curves, when L passes through their corresponding fundamental points. 

Type I. 
3. The defining equations for this type are 

^lyi + ^23/2 + ^zyz = 0, tiiyi + u^y^ + WaJ/g =0, 

where w<=0 are cubic curves having no fixed point in common. On solving for 
y, we obtain 

pyi=UsX2—UtXi=q>i{x)y py2 = u^Xi—UiX^=^i{x), py^^UiX^—u^ih^^zix). 

To obtain the points common to the three curves ^<=0 we write the equa- 
tions in the form — = — = — . Of the sixteen intersections of any two 

^a ^8 ^1 

curves as ^=0, 4>8=0 we exclude those which make Wi=0, 0^1= as these points 
do not lie on ^i=0. Hence we find 16—3 = 13 points common to all the curves 
of the net. These are simple fundamental points. 

* ** Sopra le involuzioni piane/' Lincei Memoire, Series 3, Vol. XIX (1884), p. 301. 
t " Nouvelle d^monBtration de th^or6me8 sur les eyries de points correspondanta sur deux courbes/' 
Maihematiaohe Annalen, Vol. Ill (1871), p. 150. 
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The number of conditions required to determine a quartic curve is four- 
teen. Since there are thirteen fixed points on each quartic curve, any one of 
the three variable points uniquely fixes the other two. 

The genus of the curves ^<=0 is 3 since they have no double points. The 
image curve is a rational quartic curve and has a triple point at (tii, ag, as). 
Two of these quartic curves intersect in sixteen points, each of which has 
three image points in (x). The complete image of this quartic curve is a 
curve of order 16. This curve is composed of the original line and a curve of 
order 15. Two of these curves intersect in two hundred and twenty-five points. 
But if each complete curve passes through each of the thirteen fundamental 
points four times, aside from these intersections there are 225 — 4 • 4 • 13 = 17 
points. But the two straight lines intersect in one image point, and each line 
cuts the curve of order 15 in fifteen points. The forty-eight image points are 
made up of seventeen points on the two curves of order 15, not at the thirteen 
fundamental points ; one point of intersection of the two straight lines and 
fifteen points on each line through the curve of order 15 with which it is 
related. 

The curve K is of order 9 with double points at the thirteen basis points. 
Hence it is of genus 15. The number of variable intersections of K with the 
image in (x) of a straight line in (y) determines the order of the image of K. 
The curve L is, then, of order 10. 9 • 4 — 2 • 13=10. It is also of genus 15, 
hence it has twenty-one double points or their equivalents. The curve J' is of 
the order 22 and genus 15, hence has one hundred and ninety-five double 
points or their equivalents. 

The number of intersections of K with J' aside from those at the fixed 
points are forty-two, or twenty-one contacts, 9 • 22 — 13 •2-6. But this is the 
number of double points of L to be accounted for. 

It will be shown that the forty-two intersections of K with J' are twenty- 
one contacts, images of cusps on L. The equation of L is the condition that a 
line in (x) touches its associated cubic, hence it is the discriminant of a binary 
cubic equated to zero. These values that make the binary cubic in x^j x^ a 
perfect cube correspond to cusps on L since the form of the discriminant is 
W^+EP. Any point on L that makes ff =0 and G=0 is such that all three 
images of the point are coincident. Hence in (x) K and J' have the image 
point in common. 

The cuspidal tangent to L corresponds to the particular quartic of the net 
which has a node at the corresponding point on K. 
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Fundamental System. 

4. Each of the thirteen points of the net of qnartics when substituted in 
the defining equations, makes the two equations identical, hence they are all 
fundamental points, and their images are straight lines in (y). There are no 
fundamental points in (t/), hence no fundamental curves in (x). 

The complete image of each of these lines is a curve in {x) of order 4 
which has a double point at the original point. For, let 5iyi+5tyi+^j=0 
be the equation of the fundamental line in (t/) which is the image of the funda- 
mental point (xi^Xt^x^) which is any of the thirteen points (basis) of the net 
of quartics. 

The image of this in (x) is obtained by making the transformation 
according to the equations already obtained and we have 

Xi{UzX2—U^) +X2{llriXi—l^Xi) +Xs{Ut(Vi—^l^) =0- 

Differentiating this with regard to Xi we have, 

^U p -X, p)+^ U p - U+a,p)]+W, U+x,p-a^, p) =0, 
\ dxi dxj L dx^ \ dxj A \ da>i dxi/ 

substituting in this the coordinates of the point (o^, 0^2, a;,), we have the form 
written as the expression 

- /_ du du2\ , /- dui^ .- du^\ , /- , diL duA ri 

\ aXi dXi/ \ axi doox I \ axi axi/ 

But the only terms which do not vanish are u^ — 1^=0, which equation is 
satisfied since (x) is on u^^ — ti8^2=0. This quartic curve has one double 
point and twelve simple fundamental points. The intersections of K and J' 
with this image curve aside from those at the fundamental points are eight 
(9 • 4—2 • 2—2 . 12=8) for K, and four for J' (4 • 22—2 • 6—6 • 12=4). 

At the common double point K touches each branch of the quartic. This 
is shown as follows : When two of the image points coincide, two or more of 
the curves are tangent at the basis points of the net and one curve has a 
double point. If the Jacobian has a double point at a basis point, it is tangent 
to each branch of the nodal curve of the net at this point. 

The Jacobian can then be formed from a net of curves, one of which has 
at a fundamental point {xi) = (0, 0, 1 ), a double point. These curves are 

1^1= (rria?2)*^+ (%^)S+ {^^2y=0y 

'4^g=Uri{XiX2)(xi+U2{Xia^)ai+u^{XiX2)Xz+u^{x^X2)=0j 

'4^%=Vi{x^X2)ai+V2{xiXt)ai+v^{x^X2)x^+v^{xiX2)=0. 



or 
But 
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The Jacobian is of the form 

^i^H — ^{oh)fPi H 2{^^)iPh + {^i^)(x^ H 

M^^)^-\ — «,(^a^)^H Su{x^Xt)x^+u^{xiX^)^'i 

Vi{XiX^)ai-\ — Vt{x^x^yai'\ Sv(xiX^)^+Vi{a>^x^)^'\ 

By collecting the coefficients of a^ the expanded form is found to be 

SxtU^v — 3x^v^u—3uiXiV+2uiVtXi(v^+3XiViU — 2ti2t;ia;ia^=0, 

3v{x^u^ — t^^) — 3ti(a^t;a — a^Vi) +2xia>f{uiV^ — 112^1) =0. 



and 



ti=aa?i+6^> 


du 


du , 


v=ca>i+dx2j 


dv 


dv J 



The Jacobian becomes 

3{ca^+dXt) (bx^—axi) — 3{aXi+hXi) (dix^—cxi) +2a^x^{ad—hc) =0, 
or 

3 [bcXiX^-^-hdsi — ac3^ — adxioo^ — ado^x^ — hdxi + acoc^ + bcXiOi^ 

+2xiX^{ad—hc) ] =0, 

or finally 2xiXi{bc — ad) =0. 

This is the coefficient of the highest power which do'es not vanish in the 
equations of the tangents to the curves of the net passing through (xi) and is 
also the coefficient of highest power of rcg in the equation of the Jacobian. It 
is the form of the tangent to the Jacobian also, and we have proved that the 
nodal ^ has the same tangent as the Jacobian at the double point. These are 
Xi=0 and x^=0. 

Each direction of J' through the point corresponds to one point of 
intersection of L with the fundamental line. The four remaining points of 
intersection on J' are two contacts, the images of the two points of contact 
of L with the fundamental line. 

The line in {y) is bitangent to L. The six simple intersections are images 
of the six directions on J' at the fundamental point. 

Type II. 
5. The defining equations for Type 11 are 

^iyi+a?2y2=0, (1) 

thyi'+w,yi+w^t=0, (2) 
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where u,.=0 represent curves of order -lO 3 having an n — 3-fold point in 
common. Let this point be P{x) = (0, 0, 1). Then 

These curves <pi=0 have an (n — 2) -fold point at P{x). The equation of 
the image of a general line in (x) has the form 

(a) yi] (^12/2— a2yi)'[/i(«8— t/iy«.^) ] + {(^iyi—(hyiy[fi{(h—yiyuJ ] 
+ («iy2— «2t/i) [fMz—yiyi^J ] +/i(«8— 1/12/2.) t 
+2/2! ( )i+y.i( — )!=o. 

Let 

fMzy —yiytnJ = ^iy fii^iy —yiytnJ =^»» 
fMzy—y^i^,)='^ii fMzj—yiyO ='»•> 

the equation of the curve is then 

(b) {a^yt—a^y^yiyiv^+y^v^+yzv^) + {a^y^—atyiYiyiW^^-y^w^+y^Wt) 
+ («iy2— «2yi) (2/151+2/252+2/858) + (2/1^+2/2*8+2/8^8) =0. 

This curve is of order n— 3+3 + 1 =n + l having at P{y) an n-fold point. 

Aside from the intersections at P(y) two curves of order n + 1 will have 
(n + 1)* — (w)* = 2w + l points in common, of which one is variable. 

The image of a line through P{x) is found by dividing the above equation 
(a) by aj"' and then putting 03=0. All terms containing a, to a power greater 
than n — 3 will vanisli. The remaining terms have the form 

(ai2/2— a22/i)^[2/i/(2/i2/2^) +2/2/2(^12/2,..) +2/8/8(2/1^2.^) ] =0i 

which consists of a line a^y^, — a22/i=0 through P{y) taken three times, and a 
curve ^yifiiyiyo^.^) =0 of order n— 2, having at P{y) an n— 3-fold point, and 
is independent of the coefficients a< . The line is the image of the given line, 
and the curve is the image of the point P{x). 

The Fundamental System. 

6. The6(n — 1) basis points are all fundamental; their images in {y) 
are straight lines through P{y). 

The complete image in {x) of each of these fundamental lines in (y) is a 
curve of order n+1 having an {n — 2) -fold point at P{x). But, since the line 
in (y) passes through P{y)j the image of P{y) must be deducted. It is a 
curve Ci passing through P{x)j and the one point of the 6(n — 1) basis points 
of which the line in {y) is an image. The proper image in {x) of the line in 
(y) is, then, of order n having an n — 3-fold point at P{x) and passing once 
through each of the 6(n— 1) points. 
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The point P{x) of order n — 2 on the transformation ^,=0 has a curve of 
order n — 2 as its image in (y), with a point of multiplicity n — 3 at P{y). 
The complete image of this curve in {x) is of order (w + 1) {n — 2) — n{n — 3) 
= 2(n — 1), having at P{x) a multiplicity 2n — 4 and passing once through each 
of the 6(n — 1) points. 

The curve K is of order 3n, having at P{x) a point of multiplicity 
n—2+n — 2 + w — 3 = 2n — 7. But u^ is a factor of each term, so that the curve 
K is of order 2w, having a 2n — 4-fold point. It also passes simply through 
the 6(n— 1) simple basis points. The genus of K is 6n— 9. 

The order of Lis 2n{n + l) — (w — 2) (2w— 4)— 6n — 6=4n — 2, and its genus 
is 6n — 9. The curve has at P(y) a point of multiplicity 4m — 6 and a double 
point at each of the 6(n — 1) basis points. The curves Kj J' have 6{n — 1) 
contacts and L has 6(n — 1) cusps. 

Let Pi denote a simple fundamental point in (x) ; Pi denote the image in 
(y) of Pi J and let r, denote the residual image curve in (x) of p<. 

Thus t/' has a double point at P,. and one contact not at the fundamental 
point corresponding to the tangency of L with p,. 

We denote the point in (x) hy Q, its image curve in (y) by g and the 
residual curve in {x) by s. 

K passes through Q 2n — 4 times and is tangent to each of the w — 2 
branches of ^,.. There are 2w — 4 points of tangency of L with g, leaving 
4n — 6 simple intersections. These simple intersections correspond to the 
directions of J' through Q. 

The intersections of K with 5, not at the fundamental points are shown 
to be 4w — 6. These intersections correspond to the simple intersections of L 
with q. Aside from the fundamental points, J' has 4n — 8 intersections or 
2n — 4 contacts with s which correspond to the points of contact of L with q. 

Type III. 

7. The defining equations for Type III are 

"^hyi + ^2^2 + Wst/a = , ( 1 ) 

Viyi+V2y2+v^ys=0, (2) 

where W/=0, v^=0 are general conies through P= (0, 0, 1). 

The Fundamental System. 

8. The image of a point P{x) is a curve p{y) of order 2 in (y). The 
complete image in (x) of p{y) is a curve of order 8 having a five-fold 
point at P{x) and double points at each of the nine simple basis points. 

5 
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The image of each of the nine simple basis points in (y) is a line whose 
complete image in (x) is a curve of order 4 belonging to the net having a 
double point at P{x) and also at the given basis point. 

K is of order 9, genus 9. There are no fundamental points in the {y) 
plane. The complete image of K consists of the conic p{y) taken five times; 
images of the double point P{x) through which K passes five times; nine 
straight lines each counted twice, images of the nine simple basis points, 
through which K passes twice, and also the curve of branch points L. 

L is of order 8, genus 9 ; it has twelve cusps. J' has a six-fold point at 
P{x) ; J' and K have twelve points of contact. 

We shall denote one of the nine basis points of the net by Q, , the straight 
line in (y) which is its image by g^ and the residual image curve in (x) by s. 
We shall denote the image of the fundamental point P{x) of multiplicity 2 
on ^i by p and its residual curve in (x) by r. 

As in Type I, L is tangent to q as many times as K passes through Q. 
Since K has a double point at each of the nine simple basis points, q is tangent 
to L twice. L and q have 1-8 — 2-2=4 simple intersections, each of which 
corresponds to a direction of J' through Q. 

K has four simple intersections with s not at fundamental points, the 
images of the four simple intersections of L with q. 

J' has four simple intersections or two contacts with s corresponding to 
the two contacts of L with q. 

Corresponding to the five contacts of K with r at P{x) are five contacts 
of L with jp, which leaves six simple intersections of p with L. These corre- 
spond to the directions of J' through P{x). 

K has six simple intersections with r besides those at the fundamental 
points. These are images of the simple intersections of L with p. 

J' has ten simple intersections or five contacts with r not at fundamental 
points. These correspond to the five contacts of L with p. 

In the general case of two nets of conies through a common point we have 
the configuration of quartic curves having a double point and nine simple 
points. As a subcase is included a system of conies having a simple point in 
common and no basis points. This system is a linear combination of conies 
forming a net. 
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Type IV. 

9. The defining equations for Type IV are 

Wlt/i + W2y2 + W8y8 = 0, (1) 

Viyi+V2y2+Vsys=0, (2) 

where ti,.=0, t;<=0 are cubic curves passing through six fixed points. We 
shall denote these points by P, . 

The equations of transformation are 

pyi=W2V8— ^V2=4>i(^), etc. 

The curves ^,- have a double point at each of the six P, . They also inter- 
sect in 6 • 6— 6 • 2 • 2 — 3=9 simple points of the system. We shall denote 
these basis points by Qi. Each ^^ is of genus 4. The image in {y) of a line 
in (x) is a sextic curve. 

The Fundamental System. 

10. Each Pi of the net as well as each Qi when substituted in the equa- 
tions (1) and (2) make them identical. Hence they are fundamental points. 

The image of each P^ in (y) is a conic which we shall denote by p,. The 
residual image of Pi{y) in (a;), i. e., f< is a curve of order 12 having at the 
given P< a five-fold point. The residual curve r^ has a double point at Q^ . 

The image of each Q^ is a straight line q^ in (t/) and a residual curve s^ in 
(a?) of order 6 belonging to the net. At the given Qi the curve r,. has a double 
point and a simple point at each of the remaining eight Q^ . The curve r,. has 
a double point at each P< . 

K is of order 15, genus 22; L is of order 12, and has thirty-three cusps. 
Aside from L the complete image of K is composed of nine straight lines taken 
twice, images of the nine basis points through which K passes twice and six 
conies taken five times, images of the six P, through each of which K passes 
five times. 

The complete image of L in (x) is a curve of order 72 of which -BT is a 
double component. The residual image J' is of order 42. The complete mul- 
tiplicity of each P< on K^J' is 24 from which a five-fold point taken twice must 
be deducted for K^. Hence P^ is of multiplicity 14 on J'. The total number 
of intersections at each Q^ is twelve, of which four are on K^. J' has at each 
Qi an eight-fold point. The genus of J' is 22. K and «/' intersect in 
42 • 15— 6 • 14 • 5—9 • 2 • 8=66 points not at fundamental points which are 
thirty-three contacts corresponding to the thirty-three cusps on L. 
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Each g, meets L in twelve points. As Type I, L is tangent to g, as many 
times as K is multiple at Q^ . Hence there are two contacts of L with q^ and 
eight simple intersections each of which corresponds to a particular direction 
of J' through Qi. 

K intersects r, in eight points not at fundamental points which correspond 
to the eight simple points of intersection of L with g, . 

J' has four simple intersections or two contacts with r< which are images 
of the two contacts of L with g< . 

In the same way L meets p, in twenty-four points of which five are con- 
tacts and fourteen are simple intersections. The points of tangency corre- 
spond to the contacts of K with s^ at P, . Each of the simple intersections 
corresponds to a particular direction of J' through P^ . 

There are fourteen intersections of K with s^ not at fundamental points, 
images of the fourteen intersections of L with p, . 

There are ten intersections of J' with 5,, not at fundamental points, which 
are five contacts corresponding to the five contacts of L with p, . 

Type V. 

11. The defining equations for Type V are 

Wi^i + "^kPi + Wsys =0, ( 1 ) 

Viyi+v^y^+v^ys=0, (2) 

where Ui=0 represent cubic curves passing through nine fixed points, and 
Vi=0 represent curves of order 9, having a triple point at eight of the nine 
fixed points of ii,=0. The equations of transformation are 

There are eight points Pi of multiplicity four on each <Pi , and thirteen 
simple basis points Q^. The fundamental curve t;8=0 has a three-fold 
point at each P,. and passes simply through twelve of the thirteen Qi. 
9 • 12— 8 • 3 -4 = 12. We shall denote by Q^ the basis point through which 
^8=0 does not pass. 

The Fundamental System. 

12. The image in (y) of each fundamental point Q^ is a straight line q^ 
passing through P{y). The residual image in {x) is a composite curve of 
order 12 having eight points of multiplicity, four at P{x)j passing simply 
through eleven of the Qi , and doubly through the given Qi . One component 
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of this curve is t;3=0. The remaining image r^ is a curve of order 3 having a 
simple point at each P, and also at the given Qi and Q^ . 

The image in (y) of Q^ is a straight line q^ which does not pass through 
P{y). The residual image r^ in (x) is a curve of order 12 having a four-fold 
point at each P,, a simple point at each Q,, and a double point at Q^. 

The image of each P^ is a curve p, of order 4 having a three-fold point at 
P{y). The residual image in (x) is a composite curve of order 48, having a 
sixteen-f old point at seven P, and a seventeen-f old point at the given P^ . The 
multiplicity at Qi and Q^ is 4. One component is the image of P{y) taken 
as many times as p, passes through P{y). The remaining component which 
is the curve Si of order 21, having a multiplicity of 7 at seven of the P< and 
of 8 at the given P, . At each Q^ there is a simple point, but at Q^ there is a 
four-fold point. 

The Jacobian is of order 33. This is a composite curve, one component 
being Vs=0. Hence the curve of coincidences K is of order 24, having eight- 
fold points at P^ , simple points at Q^ and a double point at Q^ . The genus of 
K is 28. The order of L is 18. Corresponding to each intersection of K 
with i;8=0, not at the fundamental points, is a branch of L through P{y). 
24 • 9—8 • 8 • 3—12 • 2 = 12. Hence L has a twelve-fold point at P{y). The 
genus of L is 28, and there are forty-two double points, or their equivalents, 
to be accounted for. The curve J' is of order 60. 

The total multiplicity at P< is 72, at Q^ the total multiplicity is 18, and 
at Q^ it is 18. Deducting the multiplicities at these points on K} and vl^=0 
there remains a twenty-fold point at P<, a four-fold point at Q,, and a four- 
teen-fold at Q^ on J'. K and J' have, aside from the fundamental points, 
forty-two contacts which correspond to the forty-two cusps on L. 

As in Type I, L is cut by q^ in eighteen points, two of which are contacts 
corresponding to the tangency of K with r^ at Q^. The fourteen simple 
intersections of K with r^, not at fundamental points, are images of the four- 
teen simple intersections of q^ with L. 

The four points of intersection of J' with r^ , not at fundamental points, 
are two points of contact, images of the two contacts of L with r^ . 

L has six points in common with g,., not at P{y)y of which one is a point 
of contact and four are simple intersections. These correspond to the tan- 
gency of K with fj at Qi and to the directions of J' through Q^. 

The intersections of K with r,. , not at fundamental points are four, the 
images of the four intersections of L with q^ . 
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The intersections of J' with r, , not at fundamental points, are two or one 
point of contact which is the image of the contact of L with q^ . 

L has thirty-six intersections with p^-^not at P{y). Eight of these are 
contacts and twenty are simple intersections. These correspond to the tan- 
gency of K with Si at P< and the multiplicity of J' at P< . 

There are twenty simple intersections of K with s^ , not at fundamental 
points, which are images of the simple intersections of L with p. . 

There are sixteen intersections of J' with Si , not at fundamental points, 
which are eight contacts, images of eight contacts of L with p^ . 

There are eight four-fold points and thirteen simple basis points in the 
general case of a system composed of a net of cubic curves, and a net of curves 
of order 9. A subcase of this is a linear system of curves of order 9 having 
eight triple points and six simple basis points. Hence the latter type which is 
used here is a subcase of the general system composed of the net of cubics 
and the net of curves of order 9. 

Completeness of Enumeration. 

13. The three images of a point in (t/) may be defined as the variable 
intersections of systems of curves in {x) in many ways. They are, however, 
reducible to one of the five types described above. For example, the defining 
equations may be 

«iyi+^y2+w«y8=0, (i) 

^12/2+^2^2 + ^8^8 = 0, (2) 

where w<=0 represent cubic curves having a double point at P{x) and a simple 
point at Q(a?),and where t;,=0 represent conies passing through P and Q. 
Ui=0 have the form x^{xiX^)^+Xx{x^X2) =0, and the curves t;,.=0 have the form 
^(^1^2) +^1 (^^2) =0- III St*<=0 there are cx)^ degrees of freedom, and in 
St;^.=0 there are oo' degrees of freedom. 

If the ii{=0 have the added restriction that they pass simply through a 
third point R-= (1, 0, 0) through which i;<=0 do not pass, the net has 00^ degrees 
of freedom. We shall denote the net of these cubic curves through one double 
and two simple points by t/i^^i-f y2'4'2+y84'8 = 0- By a quadratic inversion the 
'^i becomes curves of order 6 which contain the image of the double point P and 
the two simple points Q and 22. The residual curve is of order 2 which passes 
once through P but not through R or Q. 

The conic of the net t;<=0 through P and Q become composite curves of 
order 4 whose residual image is a conic passing through P and Q. 
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The curves of transformation pt/<=^i of the system S'4'»t/<=0, St;<y,=0 
obtained by finding the values of y, are of order 5 having at P, and Q points 
of multiplicity 3 and 2 and of multiplicity 1 at the nine fixed basis points T^. 
By a quadratic inversion the ^^ are of order 10. These are composite curves 
whose residual images are-quartic curves, having one double point and nine 
simple points. The genus of the quintic is 2 as is also that of the quartic. 

The curve of coincidences is of order 11 having at P, Q^ and Ti multi- 
plicities of 7, 4 and 2. By the inversion K is a composite curve of order 22 
whose residual image is a curve of order 9 with a point of multiplicity 2 and 5 
at P and T,.. The genus of K is 9. 

Hence the i//^ reduce to conies through one fixed point, Vi become conies 
through this same fixed point and a point M through which the first conies do 
not pass. The transformation ^^ reduce to quartics having a double point and 
nine simple points. K reduces to a curve of order 9 and of genus 9 with one 
five-fold point and nine double points. But this is exactly the configuration 
for Type III. Thus the system of a net of curves of order 3 having a fixed 
double point and a fixed simple point through which pass a net of conies reduces 
by a birational transformation to the system of Type III. 

The same method of reduction can be employed in every case. The proce- 
dure is exactly that used by Bertini in the paper cited. 

Cyclic Involutions. 

14. In order that the discussion of the (1,3) correspondences may be 
complete it is necessary to consider those cases in which the images of a point 
(y) are rationally separable such that to a point P{y) correspond three points 
Pi(rr), Pi{x)^ Pb{x) having the following property. If Pj describe a locus, P, 
describes another locus and P, another locus, all in (1, 1) correspondence. If 
Pi and Ps describe the same locus, P^ describes the same locus. Hence a 
birational transformation exists by means of which the three points P^ are per- 
muted among themselves. By this transformation PiCoP,, P^coP,, PgCoPj. 
Since the three image points form a group the transformation is cyclic and of 
order or period 3. Such an involution is called cyclic. 

If two of the three image points coincide all three are identical. For the 
transformation which sends Pi into Pj also sends Pg into Pg and P, into Pi. 
Hence if Pi=P2 then Pi=:Pj=P3. Hence K and J' are identical. There is a 
birational relation between the curves K and L. 



40 Howe: The Classification of Plane Involutions of Order (3). 

Bottari * has discussed the possible forms of all cyclic types by means of 
projection from configurations in space of three or more dimensions. 

For a cyclic transformation of order 3 there are four types among which 
are included all the Cremona transformations of order 3. 

(1) The Jonquieres transformation of three points on a fixed line. 

(2) The Jonquieres transformation of three points on a pencil of lines 
p^., the lines themselves being permuted by a linear transformation of order 3. 
In particular Pj on pi is transformed into Pa on p,, P, on Pi is transformed 
into Pg on p^ which in turn becomes the original point. In the same way Pj 
and Pa on pi have uniquely associated points on Ps ^^^ Pa such that the three 
points on each Pi form a distinct group. 

(3) The three permuted points are the three intersections of two cubic 
curves through six basis points which form two triads of points in three-fold 
perspective. The transformation is accomplished by means of a quartic curve 
through six points. One triad consisting of double points, the other of simple 
points. Kan tor t calls the type Ag . 

(4) A particular case of Type V^ in which the curves of order 9, and a 
pencil of cubic curves are invariant under a Cremona transformation of period 
3 and order 13. This type is called N^ by Kantor {loc. cit.y p. 288). 

Cyclic Type 7. 

15. Given a curve (7„ with a fixed point of multiplicity w-3. The three 
points in which a line through the fixed point cuts the curve are images of the 
point of intersection of two lines in (y). The points of each triad are on an 
invariant line. 

The equations of the transformation have the form 

It is of period 3 when arf+6(?+a*+rf*=0. Equating T^ and T~^ we have 

a^(acd-{-cd^) +a?(d*— a6c) — bcd—bd* 

=x'{—a^c—bc^) +x{a^—bcd) +a^b + abd + abd. 

The condition for this equality to exist is found by putting 

^ —{a^+d^+ad) 

0= . 

c 

*<* Sulla rasionalita dei piani multipli {af,y, '\/ F (a?, y)}*' Annali di Matematica, Series 3, Vol. II 
(1809), p. 278. 

t *' Premiers Fondements pour une Th^orie des Trausf ormations Periodiques Univoques/' Memoire, 
della R. Accademia. Naples. Series 2, Vol. Ill, e Vol. IV, 2 (1891), pp. 1-335. See pp. 260-262. 
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Locus of Invariant Points. 

16. The invariant points on each line descrive cnrves that are rationally 
separable, hence K consists of two distinct rational carves. The points will be 

invariant when x[=Xj . Thns, Xi= , , . The two roots of the equation of x 

cXi-f-a 



^^ ^ _ ia-d) + {a+d)V- 3 ^ _ (a-rf)_(o+rf)\/33 
are x. , x, . 

A curve of order it having an n — 3-fold point at P{x) = (1, 0, 0) has the 
form 



A curve is invariant under T when its equation is of the form 

{x,-u,) {x\-u,) (2^'-u,) =k (1) 

for the curve ^^ of the net, wherein 

x[ = T{x), x[' = r{x). 

If the curve (1) is cut by any line which passes through the fixed point T 
since the line is invariant under the transformation the three points are 
rationally separable and can be uniquely determined as a cyclic transformation 
of period 3. 

Quadratic Cyclic Transformations. 

17. The quadratic transformations of period n have been discussed by 
V. Snyder.* Of these transformations, those that concern us can be trans- 
formed into linear perspectivities. 

Cyclic Type II. Non-perspective Jonquieres. 

18. In Type 11 the three images are the variable intersections of two 
curves ^i and '4^i of degrees n and m having at P points of multiplicity n — 3 
and m — 3. Each of the three image points lies on a separate line of the pencil 

m 

through Pi , the three lines being permuted by means of the transformation. 
The transformation has the form T in which a, 6, c, d now have the previous 
relation and the additional restriction that Xf appears only in powers of three 
in equation (1) of the curve above. 

The curves ^^ and i//,- are each invariant as a whole under the transforma- 
tion. Hence, to an arbitrary point Pi there correspond two other points P, 

^"Periodic Quadratic Tranaformatioiis in the Plane/' Annals of Mathematics, Series 2, Vol. XIII 
(1912), pp. 140-148. 

6 
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and Pg which are rationally distinct and lie on the cnrves. The k points occur 
in groups of three or 3k' =k. The equations give us for t/< the values 

pyi=^i'4^9—^z^2f etc. 

The images of lines in (y) are curves of order m+n^ having at each k' 
point a multiplicity of r+5, where r is the multiplicity on ^^ and s the multi- 
plicity on i//<. The curves ^<=0, '4^i=0 are now to he restricted to pass 
through k' arbitrary points in the plane. 

It is a curve C^, of order r+k taken three times, and has a point of such 
multiplicity a< as will make the curve rational. The complete image of this 
curve Cj,, in (x) is of order {r+s){m+n) — S(m-fn)ai. 

The locus of K consists of the one line rr8=0. 

Cyclic Type III. 

19. Type III consists of the configuration of the three image points in 
(x) lying on a system of cubic curves with six basis points. In Type V of the 
general case to which this is related the defining equations are 

where t*^=0, i;<=0 are cubic curves through six fixed points. 

To build this type it is necessary to find a birational transformation for 
the points in (x) such that T'=l. 

A transformation composed of the product of two inversions will send a 
line into a quartic curve through three double points and three fixed simple 
points. The six basis points are disposed of as a triad of double points and 
a triad of simple points. 

Let A^B^C; A^B, C be the two triads of fundamental points. We shall 
denote as double points ^=(1,0,0), 5=j(0, 1,0), C= (0,0,1). 

By the transformation T the line AA becomes a quartic curve passing 
through the image of A and of A. The residual image of AA is a line BB 
through two of the remaining four fixed points. By a second transformation 
T* the line BB has for its residual image the line CV. Since the transforma- 
tion is of period 3 CC goes into AA^ and it has been shown by Kantor (loc.cit.^ 
p. 260), that the two triads of points are in three-fold perspective. We shall 
denote as simple points J.= (a, 6, c), -B= (a, g)6, co^c), C= (a, (j*6, oc). 

This means that AA and the lines into which it is transformed by T and 
T* pass through a common point. Also AG and its associated lines pass 
through a common point. We shall denote these points by P, Q, and R. 
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In order to obtain the relations of the six points in (rr) under the trans- 
formation, consider three planes a;, a;', x". Under T the six {x') images of the 
six fundamental points {x) are obtained. These under T^ define six points 
(x") and these in turn go into the original (x) points. The {x') and {x") 
planes are superposed on the (x) plane to obtain the required relations. 

We shall consider the two triads of points in (x) and {x') as 

{A^B^C^AiB,Ci) and (^iBiC;I;5iC;). 

The points Azj B^f C^ each have conies in {x') and the points A^ Bi^ Ci have 
straight lines in {x') for their images. Also the point 

Ai goes into C^{ABCBC), Ij goes into C^(BC), 
B'^ " Ca^^ClC), B[ '' CMC), 
C; " C^{ABCAB), ^; " CMB). 

Since any straight line in (a?') goes into a quartic through (A^B^CtAiBiCi)^ 
the image of the line A' A' is a quartic curve containing the image of A' and A'. 
These are the straight line BC and the conic through ABCBC. The residual 
image is, then, the line AA. In the same way the images of other lines may 
be obtained. 

Since C5=a?i=0, ^Csa?2=0, AB^x^^O^ it follows that 

Xi= k{bcix^ — a^x^) (aba^—c^ooiX^) ^ 
X2= I {acoci — b^XiX^) {bcai — a^a^jaja), 
x^=zm{aca^—b^ooiX^) {aba^—c^iViX2). 

The points P, Q, and R are invariant under the transformation, hence the 
substitution of the coordinates of one of these points in the above equations 
gives the values of A;, Z, and m. These are u^abj obc and ac, respectively. 

The equations of transformation T^ are 

x[=ab{bcx^ — a^x^x^) (a6a| — c^a^iajg), 
Xf=bc{aca^ — b^XiX^) {bca^—a^x^^)^ 
x'^= ac {aca^—b^Xi(Ci) (a6a;| — c^XiX^). 

Similarly for T we obtain 
x[ = axix^ {aba^—c^Xiit^) , a?J= fra^ja^a (6cajJ— a^a;,^,) , x^ = cXiX^ {acoci—b^oOiXz) . 

The nine points -4, B, C, J., -B, C, P, Q, R lie on a cubic curve which is 
invariant, but since two triads of lines pass through these points, they are the 
basis points of a pencil of cubic curves. The equations have the form 

AA • BC • BC+WG • AB • AB. (1) 
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If any curve of the pencil is invariant under T, we must have 

CC'AB' BA +%BB • AC • Cl=0, (2) 

such that (1) and (2) define the same curve. Equation (1) has the form 
{bXi—cx2){G)b7}i—ax2) (ocxi—ax^) +X{d^bxi—ax2){ca)T^—ax^){ucx2—bXi) =0, (3) 
which by T goes into 
{(d^bxi — ax^){aa>^ — cxi){bXi — wcrcg) +%{ax^ — 6j*ciCi)(G)6a;, — cx2){bxi — ax2)=0. (4) 

By comparing the coefficients of like terms in equations (3) and (4) we 

obtain the relation X= — —z . By the substitution of — — r- for 5l in equation 

(4) we find X=q and X=g)*. The two curves are 

6 c^xlXi + (dca^a^x^ + o^ab^Xioi = , ( 5 ) 

b^cxlxz+(j^^ac^Xiai+(da^bXiXl=0. (6) 

The existence of the two cubic curves satisfied by different values of X 
has been mentioned by H. S. White.* 

It is necessary to determine whether either of these cubic curves contains 
points invariant under the transformation. The point of contact of a line 
through ^=(0,0,1) or iri=mir2 with (5) gives x^^uaVi, X2 = bV4t^^ Xi= — 2(^c. 
Under T these values become a;i= (A*'4*)a)a, Xt= — 2a)6, x^=^' ^c. Hence this 
point is not invariant. The point of contact of Xi = mx2 with (6) gives 
cci=a^4*, rrj=6o*^4, x^=i — 2c. Under T this point is invariant, hence the 
curve (6) is the equation of K=J'. 

All the cubic curves through AjBjCj A, By C which contain the three per- 
muted points which are images of a point (y) form a net of equianharmonic 
curves; they are tangent to one of the sides iri=0, x^^O, x^=0 and do not 
pass through P, Q and R. 

Since a line in {y) becomes a cubic curve in (x) any one of these equian- 
harmonic curves may be taken for ^^=0 in the equations of transformation 
which written in the form of defining equations are pt/i=^,. 

The equation of L, the image of K^ is also a cubic curve. To a line in (x) 
corresponds a cubic in (y) which has for its complete image in (x) a composite 
curve made up of the original line and two quartic curves. The line when 
operated upon by the transformation T becomes one of these quartic curves, 
and when operated upon by T* becomes the second quartic which accounts for 
the curves of order 9 as Ci+C^+C^. 

* " Plane Gubics and Irrational Covariant Cubics," Tranaaotions American Mathemaiioal Society^ 
Vol.1 (1900), pp. 170-178. 
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Non-perspective Linear Transformations. 

20. It was shown in Art. 17 that quadratic transformations of period 3 
can be reduced to the Jonquieres type of cyclic involution. 

We now consider conies through one fixed point, invariant under the non- 
perspective cyclic linear transformation of period 3. 

If px[=G)Xi^ px2=G>^x^f pxs=x^{(/=l)^ the expression XiX^+ka^ remains 
invariant, XiX^+la^ is multiplied by ca*, and XfX^+ma\ is multiplied by o by the 
transformation. Hence the systems of conies 

a?ia?2yi+a|y2=0, xly^+x^x^iy^+y^+Vz) =0 

defines a triad of variable intersections which is invariant under the trans- 
formation. 

For K we find Xix\x\{x^X2 — A) (^i^z+ ^) =^ j which is satisfied only by 
fundamental curves. This is a particular case of Cyclic Type III. 

Consider the oo* system of cubic curves 

Every curve goes into itself by the transformation. Any two curves of the 
system intersect in nine points, making three triads. Now choose any two 
points (rr), {x) as basis points of the system of cubic curves. Associated with 
(x) are two distinct points forming a triad, and associated with {x) are two 
points so that the six points form two triads of permuted points. There 
remains one triad of variable points which are rationally distinct and are 
images of a point in (t/). 

Geometric Interpretation of Cyclic Type III. 

21. The relation between any point of the (y) plane with its three 

corresponding images in the (rr) plane has been developed for Type III by 

Bottari.* 

Cyclic Type IV. 

22. Type IV is defined by a system of curves of order 9 which are 
invariant under the transformation and on which lie the three variable points 
which are permuted among themselves. 

The system has oo^ degrees of freedom as shown in the form 

Since 4^, ^^j, are invariant under T, but Ce is not, we may reject the terms 
mvolving Ce , X^^+^^\+?is^^,+:^,^M+^^l=0. 

* Loo. oit,, p. 282. 
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Two of the four constants in equation (2) may be chosen arbitrarily. We 
shall let one constant determine a point P on the ^2 which also uniquely deter- 
mines the two remaining associated points of the triad. Substituting the 
coordinates of this point in (2) there will be a fixed value Aj-^/zp and X^ipl since 
P does not lie on '4' or ^1. The resulting equation is then, Xik+XJ=0 or 

k 
^4= — ^i-j-' ^ second constant may be used to determine a point Q on ^ 

with which are also associated the two remaining points of the triad. 

or 

^{4^ + <?>! + ^l) + M\^ + ^^^l =0. 

The curves fi{x) =0 intersect into two variable triads. 

The curves fi(x) intersect in six fixed points which are fundamental 
points. 9 • 9 — 8 • 3 • 3—3=6 composed of two triads of points P< and Q,. 

Through the point (1, 0, 0) we have a pencil of lines of the form 
^'Pti^iV^+^iyt) =0. To the lines of the pencil correspond cubic curves in (x). 
The transformation curves py<=/,(a;) with eight triple points and two triads 
of simple points have fundamental elements in (y) corresponding to their 
basis points. To P< correspond lines p, in (y) through (1,0,0). The 
residual image of these lines is a curve of order 9 composed of a sextic, the 
image of the point, and a cubic, the image of the line. In the same way the 
residual image of Qi is a cubic curve Qi{x). 

The triple points iJ, on the fi{x) have for images rational curves of order 3 
in (y) with a double point at (1,0,0). The complete image in {x) is a com- 
posite curve r« of order 27 containing the image of the fundamental point 
(1, 0, 0) twice. The residual component E^ is of order 15, having eight points 
of multiplicity 5 at 22^ . 

The Jacobian of the system is a sextic having eight double points. It is 
of genus 2. 

The curve L is also a sextic of genus 2. There are four branches of the 
curve through (1, 0, 0) consisting of two sets of tangents which count for eight 
intersections. The common tangent for two branches can not cut the curve 
again, but an arbitrary line through (1, 0, 0) cuts L in two other points corre- 
sponding to the two points of intersection of a cubic of the pencil with K. 
Two cubics do not meet K except at fundamental points. 

L cuts Pi in two points not at (1, 0, 0) and P^ has two intersections with 
K not at fundamental points. 6 -3—8 • 1 • 2 = 2. If p,. is tangent to L at 



Howe: The Classification of Plane Involutions of Order (3). 47 

(1, 0, 0), Pi has no simple intersection with K but one tangency. This is also 
true for g< in (y) and Qi in (x). L cuts r< in ten points or five contacts. 
6 • 3 — 4 -2 = 10. ^ is tangent to each branch of R at Ri which correspond to 
the tangency of L with r< at the five points, and there are no simple intersec- 
tions. 6-15— 8 -5 •2—2-5=0. 

The Cyclic Transformation N^. 

23. The cyclic transformation of period 3 involving eight fundamental 
points is of order 13. By means of the transformation the image of a line is 
a curve of order 13 on which the eight fixed points are distributed as follows : 
one triad of four-fold points Aj B, C; one triad of five-fold points J., 5, C ; 
one triple point G, and one six-fold point G. In order to obtain the relation 
of the eight P< under the transformation we shall consider the two planes (x) 
and (x') on which are the points ^454041555^6^8^6 : ^i^iCil^SiCiGJ^;, 
respectively. 

The image of Aj By and C are three rational quartic curves in (x') having 

three double points and five simple points, the image of I, 5, and G are three 
rational curves of order 5 having six double points and two simple points ; the 
image of (? is a cubic curve with one double point and six simple points, and 
of Q the image is a sextic curve having one triple point and seven double 
points. 

The multiplicity of -4, 5, C on the Jacobian is 11, of -4, J?, C is 14, of G 
is 8 and of G is 17. 

By the transformation the line A'C goes into the curve 

G^{A,B,C,A^sC,G^Ge). 

The image of a point A' is the curve C^iAiBiCiAiBiCzGiGi) and of the point 
C is the curve C^iAiBiCiA^B^PiGiGi) . Hence the residual image of the line 
A'C is a quintic curve CsiAzBzCzA^fiiCiGiGi) . 

In the same way the residual image of A'B' is the curve 

G^(A^BiG2AJ3^CiGiGi) . 

Consider the points {x') superposed upon the {x) points such that 
A'B'G'A'B'C'G'G'^BCABGAGGyVQ^^^QiivelY. 
By T the point A' goes into 

G,{A^B,GXbAGiG,) ^G,{C[A[B[G[A',B',0[G',) . 
By T* this curve becomes a composite curve of order 4 • 13 or 

G^z \AiQBiQCiQA2QB20G2QGiiGu) f 
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from which the components which are images of the points C'A'B'C'A'B'Q'O' 

are deducted as Ci^(AuBl^CuA^sBl^Cl^GlQOfz)^ 
Hence the residual component is a curve 

By T again the quintic becomes a composite curve Ce^iA^oBfoCioAf^i^Ci^GuGMo) f 
from which the image of the fundamental points of the quintic are deducted 
as before. 

Hence this curve passes through the point A'=B once more than the 
parameters provide for, so that this point which is the residual image of T* 
is the original point. The transformation is, then, of period 3. 

In the same way it can be shown that the point G'^G by T goes into 
C, {AlB^G^A^^CrGoG^) . By T* the residual image is C^iA^Bfi^A^^^GzG^) , and 
by T* the image is composed of the curve C^^{A^JS24puA^B^CtQGli^Gt») and the 
point G, so that the image of G'^G is the same point. 

Also the point A'=zB goes into a curve C^iAiB^CtA^BjCfiiG^) by T, and 
by r* the residual image is C^iAtB^CiAiBiCiGiGi) . Under T* the image is the 

curve CstiAi^Bi^Ci^A^oBiQCioGitGii) and the point A' = Bj so that again T* is an 
identity. 

COBNELL UnIVEBSITT, Jlflttf, 1917. 



On Surfaces Containing a System of Cubics that 

do not Constitute a Pencil. 

By C. H. Sisam. 



1. It is the object of this paper to classify completely the types of alge- 
braic surfaces which are generated by an algebraic system y of oo^ cubic curves 
which do not constitute a pencil (so that two generic curves of the given system 
intersect in v> 1 variable points), and to point out a few salient properties of 
surfaces of the class that belong to types not already known. 

I. The Given Subfacb is Rational. 

2. Since a rational surface possesses no integrals of total differentials of 
the first kind, the cubics of the given system are contained in a linear system 
of order v and dimension r>2 of cubic curves.*. 

3. If the cubics of the linear system to which the given systesm y belongs 
are rational, we can represent the given rational surface on a plane in such a way 
that, to the linear system of cubics corresponds a linear system of curves, of 
some order tn, which have a fundamental (w — 1) -fold point and t < m — 1 simple 
fundamental points.f Since the given linear system is of order r, we have 

m*— {m—iy — t=Vf 

and since t<fn — 1, we have m<v. 

4. If r=l, we have m=l, so that the curves corresponding to the cubics 
are the right lines in the plane. To the plane or hyperplane sections of the 
surface correspond curves which intersect the lines of the plane in three points. 
Hence, t/ r =1, the surface generated by the given system of cubics is the surface 
of order 9, belonging to space of nine dimensions^ which is represented para- 
metrically by the cubics in a plane, or it is the projection of such a surface. 

* Humbert, "Sur quelques points de la th^orie/'. .. . Journal de Mathdmatiquea, Ser. 4, Vol. X 
(1S94), p. 196. 

fOuccia, Rendiconii di Palermo, Vol. I (1887), p. 139. One notices here that a system of curves 
of odd order on the given surface can not be represented by a system of conies not having a fundamental 
point, since the curves representing the plane or hyperplane sections must intersect these curves in an 
odd number of non-fundamental points. 

7 
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Conversely, on a surface of this type, the cubics corresponding to the tangents 
to an algebraic curve in the parametric plane constitute a system y of the 
required type. This surface was discussed by P. del Pezzo, in the Rendiconti 
di Palermo, Vol. I (1887), p. 241. 

5. If v>lj and if the cubics of the linear system to which the system y 
belongs are rational, the surface is a ruled surface of order not greater than 4. 
In fact, if v=2, then m=:2 so that the curves corresponding to the cubics of the 
linear system are conies through two fixed points Pj and P, . Let the curves 
corresponding to the plane sections be of order n and of multiplicity cxj and a, 
at Pj and Pg , respectively. Then 

2n — (Ti — (72=3. 

Since cxi+cx2< w, we have n <3. It is no restriction to suppose that n=3, since 
the case n = 2 can be transformed birationally into this one. Then n=3, cji=2, 
0-2=1. The surface defined parametrically by such a system of curves is a 
ruled quartic, belonging to a space of five dimensionSi or it is the projection of 
such a surface. 

If y=3, we find by similar reasoning that the surface is a ruled cubic, 
belonging to a space of four dimensions, or it is the projection of such a surface. 

Finally, if i/>4, the surface is a quadric or a plane.* 

6. If a generic cubic of the linear system to which y belongs is not 
rational, then the surface is either a cubic surface or a plane. For, if the order 
of the rational surface containing the system y exceeds 4, then, by the 
reference just cited, 1=1 and the cubics of the linear system are rational since 
their points can be put in (1,1) correspondence with the curves of a linear 
pencil in the linear system. If the order of the surface equals 4, and the 
cubics of the linear system are plane cubics, the residual sections of their 
planes constitute a pencil of right lines on the surface. The cubics are thus 
rational, since their points are in (1, 1) correspondence with the generators of 
a rational ruled surface. 

II. The Surface is Non-rational and of Order Not Greater Than 5. 

7. Since the given surface is not rational, a generic cubic of y is of genus If 
and lies in a plane. If the given surface is of order 3, it is a non-singular 
cone and the system y is formed by the sections of the cone by an algebraic 
system of oo^ planes. If the surface is of order 4, the residual sections by the 

*Cf. the author, "Nouvelles Annales de Math^matiques/' Ser. 4, Vol. XVII, 1018. 
t Gastelnuovo-Enriquee, ** Sopra alcune questioni/'. . . . Annali di Matematica, Ser. 3, Vol. VI (1901), 
p. 213. 
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planes of the cubics are right lines. The surface is thus a ruled quartic of 
genus 1, and the system y is cut from it by an algebraic system of oo^ tangent 
planes. 

8. If the given surface is a quintic, the residual section by a plane or 
hyperplane containing a cubic of y is a conic. If a generic residual conic is not 
composite, the surface is generated by a non-rational pencil of conies. Such a 
surface* has three concurrent double lines and a tacnode. The cubics y lie in 
the planes which pass through the tacnode and are tangent to the surface. 
This surface is normal in three dimensions. 

If a generic residual conic is composite, the quintic is a ruled surface of 
genus 1 belonging to a space of four dimensions or it is the projection of such 
a surface. The cubic curves on a given ruled quintic surface of genus 1 belong- 
ing to 8^ constitute the residual intersections of the surface with the 8^ defined 
by two generators. Since these cubics constitute a system oo\ and intersect in 
one variable point, they constitute a system y. 

9. No ruled surface that contains a system y of cuhics is of order greater 
than 5. For the generators of such a surface set up, between the points of two 
generic cubics of y, a (1,1) correspondence in which at least one point, common 
to the two cubics, is self -corresponding since it is not multiple on the surface. 
The order of the surface defined by such a correspondence does not exceed 5. 

10. In the remaining cases, we shall transform the given surface bi- 
rationally into a ruled quintic surface ^ of genus one, belonging to 8^ . We 
point out here, for use in this connection, some properties of such surfaces ^. 

11. Precisely — ^-^ independent linear conditions must be satisfied by 

Li 

the coefficients in the equation of an hypersurface H'of order x, in 8^jin order 
that it contain a given surface ^ . 

This theorem is true for a;=l, since ^ does not lie in an fi^s. We assume 
it true for all orders less than the given order x. Since the rectilinear 
generators of ^ intersect each cubic of y, a necessary and sufficient condition 
that ff* contains ^ is that it contains x+1 generic cubics Ci , C2 , . . . . , C,+i of y. 
An H' contains the elliptic cubic Ci if it contains 3a? generic points on Ci . It 
then contains C^ if it contains 3x — 1 generic points on C, , etc. 

These 3a: -f- 3a; — 1-f .... +2x= — ^ — ^ linear conditions on the coefficients 

in the equation of an fl* are independent. For, there exists an fl' which 

*Cf. the author, American Journal of Mathematics, Vol. XXX (1908), pp. 115-116. 
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contains Cu 6*2,. . . ., C^i (where ; has any of the values 1, 2, . . . ., x+1) and 
which also contains 3x — j generic points P^ , Py+i , . . . . , Ps^-i ^^ ^i t)ut which 
does not contain C'y. There exists, in fact, an hypersurface fli""\ of order 
X — 1, which contains Ci, Cj, . . . ., Cy_2 and Py, P,+i, . . . ., Psx-4> Piz-t ^^^ ^^ 
hyperplane E[ that contains C'y_i and Ps,-* . Similarly, there exists a second 
hypersurface flJ^S that contains Ci, 6',, . . . ., C^^ ^^^ Pjj Pf+u • . • ., Psx-^ij 
Pzx^t aiid a second hyperplane flj that contains C|_i and Pgx-a- Since the 
points P are generic, the composite hypersurface flj"^fll intersects Cy in two 
points that do not lie on flj"^ffi . Thus, no hypersurface . of the pencil 
XiH\~'^H\'\'7^Hl''^H2=Q contains C^. All the hypersurfaces of this pencil 

contain Ciy Cfj . . . . , Cy_i and P,- , P^^i , , P^^^t • One hypersurface of the 

pencil also contains Psx-i • 

12. Any curve on ^ that intersects a generic generator in x points and a 
generic cubic of y in y points is of order y+2Xj since it intersects the S^ con- 
taining two generic generators and a cubic of y in y + 2a; points. 

13. For no curve on ^ can x be greater than 2y. For, the order of such 

a curve would be w=y+2a;< — . Since ~--^ — - —n(x — 1) >0, such a curve 

would lie on an H'"^ which does not contain ^ but has x points in common with 
each generator. 

14. Any curve on ^ for which 2y:=x lies on an ff', since 

bxix+l) bx 

2 2 ^ 

The residual intersection consists of bx — 9- = 9 generators of ^, since it 

does not intersect a generic generator. 

There are three curves on ^ for which a?=2, y=l. For, put the cubics of 
y into (1, 1) correspondence with the points of a plane cubic curve C Then 
each point of ^ corresponds to the pair of points on C defined by the two cubics 
of Y through P. Then the points of a rectilinear generator on ^ correspond to 
the pairs of a linear series ^2 on C and the points of a cubic of y to the pairs 
for which one point is fixed. There are three irrational involutions of order 2 
on C defined by the three cubics of which G is the Hessian-Steinerian. Two 
pairs of such an involution belong to a given g\ and one pair contains a given 
point P. The points on ^ defined by these three involutions thus constitute 
three quintic curves, Dj, J?2, D^ of genus 1, for which a; =2, y=l. 

We shall show (Art. 35) that there is a rational pencil of curves on ^ for 
which a?=4, y =2. Each of the curves Di , Dj » -^8 counted twice is a curve of the 
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pencil. Every curve on ^ for which x=2y degenerates into curves of this 
pencil together, possibly, with one or more of the curves D. For let C be such 
a curve. If C is composite, each component intersects the generators in twice 
as many points as it does the cubics of y so that C lies on a proper or composite 

H' and forms, with — generators, the complete intersection of H' with ^. 

Let P be a generic point on C and let C be the curve of order 10 of the 
above pencil through P. Then C has in common with H"" the point P and 
10a? points on the generators common to ^ and H'. Hence C (or a component 
of it, if P lies on a quintic D) lies on H'. It forms a component of C since, 
otherwise, H' would have more than x points in common with a generic 
generator of 4>. 

III. The Surface is Non-rational and of Order not Less than 6. 

15. Since the order of the surface exceeds 5, the surface is not ruled 
(Art. 9). The system y is of order unity (Art. 5, footnote) and index 2.* 
It is thus representable by pairs of points on a plane cubic curve (cf. Art. 14) 
and is of genus p^=0, p„=— 1. 

16. Let the given surface F be projected, if necessary, into a surface P', 
of order tn, in Sj . Then the cubics on P' that constitute the projections of the 
cubics of y on P intersect the ad joints to P' of order m— 3 in just two points 
which are not multiple on P'. Suppose, in fact, that the cubics do not have a 
fixed point in common. Since consecutive cubics intersect, the plane of a 
generic cubic C touches P' at only two of the intersections of C with the plane 
of the consecutive cubic. The remaining 3m — 11 points common to C and the 
residual section of its plane with P' lie on the multiple curve and thus on the 
adjoints of order m — 3. Similarly, if the cubics have a fixed point P in com- 
mon, the plane of C touches F' at one point on C. The remaining intersections 
of C with the residual curve, except one at P, are common to the adjoints of 
order w— 3. 

17. The adjoints of order m — 3 constitute a linear system of at most two 
dimensions. Suppose, in fact, that they constituted a linear system of r>2 
dimensions. Since the cubics are not rational, they determine a linear series 
gi on each cubic of y. Then the cx)''"^ adjoints of order m—3 through two 
generic points of one cubic and one generic point of a second generic cubic 
would contain all the cubics and would thus contain P'. But this is impossible, 
since the order of the adjoints is less than that of F\ 

* CastelnuoTO-Enriques, Mathematische Annalen, Vol. XLVIII, p. 314. 
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18. The genus of the plane sections of F' does not exceed 4. Let 11 be 
the genus of a generic plane section of F' and let r be the dimension of the 
linear system of adjoints of order m — 3. Then* 

f=n— 1— (p^— pj or n = f+l+Pp— Pn. 

But r<2, Pg=Qy p^= — 1, so that 11 < 4. Moreover, 11 > 3, since the surface 
is not ruled.f 

19. If n=3, it is known} that the surface contains an irrational pencil 
of conies. The quartics cut from such a surface F' by the pencil of adjoints of 
order m — 3 degenerate into pairs of conies. 

If n=4, then r=2 so that a pencil of adjoints of order m — 3 pass through 
a generic point P on F\ All the adjoints of this pencil pass through two points 
Pi and Pa fixed by P on the cubics Ci and Ct , respectively, through P. In case Pj 
and Pi lie on a cubic C of y, they are corresponding points in the gl defined on C 
by the adjoints. Then the adjoint surface that contains C contains all the 
pairs of the gl on C and thus contains a rational cubic curve (locus of P) 
which forms, with C, the variable sextic of intersection of the adjoint with F\ 
In case Pi and Pj do not lie on the same cubic, let C[ and CJ be cubics of y 
through Pi and Pg, respectively. The pencil of adjoints through Pi intersect 
C[ in Pi and in a second fixed point distinct from its intersection with Ct . 
It follows that the adjoint surface that contains C^ has C'l for its residual 
intersection and, similarly, that the (me containing Ci has Cf for its residual 
intersection. 

20. Let the system y of cubics on a surface P, belonging to three or more 
dimensions, be put on (1, 1) correspondence with the system of cubic curves on 
a ruled quintic surface ^, of genus 1, belonging to S4. Then a (1, 1) corre- 
spondence is set up between F and ^ by taking two points as corresponding 
when they lie at the intersection of corresponding pairs of cubics. 

21. Let a;> 1 be the order of the rational curves on F. Then the plane or 

hyperplane sections of F transform into a linear system of curves on ^ that are 

of order 3 +2a; since they intersect each cubic in three points and each generator 

in X points and thus intersect any S^ which contains a cubic and two genera- 

5xlx-hD 
tors in 3-f2a? points. Every such curve lies on an H'j since — ^ — - 

— a?(2a?+3) >0 when x>l. The residual intersection of the H' with ^ consists 
of 3 (a;— 1) generators. The plane or hyperplane sections of F thus correspond 
to sections of ^ by a linear system of H' through 3 (a; — 1) fixed generators. 



*Picard et Simart, «Th£orie des Fonctions Alg^briques/' Vol. II, p. 480. 
fCastelnuovo-EnriqueB, Mathematische Annalcn, Vol. XLVIII (1897), p. 308. 
(Seorift, Annali di Matematioa, Ser. 3, Vol. XVI, p. 256, et teg. 
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The order of the rational curves on F does not exceed 4. For, since 
y=:3, we have at once x<5 (Arts. 13, 14). But the ff* through twelve 
generators define on ^ a linear system of only two dimensions so that a; < 4. 

a. The Rational Curves on F are Conies. 

22. Since x=2 and y=3j the curves on ^ corresponding to the plane or 
hyperplane sections of F are of order 7 and constitute the residual intersection 
of ^ with a system of EP through three fixed lines. The complete linear system 
to which they belong is of order 8 and dimension 5. Hence the surface F is of 
order 8 and belongs to a space of five dimensions, or it is the projection of such 
a surface. This surface is the ** first type " discussed by Scorza in an article 
entitled ^'Le superficie a curve sezioni di genere 3'^ in the Annali diMatematica^ 
Ser. 3, Vol. XVII (1910), p. 320. 

b. The Rational Curves on F are Cubics. ' 

23. To the system of plane or hyperplane sections of F corresponds a 
linear system of curves of order 9 cut from ^ by H^ through six fixed lines. 
The complete linear system defined by these curves is of order 9 and dimension 
5. Hence, the given surface F is of order 9 and belongs to a space of five 
dimensionSj or it is the projection of such a surface. A generic hyperplane 
section is of genus 4 (Arts. 18 and 19). 

24. Let F belong to S^ . Since two generic cubics of y intersect, they lie 
in an 8^ . The residual intersection of this S^ with F is a cubic of y since it 
corresponds to a cubic on ^. Since any curve on F intersects three such cubics 
of y in the same number of points, we deduce that: the order of any curve on 
P is equal to 3^/, where y is the number of its intersections with a generic curve 
of y. 

25. There are three types of cubic curves on F, defined by the number a?, 
of their intersections with the rational curves on P. If a;=0, the curves are the 
rational cubics; if rt=l, they are the curves of y; if a? =2, there are just three 
curves DJ , DJ , D, . They are of genus 1, and correspond to the three quintics 
on <^ (Art. 14) that intersect the generators in two points. The planes of two 
such cubics D' do not intersect. Otherwise, they would lie in an iS'4 which would 
have four points in common with each rational cubic on P. 

26. The rational cubics define a non-rational involution of order 2 on each 
cubic D'. The lines joining corresponding points of such an involution envelope 
a curve of class 3 in the plane of D\ It follows that the 8^ defined by the 
rational cubics on P generate an liypersurface of order 6, since an 8^ which 
contains a generic line li in the plane of D'l and l^ , in the plane of Z), » intersects 
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the locus of the S^ defined by the rational cubics in a ruled surface which has 
li and ^2 AS triple directrices and is thus of order 6. The point in which the 
Sz intersects the plane of D'^ is a triple point on the sextic. Hence the generator 
through that point is a triple generator on the ruled surface. It follows that 
the cubic threespread formed by the lines that intersect the planes of D[ , D, 
and Z), is a triple threespread on the sextic hypersurface. The hypersurface 
is of genus 1, and has no other multiple points. 

27. Let S be the threespace of a generic rational cubic C on F. The 
plane of a cubic D' has a line in common with S and determines, with Sj an 84 
whose residual intersection with F is a cubic of y whose plane has a line in 
common with S. Conversely, if T is a cubic of y whose plane has a line in 
common with S, then T, C and a cubic D' lie in an S^ . Each of the two inter- 
sections of r with S that do not lie on C lies on a cubic D\ Moreover, the 
threespread generated by the planes of the cubics y is of order 9, since it inter- 
sects S in three right lines and in the cubic C which is counted twice since two 
cubics y pass through each point of C. 

28. The S4 that intersect F in three cubics of y (Art. 24) define a gl on 
the system y. Let these S^ be put in (1, 1) correspondence with the points 
of a plane in such a way that the S^ corresponding to the points on a line define 
a 9I on y- Each cubic of y belongs to one group of such a gl, so that each 
point of F, and thus each point of S'5, lies in two of the S^ define by the points 
of a line. Then the co^S^ that pass through a given point correspond to the 
points of a conic or : the locus of the S^ that intersect F in three cubics of y is 
the dual of a surface of Veronese. 

29. The sextics on F intersect the cubics y in two points (Art. 24) . Those 
that intersect the rational cubics once, correspond to the quartic curves on ^. 
They constitute oo^ bundles, intersect in three points and are of genus 1. Three 
of these bundles constitute the residual intersections of the bundles of 84 con- 
taining a cubic D\ A fourth bundle constitutes the adjoint sextics (Art. 19) 
to the hyperplane sections of F. 

The sextics that intersect the rational cubics twice are of genus 2, inter- 
sect in four points and constitute the oo^ bundles forming the residual inter- 
sections of the 84 that contain a cubic y. Those that intersect the rational 
cubics in three points are of genus 2, intersect in three points and constitute 
the 00^ pencils residual to the rational cubics. Those that intersect the rational 
cubics in four points are of genus 1 and constitute a pencil (Art. 14). 

30. The projection of F on an Ss from a generic line I in the plane of a 
cubic C of y is a sextic surface with a tacnode at the intersection of the plane 
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of C with S^ . The projections of the cubics of y pass through the tacnode and 
lie in pairs in the planes tangent to a quadric cone. The rational cubics also 
pass through the tacnode. Three of them are nodal, and coplanar with the 
projections of the cubics D'. The surface has three coplanar double lines, 
projections of cubics of y that intersect {. The points of intersection of these 
double lines are triple points on the surface. The residual nodal cubic passes 
through these triple points. 

31. The projection of F on an S^ from a generic line I in the plane of a 
cubic D' is a sextic surface with a triple point at the intersection of the plane 
of D' with Sz . The rational cubics have a node at this triple point. Their 
planes envelope a cone of class 3. These planes also contain the cubics y. 
The six cubics of y that intersect I project into double lines forming the six 
edges of a tetrahedron. 

c. The Rational Curves on F are Quartics. 

32. To the system of plane or hyperplane sections of F corresponds a 
linear system of curves of order 11 cut from ^ by W through nine fixed lines. 
The complete linear system defined on ^ by these curves is of order 8 and 
dimension 4. Hence, the given surface F is of order 8 and belongs to four 
dimensions^ or it is the projection of such a surface. A generic hyperplane 
section is of genus 4 (Arts. 18 and 19). 

33. Let F belong to an S^ . An W that defines a curve on ^ corresponding 
to an hyperplane section of F^ has eighteen of its twenty intersections with a 
quintic D (Art. 14) fixed on the nine fundamental lines. These H^ thus 
determine a ^2 on each quintic D so that the surface F has three double lines 
dif dfj dz. No two of these double lines can intersect. Otherwise, each S^ of 
the pencil containing them would have for residual intersection with F a rational 
quartic (since it corresponds to a right line on ^) from which it would follow 
that F is rational. 

34. The rectilinear generators of ^ determine on each quintic D a non- 
rational involution of order 2 which has two pairs of points in common with 
the gl defined by the curves corresponding to the hyperplane sections of F. It 
follows that two rational quartics on F have a double point on each double line. 

Let S be the threespace defined by d^ and d^ . Its residual intersection 
with F is a rational quartic Ci . The two intersections of Ci with di coincide 
at the intersection of di with S. Hence Ci has a double point on di . Similarly, 
di and d^ define a quartic C^ with a double point on dt and du d^BL quartic C3 
with a double point on d^ . The three double points are collinear. 
8 
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Let (7 be the rational qnartic, other than Ci , that has a double point on di . 
Then, since C does not lie in the S^ containing d^ and d^ j C has a double point 
on a second double line d^ and lies in a plane. This plane can not contain d^ . 
Otherwise, the S^ through it would define a rational pencil of conies on F. Hence 
the third double point of C lies on d^ . 

35. The residual intersections with F of the S^ through the plane of G 
constitute a rational pencil of quartics of genus 1 which intersect the rational 
quartics in four points and the cubics of y in two points. No two quartics of 
this pencil intersect. The curves on ^ corresponding to these quartics are of 
order 10. They intersect the generators in four points and the cubics of / 
twice. 

36. No rational quartic on F, other than C, Ci, C,, Cs, lies in an iS'f 
Otherwise, let C be such a quartic. It has a double point on at least two double 
lines (since it can not lie in the S^ defined by two double lines) and lies in a 
plane. The residual intersections of the Sz containing this plane constitute a 
pencil of quartics, distinct from that of Art. 35, which intersect the rational 
curves four times and the cubics of y twice. This is impossible (Art. 14). 

37. Let r be any cubic of y. The plane of F intersects a given double 
line di and defines with it an Ss whose residual intersection with F is a second 
cubic F of y. The points in which rf, and d^ intersect S^ lie on T and V and 
thus on the line of intersection of their planes. It follows that each cubic of 
y is intersected in two points (which lie on two of the double lines) by each of 
three other cubics of y. 

Let S be the threespace defined by di and d^. Four cubics of y pass 
through a generic point of di . The lines in which the planes of these cubics 
intersect S coincide in pairs and intersect d^ . These lines thus establish a 
(2,2) correspondence between the points of di and d^ and generate a ruled 
quartic surface. The generators of this surface are bisecants of the rational 
curve Cs (Art. 34). The common secant line of ^i, d^ d^ is a double generator 
of the ruled quartic. 

The hyper surf ace generated by the planes of y is of order 8, since its 
section by the S^ of two double lines is a ruled quartic counted twice. This 
octavic hypersurf ace has F and the three ruled quartic surfaces defined by pairs 
of the lines di, d^, d^ as double surfaces. Since it is of genus 1, it has no other 
multiple points. 

38. The surface F forms^ with the plane of the rational plane quartic on 
it J the basis surface of a pencil of cubic hypersurfaces. For, the H^ that contain 
the three double lines and six generic cubics of y contain all the cubics of y and 
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thus contain F. That an W contain four points on each double line is twelve 
conditions, that it further contain six generic cubics of y is twenty-one more 
conditions on the thirty-five homogeneous coefficients in the equation of the 
hypersurface. There thus exists a pencil of such H^. The plane of the rational 
quartic C (Art. 34) clearly lies on all these H^ since every line in it has four 
points in common with each H^. 

39. Let a curve of order n on F intersect a generic rational quartic in 
X points and a generic cubic otyiny points. Then 

4y=a?-f n. 

For, the corresponding curve on ^ is of order y+2x. Of its 4(y+2a?) inter- 
sections with the H* that defines a generic hyperplane section of jP, 9x lie on 
the nine fundamental lines (Art. 32). The remaining ^{y+2x) — 9x=n define 
the interscfctions of the given curve with the given hyperplane. Since y < 2x^ 
we have x<n. The equality sign holds (for non-composite curves) only for 
a?=2 and a?=4 (Art. 14). 

If w=2, we have a;=:2, y=l. The curves are the three double lines. 

If n=3, we have x=lj y=l. The curves are the cubics of y. 

If n=4 and a;=0, y=l, the curves are the rational quartics. 

If n=4 and a;=4, y=2, the curves are the pencil of residual quartics in 
the Si through the plane of the rational quartic C (Art. 34). 

If n=5, we have a?=3, y=2. There are oo^ pencils of these curves. They 
form the residual intersections of the 8^ that contain a cubic of y. They are 
of genus 2 and intersect in three points. 

If n=6,we have a;=2, t/=2. There are oo^ bundles of such curves. They 
are of genus 2 and intersect in four points. In each pencil in any bundle, 
there are two which break up into pairs of cubics of y. One such bundle con- 
stitutes the bundle of adjoint sextics to the hyperplane sections of F (Art. 19). 

If n=7 and a;=l, y=2, we have oo^ bundles of curves of genus 1 that 
intersect in three points. If rr=5, y=3, we have oo^ bundles of curves of genus 
3 that intersect in five points. All the curves of a bundle intersect each double 
line in a fixed point. 

40. The projection of F on an 8^ from a generic point on a double line d 
is a sextic surface having a tacnode at the intersection of d with 8^. The 
tacnodal tangent plane contains the projection of the rational plane quartic and 
two right lines. The cubics y lie in pairs in the tangent planes to a quadric 
cone with vertex at the tacnode. The rational quartics have a double point at 
the tacnode. The double curve is composed of six right lines forming the 
edges of a tetrahedron. 

The Uniyebsitt of Illinois, June 19, 1017. 



An Isoperimetric Problem with Variable End-Points. 

By Abchibald Shepabd Mebbill. 



Introduction. 

The object of this paper is to give a complete discussion of the necessary 
and sufficient conditions for a maximum (minimum) for a type of problems in 
the Calculus of Variations which are closely related to the usual isoperimetric 
problems, and in which both end-points are allowed to vary along a given fixed 
curve. We suppose that we have given the fixed curve L and a certain arc JE?u 




Fio. 1. 

joining two points Pi and Pi of L. The problem is to determine the properties 
which the curve E^^ must have in order that the integral of a given function 
P(a?, y, x\ y') along L from Pj to Pi, then along E-^ from Pi to Pj shall be a 
maximum (minimum), while the integral of a second function G{x^ y, a?', y') 
along £^12 has a prescribed value. Thus the function J to be maximized 
(minimized) is a sum of two integrals : 

J=( F{x,y, x\ y') dx + ( F{x, y, a/, y')dt, 



Ln 



while the integral 



K= f G{x,y,x',y')dt 



is to remain fixed in value. 
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A familiar application of this type of problem is the well-known Problem 
of Dido. In this application the area included by the arc PiPj of E^ and the 
arc PfPi of L is to be a maximum^ while the arc P1P2 of £^12 is to have a pre- 
assigned length. 

For the problem at hand certain conditions of the corresponding isoperi- 
metric problem with fixed end-points must hold, and these are already well 
known, viz., the Buler, Weierstrass, Legendre and Jacobi necessary conditions.* 
The transversality condition is also readily obtainable, and has been deduced 
for some special cases of the problem here discussed.f In the present paper 
a new necessary condition, corresponding to the Jacobi condition in other 
problems in the Calculus of Variations, will be deduced and discussed both for 
the case of one end-point variable and for the case of both end-points variable. 
In obtaining this we make use of the derivatives of the '' extremal integral '' 
for any isoperimetric problem, and Section 2 is given over entirely to the 
computation of these derivatives. Conditions which are su£Scient for a maxi- 
mum of J when K is fixed are readily obtained with the help of a theorem 
proved by Hahn. A geometric interpretation of the new condition is given in 
Section 5. Finally in Section 6, as an application of the general theory devel- 
oped, a discussion of the above-mentioned Problem of Dido is given. 

^1. Conditions Deducible from Known Results. 

Consider a fixed curve 

a?=5(x), y=y(x) (L) 

not intersecting itself, and two points Pi{x=Xi) and P%(x=x2) on L with 
xt<»i . Let Ei^ be an arc 

x=^{t), y=^{t), t^<t<tt, (E) 

cutting L at Pi{t=ti) and P2(<=^s). The function to be maximized or mini- 
mized is then of the form 

J = f >(5, y, x\ y') dx + C'f{^, ^, ^\ ^')dt, 

while the integral -, 

K=\ G(!l^A^^'A')dt 

is to remain constant in value. 

For simplicity the following discussion will be restricted to the deter- 
mination of a maximum for J. Consider the totality of arcs whose end-points 

^ See Bolza, " Vorleeungen tiber VariationBrechnung, Chapter X. 
t See Bolxa, loe. oit., p. 620. 
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lie upon L. In this class there is a sub-class 3k of arcs which give the integral 
K a fixed value h. The problem is then to find necessary and sufficient 
conditions that a particular arc Eyi of 3)^ intersecting arc L at P^(»=xi) and 
P2(x=x2)9 shall give to J a larger value than any other arc of SR in a certain 
neighborhood of arc J^^s • 

It is presupposed that the arc L is regular * in a neighborhood of the 
values X2<x<xi. The class 372 is further restricted to contain only regular 
arcs, and in particular the arc E^ whose maximizing properties are to be 
investigated is assumed to be of class C"\\ It is also assumed that E is not 
an extremal for the integral K. 

The function is of class C" for all values (a?, y, x\ y') for which 
(x\ t/') 1^(0, 0) and (a;, y) is in a neighborhood of ^u, while F is of the same 
class for {x\ y')^{Oy 0) and (a?, y) in a neighborhood of those on L^g+Ey^. 
Both these functions satisfy the usual homogeneity conditions 

F {Xy y, kx', hy') =hF{x, y, x\ y'), 
Q{Xy y, kx', ky') =kG{Xj y, x', y') 

in these neighborhoods for every k>0. 

The necessary conditions that J{E) be a maximum with respect to all 
curves of Tl with the same end-points, and keeping K fixed, must be fulfilled. 
Hence we have at once the usual Euler, Weierstrass, Legendre and Jacobi 
conditions referred to above. These may be stated as follows : 

I. Euler Condition. — The curve E must satisfy for a certain constant 
value X the Euler differential equations 

where H=F+7iG. Such curves will, as usual, be called extremals. 

II. Weierstrass Condition. — The Weierstrass E function 

E{x,y,p,q,x',y';^)=H{x,y,x\y';7i)—x'n^,{x,y,p,q;7i)—y'H^{Xjy,p,qi^) 

m 

must be' greater than or equal to zero for all (a?, y, p, g;a?', y'), such that 
(a?, y, p, q) belongs to a point of E^ while (a?', y') is different from (0, 0). 

III. Legendre Condition.— Along the arc -B^, -ffi<0, where 

^■" y'* ~ xy "■ x'^ • 

* An arc is said to be regular when it is continuous and consists of a finite number of arcs >ach of 
which has a well-defined and continuously turning tangent, 
t See Bolza, loo. oii., p. 13. 
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IV. Finally Ei^ mnst satisfy the Jacobi Condition for fixed end-points ; 
that is, the extremal arc E^^ mnst not contain in its interior either the point 
P[ conjugate to Pj , or the point Pi conjugate to P, . 

In the transversality condition there is a departure from the result 
obtained by Bolza * in a closely related problem. We proceed to its deter- 
mination, however, in an analogous manner. Consider one end-point, say Pi , 
fixed. It is possible to set up in the usual way f a one-parameter family of 
variation curves 

^=*a«), y=^a«), h<t<t,, 

which have the following properties. For x=xt , <i < < < <i , the family contains 
the arc E^ . Furthermore, every arc passes through the point Pi for t=tij 
and intersects the arc L for t=tfj which gives rise to the equations 

i^{tt.x)=x{x), 4(<„«)=y(x). 

Finally, along each one of these curves, the integral K has the assigned value k. 
Substituting this family of variation curves in the expression for J we find 

J{x) =pF(x, y, of, y') dx + J V(i^, ^, ^', ^')rf<. 
Following the procedure of Bolza we have the condition that at the point Pj , 

and by a similar argument at Pi we have the following result : 

V. Transversality Condition. — The curve L must cut Ei^ transversally 
at Pi and P^ , that is, at both these points the condition 

P{^f h ^\ y') -EA^. A^. *S '^')i'-HA<P. ^, ♦', ^')y'=o (2) 

must hold. 

^2. Derivatives of the Extremal Integral. 

We suppose now that the arc E^ satisfies the necessary conditions of the 
preceding section, and further that the Legendre and Jacobi conditions for 
fixed end-points hold in the so-called stronger form. This means that Hi < 
along the arc £12 9 &i^d that Pi and P^ are not conjugate points on E^i . As a 
result of the continuity properties of F and G, and the fact that Hi^O along 
E^ J it is known % that this arc may be imbedded in a family of extremals 

a;=<^(<,a,/3,A,), y=:iK<, a, ^, A,) (3) 

^Loo. oiUt pp. 510, 520. f Bolza, loc. ciU, pp. 473, 474. t Bolza, loo. eit., pp. 468 ff. 
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which contains En for values Oq , /3o , Jlo , ^ < i < ^j . The functions ^, ^i , '4', 4^t 
are of the class C in all their arguments in a neighborhood of these values. 
The constant X is the isoperimetric constant for each extremaL 

Suppose now that Mi and M2 are any two points {xi , yi) and {Xf , y^) 
su£Sciently near to Pi and P^ 9 respectively. The equations 

<f (Ti, a, ^, ^)=Xi, ^(t,, a, ^, X)=a^, 
•^K, a, /?, '^) =yif ^K, a, ^, A,) =yt, 



J''G(<^,.^,^',4')rf« = *, 



(*) 



have the initial solution 

(a, ^, X, Ti, Tj, a?i, j/i, (Tj, y2) = {ao, ^oi ^, '1, <sj %o» yioi ^i yfo)> 

where (a?io,yio)» (^20 > 2/20) «^re now the coordinates of Pi,P», respectively. 
Furthermore, since the Jacobi condition in its stronger form is satisfied by the 
arc Ei2j it follows that the functional determinant of the left members for 
a, ^y Xy Tj 9 T2 is different from zero at this initial solution. It reduces in fact, 
after suitable transformations, to the determinant D{tij tt)* formed for J^u, 
which vanishes only when P^ and P^ are conjugate. Hence equations (4) have 
unique solutions of the form 

a(^» yi, ^2, 2/2)1 Pi^j yif ^2> ^2), ^(^, yif a?,, y,), 

reducing to a©, j^o, Xg, <i, f, for (a?i, yi, a?2, ^2) = (^0, yio, a;2o> yjo), and of 
class C near these values. Substituting from these last functions for a, /3, %, 
in equations (5), we have a family of extremals 

x=^{t, rri, yi, a?2, ^2), y='^(*, %, yi, ^2, y2)> (6) 

and two functions, Ti(a;i, yi^x^j y^) and Ts(%, yi» ^9 y2) ^or which the fol- 
lowing conditions are then satisfied : 

fl^Kf ^i> !/i>^2i y2)=%> ^('^2, a?i, yi, a?,, y2)=Xty 

^Kf «if yi, «2, y«) =yif ^('^2, %, yi, a^, y2) =yt, 



(5) 



pQ{^A,<P'9^')dt = k. 



(7) 



By differentiating these we find that the following relations hold at the 
point M,: ^'T,,+t.=l, ^'Tu.+1^,=0. 1 



(8) 



* Bolza, loc. ot^., p. 478. 
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(9) 



while at the point M^ y 

♦'^2,. + ^,, = 0, ^'T,,. + 4', =1. J 

In accordance with the notation and nomenclature of Bolza/ we use the 
notation -, 

/(a?i, yi, 0^2, ^2) = r F{^, '4', ^', ^')rf^ (10) 

and call this expression the extremal integral. We desire to obtain the partial 
derivatives of the function I with respect to its four arguments. In order to 
simplify the results we make use of two important functions d and 9, which 
will now be introduced. 

The problem under consideration may be interpreted as a problem in 
space by defining a third coordinate z by the equation 

«=^(^ ^ly Vu ^2, ^2) = fO{4>, i//, <^', '4^')dty (11) 

where ^, -J/ are of the form given in (6). By differentiation of (11) with 
respect to t and a, where a is an arbitrarily selected one of the elements 
^ii Vu^tj y%y ^6 obtain 

-Xi+G{<py 4^, ♦', 4') =0, Xa = C{Gjip,+G,'^a+G,^',+G^'a)-GV^ia^ (12) 

If i^ is defined by the equation 

n=F+\{G—z') =R—Xz\ 
then the equations 

K-^^K^^, h-^h^=o, /i-^^.'=o (13) 

are satisfied along any extremal arc, and might be called the Euler equations 
of the space problem. 

We now set up the function A by means of the following equation : 



^= (f :f :) (5. "Xf. ") +2 (f ;5;;) («' -) «'• "'> 



+(f;;;;^;;;;)(f,f')«',')')+?c(e^+o,n+G^'+e^«'-f), (w) 

in which the notation is explained by the equation 

\AnAj^^' yi) (a?t, y,) = (AaXi + ^uyOa^i + (^n^i + A^i)yf 

*£>oo.o{t., pp. 308 ff. 

9 
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Then the equations analogous to those of Jacobi for other problems in the 
Calculus of Variations are the following : 

a^- ^ nf,^H„i +H,,^ +ff„,f +H.,.»7' + G^ 

fl,- ^ Cl^,^H^Ji + H,^n + H,„^' + H,X + G^ 

Cl,-j^n,,^G,^+G,v+G,,^'+G,,y,'-C=0. 

* 

These equations are satisfied by the functions 

(f, >7, f, t^) = (*a, 'J'a, a:a» ^a) (16) 

obtained from (5), (6) and (12), where a stands for any one of a?i, y^, tTg, t/g. 
This is proved by substituting the functions (6) in the Euler equations (1) 
and differentiating the resulting identities with respect to a, and by differ- 
entiating (12) for t. 

The expressions for the values of Xa at the points Mi and M2 will be 
useful in later simplifications, and will be computed now. The last equation 
of (7) is satisfied by the functions (6), and hence by differentiation we obtain 

r{G,^a+ G,^a+ G,,i>:+ G,.^:)dt + G\%,-G\%a=0, 
that is, from (12), 

a:a('r2, a^l, yi, ^2f Vt) =—G\%ay (17) 

where it is to be remembered that a is now not one of the constants in (3), but 
one of the variables a^i , yi , a?2 > ^2 • By direct computation from the expression 
(12) for Xay we obtain 

Xa^'^lJ %> VlJ <^iy ^2) =— GpTia. (18) 

Since 11 is a quadratic form in i^, >;, ^, fi, ^', >;', ^', fi'y we have the relations 

S(^fl^+^'n^0=2n, 

S(^,n^+fA'.) =S(f2ne,+^;n,,), 

where S denotes summation over the four elements ^, >7, ^, /[£, and the notation 
A^, for example, denotes the function obtained by differentiating A with 
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re8i>ect to ^, and then replacing ^ by ^2 1 'T by >;, , etc. It follows from the 
second of these that 

B{^n,-,4a,.)-j,(n.-^n,,)}=-,4,(|;;-|-;|-j.|;;^. 

We see, therefore, that the function 9 is a constant if {^i f ri t ^1 f f^) <uid 
(^2* Kif^tj fKf) are both solutions of equations (15). 

We may now proceed to the computation of the derivatives of the 
extremal integral. Let 2, 3 represent any two (or possibly both the same one) 
of x^j jfiyX^j jfi. By differentiating (10) we obtain 

/. = f Vx4>.-^,+.-f F^;-hF^^;)rf<+FT.!J. (19) 

From the isoperimetric condition we have 

0=>JjG^,^G,4^,^G^:+Gy4.:)dt^X(h,ll. 

Then by adding, performing the Lagrangian partial differentiation^ applying 
the Enler equation (1), and using the well-known homogeneity relation 

we obtain 

Similarly, 

h=H^i^-,^f,)^Hy(i.'z,^^,) \. (21) 

Differentiatiiig /« with respect to 3 we have 

-(v'.-v.{^.^H^-iV^*.',V,,z^,A^>] (22; 

ainee tlie vaSoes «f ^'t^^^c ^>^ v'^^c^-v^ a: tbfi; end-pf/mU are mA^^p^nAeui of 
«i, 9^, ^2. ji- IE ererr eas^e. ai^ foI>^w* fr-wa ^j^iati/A^ ^^> and ^J^;. Tb* 
argvmcBdU indsexicid is tbsr dsniratiT^ ^yf £1 ar^ %ti\MiinX0A Un ^^ r,^ (f fi. 

r ^ T t 



(24) 
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To verify the compntationSy we prove the equality of these expressions 
for lafi and I pa* By applying the Euler equations (1), and the relations 

all of which arise from the homogeneity conditions, we obtain the following: 

+ ^a[Ej^f^ + Hy'^p + Gy^p'\ + (^X + <r^a)T^x+ (^'T, + ^Jt^J!, 
1 Pa = ^P^i'{^a, '^af XaJ ^a) +'4^fi^v'il>aj '4^af Xay K) 

The notation £i^>j A,/ is explained specifically in equations (15), reference to 
which shows that xpy Xa do not actually occur. By the third equation of (15) 
together with (16), (17) and (18) we have 

G'^fiK\l = X0^A^a, '4^a,XafK)\\f 

G'^a>^fi\l = Xa^i'{l>fi, ^fiy Xfiy WW- 
II we make substitutions accordingly in the above expressions for 7^^ and Ifiaf 
and form their difference, we have 

+ Xa^t^{l>PJ "^fiyXfiy h)—X0^S'i^aj ^ajXay K) 
--tp i^^y ^«> Xaf Kj ^aj '^aj X'ay ^'c\ 

W/5> '^fiy Xfiy ^fiy ^'fiy ^i> X'py ^i/ 

But the two sets of arguments in 9 satisfy equations (15), and hence the 
function 9 in the last equation is independent of t. Its values at t=Ti and 
<=Tj are the same, and hence it follows that Iap=Ifia' 

The desired partial derivatives of the extremal integral may now be com- 
puted very easily. In the expression (20) for /« let a take successively the 
values (Ci^ pif X2J 1/2. Making use of relations (8) and (9) we obtain 

I^=-H^\\ Iy=-Hy,\\ I^=+Hg.\\ /..= +^.T- (27) 

Of the second derivatives ten are required, viz., 7^,^, 7^^^, 7^^, 7^,, ^y,*,f 
^wiv 9 ^»x^ 9 ^*f«t y ^*tyi > ^y«yt • With the exception of the cases in which the two 
subscripts are the same, the derivatives occur in two different forms, whose 
values, however, are of course the same. The following results are obtained 
most readily from (22) and (23). We employ relations (8) and (9) and the 
Euler equations (1). 



Mkbbill: An Isoperimetric Problem with Variable End-Points. 



69 






9t 



.>^., 


> XXI J 


,^J]^ 


^^.•. 


.a:,.^ 


-?-J]' 


,V',. 


> Zini 


<K)y 


,^x., 


• Zxtl 


>K)V 


,^u: 


rZ». 


^K)y 


,1^., 


^ X^\ 


.K)V 


.^.. 


> Zyal 


K)V 


,4'., 


r >tjcti 


>K)y 


,>^.. 


<Xf, 


,K)V 


.^.. 


' Xjfs! 


<K)V 



=-[H,T^+n,,(^,., ^,., z^, K)y. 

9 



*= + [H,'P..+ii,.(*,„ >^.., z,., JtJ]*, 



The derivatives £i^ , £1^ are given by the f ormnlas 

§3. -4 jVcu; Necessary Condition. 

Suppose now that arc E^ is an extremal satisfying the strengthened 
Legendre and Jacobi conditions and cut transversally by the arc L at Pi and P, . 
Form the function 

Jiu^v) =Sy{x, y, i', y')dx+I{x{u), y(u), x{v), y{v)), (29) 

where the x{x)j y{x) are those defining the arc L given in Section 1. This 
function J(u^v) must be a maximum at {Uy v) = {xi y 7Ct) if arc E^ is to 
maximize J among arcs with end-points on L which give to integral K the 
value k. The functions a, /3, Xy t^, t, in (5) become functions of u and v when 
^f yif ^9 Pt are replaced by ^{u)y y{u)yX(v)yy{v)y so that the family of 
extremals (3) or (6) has the form 

X = ^{ty Uy V)y y = '^{ty Uy V) . 



(30) 



Thus we have the relations 

♦ («, ^l,yi, ^»,yf)=<?>(^ W, V)y '4^{ty X^y y,y X^y y^) ='4^ {ty Uy V) y 



'^i(%,yi,a?2,y2) =Ti(t/, v), 

^ i^7yij^t,yt) =x{uy v). 

Then by diflferentiation we obtain 

♦« =^x^^u + 1>9^yu 



T^2(^,yi,^2, yi) ='7«(«, V), 



(31) 



1>v=i>x,^v+1>,,y. 

'72r = T^2xA + '^2jfi^P 



©" J 



(32) 
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It is evident that 

^i' {l>v , "^^v , Xv > K) 



^ A' (4»x, , •4'x. , ^x. , K) +yA' (^». . ^». » A^». » \.) . 
^A'(«?>x., ^x., ;cx., '<'x.)+.vA'(4>».' ^».» a:*.. ^».)- 



From (29) by differentiating we obtain 



Ju («, v) = 
Jv («, v) = 



J 

«^««(m, v) = ^ [^(aj, y, 5', y')n +^x.«..+^».y«« 

^ [-F{x, y, X', y')Y] +/^i„+7,i.. 






Substituting in these from (28), performing the indicated operations and 
making use of relations (32) and (33), we have the following:* 



where 



— *«**{'i— y«**i)'i— ^x»«*«— ■a,*«Sf« I , 

(w, v) = — i,flj,.— ^ A,'.— ffx^a;-— ff,*,!/. I S 

(m, v) =—x^A—y^—f\{x, y, x', y')x,—F^{x, y, x', y')y 

A=F^,{x, y, X', y')-H,., B=F,,(x, y, x', y')—H^, 



(34) 



(35) 



and the subscript 1 of £' and vi' denotes that the arguments of dp , £1^, are 
^ut'4'uf^'u, "^'ui y \ t while the subscript 2 denotes that the arguments are ^, , 

Since arc En is cut trans versally by L, it follows from (2) that when 
(m,i;) = (xi,«2), 

•^i.(«l, *2) =«^,(«i. «i) =0. 



* When the arguments are omitted in P, O, H and their derivativeB, they are understood to be 
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The former of these two equalities may be written in the form 

or Ax,+By,\^={i, 

where A and B are the functions defined by (35). Then there exists a func- 
tion wh such that at the point P^ the following relations hold : 

By a similar argument we have at the point Pg the relations 

By substitution from (36) and (37) it follows that J„„, J«^, J^^ have the forms 

Juu{u, v) = ^ +Bi, J^^{u, v) =S^=—Si, J,,{u, v) =— ^— 2?2, 

where 

m,= {A'+B') rVl2+FS, m,= (4^+5^) rVS^^F^ (38) 



(39) 



(40) 



Ri=Fx{^y y, ^', y')x^+F^{x, y, 5', sf')s^« 

—x^a^,—y^£i^,—H^t^x^—H^t^y^ I \ 
«2=F,(5, y, x'^ y')5,+F,(£, y, 5', y')y. 

—^v^i^—yAv'— H^t^x.—Hj^t^y, I S 

'S'i= — i^uii^',— y«^i,'.— -ffx^A— ^y<,,y« I \ 

82= —x^£i^,—y^£ir,»—H^tJb^—Hyt^^ \ \ 

and fi and r, are the radii of curvature of L at the points Pi and Pg, 
respectively. 

If arc J5Ji2 is to give to the function J^UjV) a maximum value, it is neces- 
sary not only that all preceding conditions be satisfied, but also that the second 
partial derivatives of J(UyV) satisfy the following conditions: 

J^i»u(w, t^)<0, J^(ii, t;) <0, J«u(w, v)J^{Uj v) —Jlv{u, v)>Q. 

Thus we have a new condition for the problem, analogous to the Jacobi con- 
dition in other problems in the Calculus of Variations. We may summarize 
our results as follows : 

Assumed that the Euler^ WeierstrasSj Legendre and Jacobi conditions are 
satisfied for the corresponding problem with fixed end-points — the Legendre 
and Jacobi in the stronger form — and that the arc E^ is cut transversally by 
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the fixed curve L, then a further necessary condition that arc E shall furnish 
a maximum for the problem at hand is that 



(b) -'^^^-'^-Vl^^-R^R^+s^8,>0, 



(41) 



where the notation is explained by equations (38), (39) and (40). 

§4. Sufficient Conditions. 

In the determination of conditions which are sufficient, direct application 
is made of a theorem proved by Hahn.* This theorem holds for the general 
Lagrangian problem, where certain isoperimetric conditions are to be fulfilled 
while the end-points of the comparison arcs are to satisfy any number of pre- 
assigned conditions. In so far as it relates to the problem at hand, this 
theorem may be formulated as follows : 
Let £^12 be an extremal arc 

^=1>{t)j y=^{t)y ti<t<t^, 

satisfying the Euler, Weierstrass, Legendre and Jacobi conditions,t the last 

three in the stronger forms. Then there exist weak neighborhoods (^u)i, 

{Ei%)ci ^SPf such that every extremal arc E^^ in {Eu)^ furnishes a maximum 

/(£?g4) for the integral -., 

1= f F{x,y,x\y')dt 

with respect to all arcs Fgi in {Ej2)p such that KiV^^) =K{Es4). 

Let E^i be an extremal arc joining a point P^{x=x^) to a point P^{x=X4) 
on L and having K{Esi) =K{E^). The extremals E^^ form a two-parameter 
family with parameters X3, X4, containing E12, for X8=^i, Xi=^' If the condi- 
tions given in the theorem of § 3 are changed by the substitution, in the place 
of (41), of the conditions 






(41') 



* See Hahn, "Ueber Variations Probleme mit variablen Endpunkten/' i/ona^aAe/te /ilr Maihematik 
und Phyaik, Vol. XXII (1911), p. 127. 

t These are conditions I, II', III', IV' of Bolza, loc, cit., p. 514 with the proper changes for the 
determination of a maximum instead of a minimum. 
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we have a set of conditions which are sufficient to insure that Ej^ furnishes a 
maYiTnum among the curves E^ ; t. e., that 

J{E^)>J{E^), Eu^E^. 

Now if T<(j is sufficiently small, every arc F^ with K{V^)=K{E^) in 
(£u)^ determines an extremal E^ in (i?u)^ of the Hahn theorem with 
K{Eu)=K{ru)=K{E^), and so near E^ that 

J(Eu)<J(E^), 

according to the preceding paragraph. If then E^ satisfies in addition to the 
above conditions the Weierstrass condition in the stronger form, the hypothesis 
of the Hahn theorem is satisfied and consequently we have 

J{Vu)<J(Eu). 
Hence it follows that 

J{r^)<J{E^) 

for all variation arcs V^ with K{V^)=K{Eig) in {E^)'^. We have thus 
proved the theorem: 

If En satisfies the Euler conditionj the transversality condition^ and (41') , 

together with the stronger forms of the Weierstrass^ Legendre and Jacobi 

conditions f then there eaists a t such that E^ furnishes a maximum JiE^) for 

the function 

J = J F(5, y, of, y')dx+j F{x, y, x', y') • dt 

with respect to all arcs Vu in (Ej^)'^ with K{V^) =K{Ejig). 

§5. Geometric Interpretations. 

The conditions found in Section 4 may be interpreted geometrically by 
the use of a set of oblique axes in the plane. The coordinates of points in the 
plane referred to this set of axes will be considered as possible values of radii 
of curvature of the curve L at the points Pi and Pj . Critical points are those 
at which the equalities 



(a) r, +^=0, r.+ |?=0, 

KO) rif,-h ^^^^ ^ ^ -t- ^^^^ ^ ^ -t- ^^^ ^ _u, 



(42) 



are satisfied, special discussion being required when either r^ or ft vanishes. 
In any particular case the signs of the various functions are of course 
10 
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detenained. We limit this discussion of the general problem to the case for 
^^^'^^ i»i>0, H,<0, m,<0, fl,>0, c=RiRt+S\<0, 

and will consider that in the given sitnation, only r, and r^ may vary. 

We suppose that in the given situation, the extremal arc Eu (see Fig. 3) 
is cut transversally by the fixed curve L at Pi and P, . Through these two 
points draw lines X{X, and AJX, parallel to r, and r, respectively, and inter- 
secting ' at O. We take these lines as a set of oblique axes, OXi and OX, 
being the positive directions. The first two equalities of (42) determine two 
straight lines M'M and N'N parallel to the axes. The last equality of (42) is 



an hyperbola lying in the first and third quadrants and asymptotic to the two 
lines „ D 

c c 

Beference to condition (41) thee shows that 

In order that two quantities pi, ft, be suitable values for r, and r, for the 
existence of a maximum, it is necessary and sufficient that the point (pi, p,) 
lie in the portion of the plane shaded in Fig. 2. 

^6. Application to the Problem of Dido. 
Let L be A given fixed curve. We wish to determine an arc E^ with end- 
points P, and P, on L and with a given length k, such that the area enclosed 

■In cue thcM lines do not interwct, lome other set of line* m^j be lutd; for initance, liner, utd 
tbe line perpendicnlu- to it through P. 
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by the arc PJPi of L and the arc PiP^ of E shall be a maximum, Pi and P^ to 
be distinct points. 

The functions F and for this problem are 

F{x, y, of, y')=i{xy'-ya/), G{x, y, a^, y') = Vi^^PF- 

Suppose that the equations of the fixed curve L are 

x=5(x), y=y(«), (If) 

and denote by u and v the values of x in the neighborhoods of the values of xi 

and xt y which latter values define Pi and P^ , respectively. Let the equation of 

£is be 

x=q^{t), y=Mt), tr<t<t^. (E) 



J=if{xy'-yi')dx+^f\^'-^')dt, 



We have then to maximize the function 

while the integral K: -, 

K= f V^^^+^dt 

is to have a preassigned value k. 

Applying the results of ^^ 1, 3, 4, we obtain the following conditions for 
the problem: 

I. En is the arc of a circle * 

a?=a— Xcos<, y=j3— Xsini, ti<t<tt. 

II. E{x, y, p, g, x'j y';7,) =^ , — iP£z^ML= <0, 

^ ^ Vp'+q'{ VT+^Vx^'+y^'+px'+qy'l " ' 

i. e., X<0 for (a?, y, p, g) on £?i2 for every {x^y y'):^(0, 0). Since by condi- 
tion ly X is seen to be the radius of the circular arc J?u f the value zero is 
necessarily excluded, and we have the stronger condition X < 0. 

m. Hi = — . ^ < along E^ . This condition follows directly from 

{Vx'^+y'^y 

condition 11, and in fact in the stronger form. 

IV. E^ contains no conjugate point to Pi or P^ ; that is, since Pi and P| 
are distinct, f 9 < *i + 2n. 

Now from I, V^^«+^== —X. 

Since E and L intersect at Pi we have 

^'p=;isin«i, i//'|^=— ;ico8<i. 

* As to the determination of conditions I-V, cf . also Bolza, loe. eit,, pp. 466, 483. 
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Accordingly we have for the transversality condition, 

5'sin ti — y' cos ti=0 

and a similar result at P^ . We therefore have the condition 

V, E^ cuts the curve L orthogonally at both Pi and P^ . 
If now the length of arc is chosen as the parameter x, we have from con- 
dition y the important relations : 

x^{u)= cos^i, ytt(ti)= sinii, 
^•(v)= — cosf,, y^(t;)=— sinf,. 

Employing these relations and the values of ck^j fiuj 0Lv9 Pv f I'om the Euler 
equations, we obtain from the last three expressions of (34) the following 
expressions for the second partial derivatives : 

where 

Di= 2—2 cos {tt—ti) — {tt—ti) sin («,— ^), 

D,=— sin Ht—ti) + (tt—ti) cos (*,— *i), 

^8= (tt—h) — sin (tt—ti) , 

1 1 



''l — ■~~?i ?r"5 ill ^t 



fi and fa being the radii of curvature of the curve L at P^ and Pg, respectively. 
Conditions (41) are therefore * 

-M^o. -^g^o. [-^-t][-^a-i^o- 

It is evident that if the first and third of these conditions are satisfied, the 
second must also hold. 

We may state the result as follows : 

In order that Ei^ and L^ enclose a maximum area in the Problem of Dido 
stated abovej it is necessary that E^ be a circle-arc 

x=a — XcoQtf y=P — ^sin<, <i<*<*2, 

with A.<0 and ^2<^i+27r, cutting L orthogonally at Pi and P^ and that the 
conditions 

ri Di-^ \ r, dJ\ r, dJ DJ" 
be fulfilled. 

Applying the results of ^ 4, we have inmiediately the following : 

* With the first two of theie conditions cf . Bolca, loo. oit., p. 638, ex. 29. 
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If Eig is a circle-arc 

x=a—Xcostf y=/3— Xsinf, ti<t<tff 

with X<0 and tf<ti+2nf cutting L orthogonally at Pi and Ptf and if in addi- 
tion the conditions 

X DA/ X DA Di 



-^-^»• ( 



t)( 



^:) 



m 



>0 



he fulfilled^ then there exists a t such that the area enclosed by arcs L^ and 
Ej^ is the greatest among the areas enclosed by arcs L^ and F^^, for all arcs 
Vu M (£^ii)r and of the same length as Ej^- 




Tlie geometric interpTetation of S ^ is of etmne applkaMe to tlie Prokktn 

of Dido, bat for tlus partieuUr case, the following is a more direct interpre- 

tation* Suppose L and f ^ are as in Fig, 3. P^^ and P^ are tangents to ffi^ . 

Also M . 

LP/JQ=QOP^=u=^ . 

If we mcasvre r^ from P^ along P^, and r^ from P^ along P^, poiitire 
diieetioos being Pi to (^ and P^ to Q^ then the relation 






r42; 



pcojeetj 
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jectivity is in fact a perspectivity, the center C of the perspectivity being a 

point on OQ at the distance - — ' from 0. 

Let Ri and iJj be the points on PiQ and P^Q determined by P,C and PiC^ 
respectively. Then the condition 

means that fj is not on the segment PiRi . Similarly, the condition 

being fulfilled means that fj does not lie on P^Ri . 

Suppose now that a particular value r[ of ri be given, determining the 
point r[ in the figure. Draw r[C cutting P2Q at 8. Then the condition 



(^-^:)(^^^i>» 



means that fs may not lie on the segment P^S. 

It remains to prove the statement made above, that (43) relates per- 
spectively the points of PiQ to those of PjQ- I^ the figure take OX as the 
positive X-axis^ being the origin, of a set of perpendicular axes. Then Pi is 
the point (|X|cos o, —|%| sin o), while P2 is (|^|coso, |X|sinG)) and C is 

( -1 — ! ^ , j. The point on P^Q at the distance fi from Pi is 

(|A.| coso+fisino), — |X| sino-fficoso), 

and the point on P^Q at the distance r^ from Pi is 

(1^1 coso+fssino, \X\ sino— ficoso). 

The condition that these two latter points be coUinear with C is 

1^1 . • I .^ I . • I X I sin 0) 
|X| cosQ+fiSmo) |X| coso+fjSmG) — — ■ 

" =0. 

— 1%| sino— r coso |X| sina>— fiCOScj 

1 11 

After expansion and reduction this condition is found to be equivalent to 
relation (43). 

The Uniykbsitt ow Chioaoo. 



AMymptotic Satellites near the Straight'Line Equilibrium 

Points in the Problem of Three Bodies. 

By Daniel Buchanan. 



§ 1. OsciLLATiNo Satellites. 

It was shown by Lagrange in a prize memoir * in 1772 that if two finite 
spheres revolve in circles about their common centre of mass, then there are 
three points on the line joining their centres at which an infinitesimal body 
would remain if it were given an initial projection so as to be instantaneously 
fixed with respect to the moving bodies. These points are called the straight- 
line equUihrium points of the problem of three bodies. Starting from minus 
infinity the order of the equilibrium points and the finite bodies is an 
equilibrium point, a finite body, a second equilibrium point, the other finite 
body, the third equilibrium point. 

If the infinitesimal body is given an initial displacement from a point of 
equilibrium and initial conditions are so chosen that it moves in a closed orbit 
relatively to the moving system, it is then called an oscillating satellite. 

The problem of the oscillating satellite has been discussed extensively. In 
the papers cited below,t the differential equations are limited to their linear 
terms and the orbits restricted to the plane of motion of the finite bodies. 

A rigorous demonstration for the existence of periodic orbits for the 
oscillating satellite and a practical method for constructing them are given by 
Moulton in Chapter V of his "Periodic Orbits."} In this memoir the differ- 
ential equations are unrestricted in the number of terms which may be taken, 

^Lagran^, <' Collected Works/' Vol. VI, pp. 229-324. 

t The following references to the literature of the oscillating satellite are taken from Chapter V 
of Moulton's "Periodic Orbits": 

Poincar^, Lm Mithodea Nouvellea de la Micanique CHeste, Vol. I (1892), p. 159. 

Burrau, Aatronomische Nachriohten, Nos. 3230, 3251 (1894). 

Perehot and Mascart, Bulletin ABtronomique, Vol. XII (1895) , p. 329. Moulton adds, " apparently 
their work is vitiated by an error in establishing the existence of the solutions, and their construction 
fails where they stopped." 

Sir George H. Darwin, Ada Mathematica, Vol. XXI (1897), p. 99. 

Plummer, Monthly Notices, Royal Aetronomical Society, Vol. LXIII (1903), p. 436, and Vol. LXIV 
(1903) , p. 98. 

tXhis memoir will be cited as the << Oscillating Satellite." Another method is given in Chapter 
VI of the " Periodic Orbits," but we are concerned with the former method only. 

11 
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and the orbits are not limited to two dimensions as in the previous literature. 
Three classes of orbits are shown to exist and they are designated according to 
their periods as Class A, Class B, and Class C. The orbits of Class A and 
Class C are of three dimensions, while those of Class B are of two dimensions. 
The orbits of Class C are shown to exist under special conditions which might 
never be realized in the problem. Their period is a multiple of the periods of 
Class A and Class B when these latter periods are commensurable. Practical 
constructions are made for the orbits of Class A and of Class B, but, owing 
to the complexity of the problem, no attempt has been made to determine 
whether orbits of Class C exist which are distinct from those of Class 
A and Class B. 

§2. Asymptotic Satellites. 

The object of this paper is to obtain solutions of the differential equations 
of motion of the infinitesimal body which will approach the periodic solutionis 
of Class A and Class B as the time approaches plus infinity or minus 
infinity. When the infinitesimal body moves in an orbit defined by such 
solutions, it will be called an asymptotic satellite. 

The question of the existence of solutions which are asymptotic to the 
orbits of Class C is not considered in this paper, owing to the fact that it has 
not been determined in the ''Oscillating Satellite^' that orbits of Class C exist 
which are distinct from those of Class A and Class B. 

The orbits which are asymptotic to the equilibrium points themselves have 
been determined by Warren.* These orbits are of two dimensions and lie in 
the plane of motion of the finite bodies. 

The form of the asymptotic solutions is that adopted by Poincare,t each 
term being of the type 6^T(0> where % is a constant having its real part 
different from zero, and P{t) is a constant or periodic function of t. It has 
been shown by Poincare that solutions of this type will converge for all values 
of ty provided that certain divisors which appear in the construction of such 
solutions are different from zero.^ If these divisors vanish, terms of the form 
te^*P{t) will arise. If, therefore, the construction can be made so that no 
terms occur in t explicitly, the divisors previously mentioned are different from 
zero and the solutions will converge for all values of t. Hence it is suflScient 

* Warren, " A ClaM of Atymptotic Orbiti in the Problem of Three Bodies/' Amehican Joubnal of 
Mathematics, Vol. XXXVIII, No. 3 (1916), pp. 221-248. 
fPoincar^, "M^canique Celeste/' Vol. I, p. 340. 
t Poineard, loo. ciU p. 341. 
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to cannier onlr the fonnal eonstmetion of the asymptotic solutions, and if 
solutions can be eonstmcted so as to contain no terms in t explicitly, their 
convergence is assured by Poincare's theorem. 

§3. Ths Diffkbkktiai. Equations of Monox. 

Let the motion of the infinitesimal body be referred to a set of rotating 
rectangular coordinates ^ of which the origin is at the centre of mass of the 
finite bodies, the ^-axis is the line joining the finite bodies, and the ^-plane is 
the plane of their motion. The ^* and 1^axes rotate about the ^-axis in the 
direction of the motion of the finite bodies and with the same angular velocity. 
The units of length, mass, and time will be taken so that the distance between 
the finite bodies, the sum of their masses, and the Gaussian constant respectively 
shaU each be unity. With the units thus chosen, the mean angular motion of 
the system is likewise unity. Let the masses of the finite bodies be denoted by 
1 — fi and ^ 0<fc<|. On denoting the coordinates of the infinitesimal body 
I7 ^9 Kf ^9 ^^^ differentiation with respect to t by primes, the differential 
equations of motion are * 

dU 317 ... dU 






(1) 



The points of equilibrium are the solutions of the equations t 

dU _dU _ dU 

There are two sets of points which satisfy these equations. One set consists 
of the two points which are at the vertices of the two equilateral triangles on 
the opposite sides of the line joining the finite bodies. The orbits which are 
asymptotic to these points and also to the periodic oscillations near these 
points are discussed in another paper, t The other set of points consists of 



^IfonltoB, " iBtrodnctioB to Celestial Ifeehanica ** (1914), p. 

t lIoBlto^ " iBtrodneiioB to CelestUl MeehaBics," p. 290; Charlier, ** Die Ifcchaaik dre Himmek, 
VoL n, pf . lOS-111. 

t This paper is mow nader eoasideratioa for puWcaiioa. 



>» 



82 



Buchanan: Asymptotic Satellites near the Straight-Line 



(2) 



three points which lie on the straight line joining the finite bodies. Let the 
coordinates of these points be denoted by ^o , 0, 0, where the particular value 
of ^0 depends upon the equilibrium point in question.* The points themselves 
will be denoted by (a), (fe), and (c), where (a) lies between +ao and the 
finite mass ^, (6) between [i and 1 — fi^ and (c) between 1 — fi and — oo . 

If the infinitesimal body is given a small displacement from an equilibrium 
point and a small velocity with respect to the finite masses such that 

^=^0+5, >7=0+y, ?=0+5, 
^'=0+5', >7'=0+F, ?=0+e', 
then the differential equations (1) become f 

U =i(l-/z)(r!+|-)+iit£(r|+l)-iS«-i|ii(l-^), 



(3) 



where X, J, and Z are power series in 5, y*, ?. These series converge within 
certain regions about the equilibrium points, t 

§ 4. The Periodic Obbits. 

In showing the existence of periodic solutions of the differential equations 
of the ^^Oscillating Satellite '' which correspond to equations (3), and later in 
making the construction of these solutions, the transformations 

x=6X^ y=Byj z=BZj i— <o=(1+3)t (4) 

are made, where b is an arbitrary parameter and h is determined as a function 
of B so that the solutions in Xy y^ and z shall be periodic with the periodic 
2n in t. On denoting differentiation with respect to t by a dot over the 
variables, the differential equations (3) become as a consequence of (4)^ 

i*= (l + 8)*[Zi+-^2«+ .... +Z*e*-^+ ....], 



**' Oscillating Satellite,'' equations (4). 
t «< Oicillating Satellite," |77. 



t "Oscillating Satellite/' equations (6). 
§" Oscillating Satellite," equations (U) 
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where X^ , Tj^^ and Zj, are homogeneous polynomials of degree k in Xy y^ and z. 
From (3) it is obvious that the Xj, are even in y and z^ Yj, odd in y and even 
in Zy and Z,, even in y and odd in z. The explicit values of these terms up to 
A; =3 are* 

Y,= il-A)y, Y,=SBxy, Y,=iC{-^x'y+!^+yz'), 

Zi=—Az, Zt=3Bxz, Zt=\C{—^^z + y^z-\-^), 






The upper^ middle, or lower signs are to be taken in B according as the 
equilibrium point is (a), (6), or (c) respectively. 

If periodic solutions of (5) exist, their periods are determined from the 
periods of the solutions of the linear terms of (5). The solutions of these 
linear terms are t 

x=K^e'''^'\'K^e'''''^+K^e'^+K^e'^% t= V^, 
y =in (K^e'^^—K^e"''') +m{Kze''—K,e-^^) , 



/-7 ^ . /-7 (1^+1 + 2^ o^—\—2A 
2: =A6Cos VwiT+X^eSm V^T, n= « > m=^- 



(6) 



where K^^ jK^ are the constants of integration, and (x' and p' are the 

negative and positive roots respectively of the quadratic in 7}^ 

\'+ (2-^)^^+ (1-^) (1+2^) =0. (7) 

There are three real periods in these solutions, viz., 2n/VZ, 2n/<j, and 
P=2]n/y/A = 2kn/ay where ; and k are positive integers and V-4 and a are 
conmiensurable.t These are tbe periods of the orbits of Class A, Class B, 

and Class C respectively. 

Orbits of Class A. 

The periodic solutions of Class A are ^ 

Xi=eak=06+{ai+biCO8 2VA'z)^+0e^+ , 

y^=eyi=Oe+ {c^ sin 2 V3T)f*+06»+ . . . . , 

Zi=:ezi= (--p=-sin V^Tjf+0f^+rfi(3 sin V-4t— sin3V^T)e*+ , 

5 =S,=06+5<V+ .... +3^^% 



(8) 



*« Oscillating Satellite/' equations (53), (15), (35). 
" t " Oscillating Satellite/' equations (16), (27), and (28). 

tin §83 of the "Oscillating Satellite" it is shown that there are infinitely many values of ft, 
between and i such that Va and a are commensurable. 
I " Oscillating Satellite/' equations (71). 
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where 



0,= 



—3B 

4^(1 + 2^)' 

—3B 



C,= — := 



h?^ 



16^* L 



3g(l+3^) 
' 4^(1—7^+18^*)' 

3 r 3B*il+ZA) 
^~ 6iA'/*ll—7A + 18A* 



VA{l—7A + 18A^y 

3g'( 1—3^+14^*) _^1 
(1-F 2^) (1—7^ + 18^") J' 



-c], 



The expressions for Xi and yi are power series in ^ with sums of cosines 

and sines respectively of even multiples of V^t in the coefficients. The highest 

multiple of VAi which appears in the coefficient of c* in each series is k. The 
solution for Zi is a power series in odd powers of e having sums of sines of 

odd multiples of V^t in the coefficients. The highest multiple of V2t which 
occurs in the coefficient of e^ is likewise k. The initial conditions are so chosen 
in the construction of these solutions that 

5(0) =0, 5(0) =e, 

that iSy the parameter e is proportional to the initial projection of the infini- 
tesimal body from the plane of motion. The actual projection is «/(l+5i). 

Numerical examples of these orbits have been considered in the '' Oscillating 
Satellite'^ and the following results have been obtained when the ratio of the 
finite masses is ten to one, or 1 — /[4= 10/11, /[4=1/11.* 

TABLE 1. 



Coefficient. 


Point (a). 


Point (6). 


Point (0). 


A 


2.548 


6.510 


1.082 


<J« 


2.811 


6.820 


1.144 


p* 


3.359 


11.330 


0.226 


« 


2.657 


3.990 


2.014 


m 


-0 . 747 


— 0.397 


—3.091 


B 


6.548 


—10.961 


—1.136 


C 


18.283 


55 . 740 


1.196 


Ol 


—0.316 


0.090 


0.249 


h 


0.151 


— 0.036 


—0 . 230 


Ci 


—0.112 


0.018 


0.226 


d. 


—0.037 


— 0.020 


—0.002 


^»> 


0.184 


0.467 


0.001 



* This was the ratio used by Darwin in the memoir cited at the beginning of this article. The same 
ratio was adopted by Moulton in the "Oscillating Satellites" so that he might compare his results with 
those of Darwin. 
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(9) 



Orbits of Class B. 
The periodic solutions of Class B are * 

y«=^y2= (— wsiii<JT)€+ ( — nfegsin cjT + rfjsin 2a%)i?+ . . . ., 

where a^ , 63 , Cj , (^29 ^2^\ • • • ^ &^^ known constants. The algebraic expressions 
for these constants may be found in equations (101), (103 ), and (107) of the 
** Oscillating Satellite/' Their particular values for 1—^=10/11, ^=1/11 are 
to be found in Table 2. The first seven coefficients which appear in Table 1 
have been used in determining the values in Table 2. 

TABLE 2. 



Coefficient. 


Point (a). 


Point (b). 


Point (0). 


0, 


-4.078 


8.172 


0.554 


hr 


1.996 


4.976 


—0.038 


Ct 


2.082 


— 3.196 


0.516 


nbt 


5.305 


—19.855 


—0.077 


dt 


1.250 


1.478 


—0.276 


3f> 


3.955 


8.553 


—1.407 



The expressions for ^ and ^2 ii^ (9) &re power series in e with sums of 
cosines and sines respectively of c7t in the coefficients. The highest multiple 
of GTT which occurs in the coefficient of ^ is k. The initial conditions are so 
chosen for the construction of these solutions that 

^(0)=f, 2/2(0) =0. 

In this case the parameter e denotes the initial displacement along the ^-axis 
of the infinitesimal body from an equilibrium point. 

§ 5. The Equations op Vabiation. 

Suppose now that the initial conditions for the periodic orbits are 
changed slightly. Then the infinitesimal body will deviate from its periodic 
orbit, and the amount and character of the deviation will depend upon the 
initial conditions chosen. The equations for the disturbed orbit, in terms of 
the variables Xj y, and Zj will be 

x=x^+Pf, y=yi+qiy z=Zf+r^f, (10) 

*" Otcillating Satellite," equations (97), (106). 

fXhe Ti and r, in this equation and in subsequent equations are different from r^ and u in 
equations (1) and (3). 
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where eXf, etfj, and ez/ represent the periodic orbits of Class A or Class B 
according as ^ = 1 or 2 respectively. The additional terms pj, q^, and r^ are 
functions of t which depend upon the initial disturbance from the periodic 
orbit. We desire to determine these functions so that they shall have the 
asymptotic form already referred to in ^ 2. 

On substituting (10) in (5), the differential equations which define Pj, q^, 
and r^ are found to be 

p,-2(H-8,)g,+ (l+S,)'(P^p,+P^g,+P^r,) = (l+S,)»P„ " 
q,+2(\ + h,)Pt-\-(l+hy(Qf,p,+Q^qi^Qf,r,) = {l + l,YQ,, (11) 

r;+ (l+htYiR^p.+R^qi+R^ri) = (1+S,)»i?,, ^ 

where 

Pfl=—l—2A-\-6BeXf—6Ce'i2x'f—ifi—z)) + , 

Pfi=Rfi=—SBeZi + 12C^x,Zj + 

g^=-l+^-3Bea;,+!C«*(4!E5-3yJ-25) + . . . ., 
Qsi=Rii=—3CiyjZf\- . . . ., 

i?„=^— 356a;^+$Ce*(4a^— yf— SeJ) + , 

Pi =\Be{-2p) + q)+r)) + ()e«+ . . . ., 
g;=3Bfp,.g^+()e^+...., 
Ri=ZBepir^-\-{)^+ 

As we propose later to construct numerical solutions which are asymptotic 
to the particular periodic orbits mentioned above, we insert here the particular 
values of the various Pj^ , Qj,, , and Rf^ which are obtained by making use of the 
numerical values listed in Tables 1 and 2. The following results are found. 

Orbits of Class A. 
Equilibrium point (a). 

P„=~6. 096+e*(8. 384— 15. 686 cos 2V5t) + ()€«+...., 

P„=Q„=e*(2.200 sin 2\/Zt) + ()e*+ , 

Pu=Bu=— e(12.297 sin VIt) + ()/+ , 

g„=1.548+6*(0.833 + 2.409cos2VlT) + ()e^+...., 
g„=fl„= ()«»+.... 

iJ„=2.548— c*(9.918— 13,160co8 2VJT) + ()e*+ 
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EquiUbrivm point (5). 

Pu=— 14.020+e»(19.777— 23.328cos2VlT) + ()e*+ 

Pu=C„=6«(0.592 Bin 2VIt) + ()«*+ . . . ., 

P„=B„=e(12.890 8in V2T) + ()e*+ , 

gu=5.510+e*(— 3.464+5.240co8 2V2t) + ()c*+...., 

JBm=6.510+«*(— 16. 312+18. 108 cos 2VIt) + ()«*-!- 

Equilibrium point (c). 

Pu=— 3. 164+e»(l. 616— 1.746 cos 2V2t) + ()«*+...., 
Pu=Q„=e»(0 . 770 sin 2 VIt) + ()**+...., 

P„=iJu=6(3.275 sin VIt) + ()«»+ 

Cu=0.082+e*(0. 020+0. 044 cos 2V3t)+<)6*+...., 

Qu=Rn={)^+ 

Bu=1.082+6*(0. 020+0. 044 cos 2V2t) + 

Orbits of Class B. 
EquHtbrium point (a) . 

- Pn=— 6.10+e(39.30co8ffT) + Pn=Cn=e(52.27 8in(JT) + , 

C«=1.55— «(19.64cob(Tt) + , P„=Q„=Rn=B^=Q, 

jBn=2.55— «(19.64cos(rr) + 

Equilibrium point (b). 

Pa=— 14.02— e(65. 77 cos (n) + , Pa=^n=— *(131.20sin(rt) + , 

^«=5.51+f(32.88co8ffT) + ...., P^=Q„z=R^=R„=0, 
fitt=6.51+e(32.88co8 err) + 

Equilibrium point {c) . 

P„=— 3.16— e(6.82cos<rr) + , Pa=Qa=6(6.86 sinffT) + , 

C«=0. 08+6(3.41 cos <rc) + , P„=g„=/l„=2J„=0, 

Ba=1.08+e(3.41 cos or) + 

If we consider only the terms of (11) which are linear in Pf, Qn and fy, 
we obtain the equations of variation* For the orbits of Class A they are 

Px-2(l+3x)g,+ (l+Sx)*(P„Pi+P«s,+P„rO=0, ' 

ql+2(l+B,)p^+(l+B^r{Q^^p^+Q^,q^+Q„r^)=0, - (12A) 

^+(l+5l)*(«uPl+fiu3l^-«l.rl)=0, . 

and for orbits of Class B, they are 

p,-2(l+«,)g,+ (l+5,)*(i'.iP.+^««.)=0. 
g,+2(l+a,)i),+ (l+«,)*(g„p,+Q„5,) =0, I- (12B) 
r,+ (l+3,)'iZar,=0. 

^ Poincar^, loe. oit, Vol. I, Ohap. 4. 

12 



88 Buchanan: Asymptotic Satellites near the Straight-Line 

The periodic solutions (8) and (9) are called the generating solutions^ of 
(12 A) and (12B) respectively. 

§6. The Solutions of the Equations op Variation (12A). 

The equations of variation are linear differential equations having periodic 
coefficients, the periods being the same as those of the corresponding generating 
solutions. Differential equations of this type were first treated by Hillf in 
his celebrated memoir on the lunar theory. A very extensive list of references 
to the literature of these differential equations was given by Baker in 
a recent memoir, t 

The method which we shall adopt in the construction of the solutions of 
these equations is the one developed by Moulton and Macmillan.^ The form|| 
of the solution is, in general 

where ^(t) is a periodic function having the same period as the coefficients 
of the differential equations, and a is a constant called the character- 
istic exponent. 

It has been shown by Poincare ^ that if the generating solutions contain 
an arbitrary constant which does not appear explicitly in the original 
differential equations, then a set of solutions of the equations of variation is 
obtained by taking the first partial derivatives of the generating solutions with 
respect to this constant. The characteristic exponent associated with this set 
of solutions is zero, and the solutions themselves are either periodic or consist 
of periodic functions plus t times other periodic functions. The initial 
time to is one such arbitrary constant which is present in all differential 
equations of dynamics in which the potential function e.g.y U in equations (1), 
does not contain the time explicitly. Differentiation of the generating solu- 
tions with respect to this constant yields a set of periodic solutions. Another 
such constant usually present is the scale factor of the generating solutions. 
Differentiation of the generating solutions with respect to this constant yields 
a set of solutions comprised of a periodic function plus fT, K a constant, 
times the periodic function obtained by differentiating with respect to to . 

* Poincar^, loo. oit. Vol. I, Chap. 4. 

t G. W. Hill, " Collected WorkB," Vol. I, p. 243; Aota Maihematioa, Vol. VIII, pp. 1-36. 

t H. F. Baker, " On Certain Linear Differential Equations of Astronomical Interest/' PhUotophie^l 
Tranaaotumt of the Boyal Society of London, Series A (1916), Vol. 216, pp. 129-186. 

§ Moulton and Macmillan, "On the Solutions of Certain Types of Linear Differential Equations 
with Periodic Coefficients," Amebioan Joubnal of Mathematics, Vol. XXXIII (1911), No. 1, pp. 63-97. 

II Floquet, Annales Soientifiques d« Viloole Superieure, Series II, Vol. XII (1888), p. 47. 

if Poincar4, loo oit., Vol. I Chap. 4. 
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Let US consider first equations (12A)y and those solutions which have 
characteristic exponents different from zero. These equations are simul- 
taneous and must be considered together. To find their solutions let 

p^=K,e^'u^, qi=L^e^^v^, r^=Mie'^^w^, (13) 

where K^ Liy and Mi are arbitrary constants. An existence proof , which is 
omitted here, would show that 

ai =af + a?V+ .... +a{"V*+ . . . ., 
ui =ti(o)+iiCV+ .... +w?*V*+ . . . ., 

Wi=w^^e+w?^^+ .... +m;?*+V*+'+ . . . ., 

where the aJ^^ are constants so determined that the various u^\ v?^\ and 
ii^p*+i) ghall be periodic with the period 2n/VZ in t. On substituting (13) in 
(12A) and considering only the terms independent of e, it is found that a^^^ 
must satisfy the biquadratic (7) if the arbitrary constants KuL^ and M^ are 
to have values other than the trivial ones Ki=Li^Mi=Q. It is shown in the 
^' Oscillating Satellite/' ^ 82, that this biquadratic admits two purely imaginary 
solutions, denoted by +ai and ^ort, and two real solutions, denoted by +p 
and — p, for all values of fi such that </Ei<i, and for each equilibrium point 
(a), (6), and (c). 

Since the functions tii , t^i , and Wi are multiplied by arbitrary constants, 
we may assume without loss of generality, that tii(O) =1. Hence 

wr(0)=l, <*>(0)=0 (A;=l, 2, ....00). (15) 

Then t;i(0) and ii;i(0) can be determined from the differential equations which 
define Vx and w^ . 

The various solutions of (12 A) may be constructed by substituting (14) 
and (13) in (12A), and giving to af^ the values at, — at, p, and — p in turn. 
By equating the coefficients of the various powers of b we obtain sets of differ- 
ential equations which can be integrated step by step. The arbitrary constants 
of integration arising at each step can be uniquely determined from the condi- 
tions (15). The various a^*^ can likewise be uniquely determined by the 
condition that tif*^ t;?*^ and u;?*"*"^^ shall be periodic with the period 27t/ V-4 
in T. From Poincar6's extension to Cauchy's theorem,* it is known that these 
solutions will converge for e sufficiently small numerically and for all values 
of T such that < t < T, where T is an arbitrary period chosen in advance. 
Obviously, we may choose the period 2n/ VA. 

^ Poincar^, loc. oit,t Vol. I, p. 68. 
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Let us denote the solutions of (12 A) when a^^^=a'f by 

Pi=c*'^"^i, qi=e*'^Hvn, r^=e''^Hwn. (16) 

The arbitrary constants are omitted here but they appear in equations (25). 
It is found that (Ti is a power series in e' with real constant coefficients. The 
functions u^ and v^ are likewise power series in c^, but their coefficients are 
sums of cosines and t times sines of even multiples of V^t. The function ii^u 
is a power series in odd powers of t^ vanishing with e, and the coefficients are 
sums of cosines and i times sines of odd multiples of V^Zt. In each of these 
three functions, the highest multiple of V^t which appears in the coefficient 
of 6* is k. So far as the computation has been carried out, we have 

t*u=l+()€*+ f t;u=n+()«*+ , 

Wii= ^^_^ l — cos VZt— r^sin VA'v\i+{)i^+ , 



[' 



vz 

9B'\g^{1—13A) — {3 + 7A—22A^)\ 8f^l—A){l±2A)l 



16^(j»(44— (J*) cr» J 

Since the differential equations (12A) do not contain i, they are unaltered 
by a change in the sign of i. If then we change the sign of t in the differential 
equations and in the initial conditions (15), we obtain solutions which differ 
from (16) only in the sign of i. Let this set of solutions be denoted by 

Pi=e-^^t*i,, gi=— e-'^^Vu, ri=— e-^^^iwu, (17) 

where ih^f v^^ and w^ differ from tiu , t;u , and tVn respectively only in the 
sign of f. The same result would be obtained by putting a{^^= — ta and pro- 
ceeding as in the construction of the solution (16). 

Likewise by putting a{^^ equal, first to p, and then to — p, we obtain the 

respective solutions 

p^=e'^^u^, qi=^e^^v^, ri=c'»^u;u, (18) 
and 

Pi^e-'-^Ui,, 3i=— e-^^Vw, ri=— e-^-Xi, (19) 

where pi is a power series in i^ with real constant coefficients. Further Uuf^ui 
^u 9 ^14 ; ^iB 9 ^14 Ai"^ similar to Un , v^ , and Wn respectively, except that the 
coefficients of the former functions are all real ; also 

Wi4('P)=thj(— '^), Vi4(T)=t;^(— t), «;m(t)=i«;u(— t). 
The computation for the first terms of these series gives 

thM=l+{)^+ , Vl8 = WI+()«*+ f 

ii;iB=— . J , , 1 — cos V^T— -7=sin V2^Tj6+()fi'+ , 

, _,r 9g'}p*(l-13^)+3+7^-22.i'f . 8p>(l-,^t) (1+2^) 1. 
^ =P+^L 14tAp'{4tA+p') + p^ J+ 
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Obviously, the solutions (19) differ from (18) only in the sign of t, g^, 
and fi . This property can be derived directly from the differential equations, 
which we proceed to show. We shall show that if 

Pi=Fni'^)f qi=Fni'^)f r,=F^{^) (20) 

are solutions of the differential equations (11) » then 

p,=F^(-T), gr^=_F^(_T), r,=-Fp(-T) 

are likewise solutions. If this property holds for equations (11) it will 
evidently hold for equations (12A) or (12B), i. e., when the right members of 
(11) are omitted. 

Let us consider the differential equations (1). Since U is even in 97 and ^^ 

3r7 3r7 * 377 

it follows that -^ is even in 97 and ^^ -^ is odd in 97 and even in ^, and -^ 

is even in 97 and odd in ^. After the substitutions (2) are made, the right 
members of (3) are functions of y and z as indicated. As the substitutions (4) 
do not alter the parity of y and z^ then it follows that the right members of 
(5) have the same parity in y and z that the corresponding right members 
have in y and i. When the substitutions (10) are made in (5) we obtain 
(11), and the terms of (11) which carry (1+ J/)* as a factor in each equation 
arise from the corresponding right members of (5). Let these terms be 
denoted by (11,1), (11,2), and (II9 3) respectively. Then they have the 
following properties : 

(11, 1) is even in \yf, g^f, and even in je^, t^f, 
(11, 2) is odd in {y^, g^f, and even in {e^, r^(, 
(11, 3) is even in |i/y, g^j, and odd in je^, r^f, 

where the braces { \ denote that the variables within are to be considered 
together. Further, since ^r is a factor of the right member of the second 
equation in (3), it follows that (11, 2) carries a factor which is odd in |y/i g^{. 
Similarly, since e is a factor of the right members of the third equation in 
(3), then (11, 3) carries a factor which is odd in j^^y g^f. 

Now, if the signs of y^t z^, q^^ and fy be changed in the above expressions, 
then (11, 1) remains unchanged while (11, 2) and (11, 3) change signs. On 
examining the generating solutions (8) and (9) we observe that changing the 
signs of y^ and z^ is equivalent to changing the sign of t in these solutions. 
Thus, if we change the signs of t, g^, and r^, (11, 1) remains unchanged while 
(11, 2) and (11, 3) change signs. If these changes are made in all the terms 
of (11), the first equation remains unchanged while each term of the remaining 
equations changes sign and the factor —1 can be divided out. Thus the 
equations (11) remain unchanged if we change the signs of t, g^ and r^. 
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Suppose now that (20) is a set of solutions of (11). Let 

Pi=Pif Qi=—Qn ^i^—^f ^=— 'P- (21) 

Then the differential equations obtained by making these substitutions in (11) 
are identically the same in Py, g^, r^, and t as (11) are in the former variables. 
With the same initial conditions for Py, Sy, r^y and t as for equations (11), we 
obtain the solutions 

where Fyxi Fyg, and Fy, are the same functions as in (20). On restoring the 
former variables by (21) we have 

Py = Fyi(-T), g^=_Fy,(-T), ry=_Fy,(-T) 

as solutions of (11). Therefore if a set of solutions of (11) is known, another 
set can be obtained by changing the signs of t, gy, and fy in the former set. 

Let us next consider the two remaining sets of solutions of (12A). These 
solutions have characteristic exponents zero and may be obtained, as already 
referred to in this section, by differentiating the generating solutions (8) with 
respect to the arbitrary constants to and e. Taking the constant t^ first, we 
have the solutions 



^^=-^=-5 -I- =-iT3:[<-2^^^^^2^")''+ <>**+••••] 



1 



1 



1+^*'"' 



dii dii dr 



As these solutions are later multiplied by arbitrary constants, we may neglect 
the factor — ^ and consider 

Pi=Wi6, 3i=Vi6, ri=u;i5 (22) 

as the solutions. Similarly, on differentiating (8) with respect to e we obtain 

Since T=(t— to)/(l+^) &nd jx is a function of f, then the constant e enters 
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the generating solutions not only explicitly but implicitly through ii and t. 

Hence 

dxi _ /8^\ dxi d^ dSi dy^ _ /9yi\ 3yi 3ic_ 3(5j, 

—L — / ^ \ I ^ ar a^ 
"ar~v"ar/"^ ar a«;;"a7' 

where the parentheses around the partial derivatives denote that the differ- 
entiation is performed only in so far as e occurs explicitly. When the 
differentiations are perf ormed, we have 



where 



Pi =Ui«+iC'ft*i6, Qi=Vi6+K'zvu, ri=Wi^+Ki:Wis, (23) 

Wi6=(-^)=2((h+6iCOs2VlT)f+()6»+...., 
Via = (-^)=2(Ci sin 2VlT)e+ ()«»+ . . . ., 

It remains now to show that the solutions which we have obtainedi viz. 
(16), (17), (18), (19), (22), and (23) constitute a fundamental set. The 
criterion for a fundamental set is that the determinant formed from these 
solutions and their first derivatives with respect to t shall be different from 
zero. This determinant is 

e*^^^Un , e'^'^u^ , e^^u^ , e'^^Ui^ , w^ , Ui^+Kmu^ , 

e*^'^(i(TiUn+ihi)f «~^*^(— t^iWu+Wu), e^^ifiU^^+u^), e'^^{—p^u^^+Uu)f ihsy i^u+Ki'zUi^+Ui^), 
c'^^^Vu, e-'^^^-iv^), c^^Vm, c-^"(— Vm), v^ , v,^+ K'vv^, , 

e^^Uwn, e-^^^^—iwn), e^^w^, e-'^^(— u;^), w^ ^ Wi^+ K^Wi^ , 

e^^^—(TiWn+iwn)f e^^^'' {(Xiiv^—iw,^) , e^^p^w^+w^^), e"^^ (piWu—Wu) y ih^^, w^^+K {'zWi^+Wi^) . 

It is a constant,* and its value can be determined with the least difficulty by 
putting T=0. Thus we obtain 

Ai=^ 4tie{mp+n(T) (tncr— np) + terms of higher degree in e. 

It is shown in the '^Oscillating Satellite,'^ equations (36), that mp+n<j and 
m<T—np are different from zero. Hence the determinant A^ is different from 

* Moulton, " Periodic Orbita/' Chap. 1, 8eo. 18. 



(25) 
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zero for e not zero, but sufficiently small numerically. Therefore the solutions 
which have been obtained for (12 A) constitute a fundamental set, and the 
most general solutions are 

Pi=irxc*'^%i +ir,6-*^^%, +K,e^'uu+K,e-^'u^i+K,u^ 

qi=Kie*^^Hvn —K^e-'^^Hv^ +K^e^'Vu —K.e'^^v^ +K^v^ 

fi = K^e^^^iWn—K^e-^^Hw^ + K^e^^Wy^ —K^e^^^Wu + K^w^ 
where Ki^ . .. .^K^ are arbitrary constants. 

^7. The Solutions of the Equations of Vabiation (12B). 

The solutions of the equations (12B) are obtained in the same way as the 
preceding solutions were found. The construction is simplified by the fact 
that the last equation is independent of the first two. 

The two sets of solutions of the first two equations of (12B) which have 
characteristic exponents different from zero, are 

p,=e^^tia, ga=e^^t;n, (26) 

and 

p,=e-^^ua, fl,= — c-'-^Vi,, (27) 

where pt is a power series in b with real coefficients, the terms of lower degrees 
being 

The functions tin, t;^! t^y and Vf^ are power series in b with sums of sines and 
cosines of multiples of or in the coefficients^ the highest multiple of orr which 
occurs in the coefficient of «* being Ic. All the numerical coefficients in these 
series are real. From the property of the differential equations (11) which 
was proved in the preceding section, it follows that the solutions (27) are 
obtained from (26) by changing the signs of t and q^. Thus Un and t;^ differ 
from tin and t;^ respectively only in the signs, of the sines. 

Since these solutions (26) and (27) are multiplied later by arbitrary 
constants, we may take 11^(0) =1. The algebraic forms of the functions Uti 
and Vfi are 

tin= lH-(an cos <rrH-6n8Ui<^)«+ ()«*+• • • •> 
t;n=m+(aMCOS(rr + 6asin(rr)6+()e*H- , 

t4«(T) =:tin(— t), t;«(T) =!;»(— t). 
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The two remaining solutions of tlie first two equations of (12B) are 
obtained by differentiating the generating solutions (9) with respeot to to and t. 
Differentiation with respect to to gives 

and, since the multiplier — ^ may be dropped, the solutions become 



Pi=t*tt = -^ =( — <jsin<rr)6 — ( fejO* sin <jt+ 2^20' sin 2oT)e*+ , 

gj=:t;t8 = -^ = ( — no- cos (jt)6 — (wftjcjcosor — 2rf2<icos 2(rz)r+ 



(28) 



Differentiation with respect to s gives 

P»=«M+i>f«j», fl«=«i4+J>rv«. (29) 



where 



U|«= (-7^j=co8(JT+2(a,4-6»coserT+c, cos 2(TT)e+ , 

t?M= {-^) = — wsinffT — 2(n2>sSin(7T — dt sin. 2(J'z) b -\- . . . ., 



^= 



(30) 



VdTJ 

L=-jK- (2«?>f+3S?>«»+. .. .). 

The determinant of these solutions (26), (27), (28), and (29) and their 
first deriyatives with respect to t is 

e"' ((),«» +Mn), «"'*'(— p«tiM+«ti), «», ^+L{'vu»+u„), 
e^'Vn, «"*'(— fa), Va, Vm+^Vb, 

= 2<Te{mp+n(T) {ma — tip) + terms of higher degree in e. 

As in the former determinant Ai, equation (24), the factors mp-{-na and 
ma — ftp are different from zero, and since a=^0 it follows that Aj^^O for e not 
zero, but sufficiently small numerically. Hence the solutions (26), (27), (28), 
and (29) constitute a fundamental set of solutions of the first two equations, 
and the most general solutions are 

p,=Lie''^Ua+Lte-''^Un+L,Ut»+Li{uu+l/tUn)f ' 
q,=Lie'^^Va—Lte-''^Va+L,Va+Liivu+I/vv„), 

where Li , , L4 are arbitrary constants. 

13 



(31) 
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The general solution of the last equation of (12B) is readily obtained, 

and it has the form 

rt=L,e'^^Wn+L^e-'''^Wn , (32) 

where Ls and L« are arbitrary constants, and u, ii;^ , and u;^ are power series 

in e of the form 

3Be r- 
u^n=l+ ^i^_AA\ (^*coS(JT— 2tV-4 sinoT— (j*) + , 

3i?e /— 
^^2a=l+ ^t^_AA\ (<y*cos<rr+2iVil sin err— a*) + , 

Since L5 and Le are arbitrary, the initial values of w^i and w^n may be chosen 
so that i^ii(O) = 11722(0) =1. The coefScients of the various powers of n in these 
functions are sums of cosines and i times sines of multiples of (tt, the highest 
multiple which occurs in the coefficient of 6* being k. Further, w^ and Wtt 
differ only in the sign of t. In the series for o, all the coefficients are real. 
The determinant of the two solutions in (32) and their derivatives with 
respect to t is 



A.= 



c*«^u;,i, e-'^^Wa, 



c*'^(iQu;2i+u?2i), e-*«^(— toii;n+wn)f 
= —2t6)+ terms in t, 

and this is different from zero for | « | sufficiently small. Hence the solutions 
(32) constitute a fundamental set of solutions of the last equation of (12B). 

§8. Thb Constbuction of Asymptotic Solutions. 

Having determined the solutions of the equations of variation, we shall 
now proceed to construct the asymptotic solutions of (11). We shall consider 
first the solutions which approach zero as t approaches +^9 &nd then show 
how to obtain from these the solutions which approach zero as t approaches 
—00. 

In making the constructions, it is convenient to introduce a parameter y 
by the substitutions 

Vi=Viy^ Qi=Q/yf ^i-^iY^ (33) 

where Vi^la^ ^^^ ^/ &^^ ^^^ dependent variables. Then, since the asymptotic 
solutions are to be constructed as power series in y^ we put 

r,=rf>^rf>Y^rfy^- [ ^^*' 
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When (34) and (33) are substituted in (11 ), the factor y will divide out. Let 
the resulting differential equations be denoted by (11')* On equating the 
coefficients of the various powers of / in these equations, we obtain sets of 
differential equations which define the functions jp}*\ g}*\ and r}*^ in (34). In 
order that the solutions shall be asymptotic we must impose the condition 

(Ci), that each term of the solutions for the various p^^\ g}*\ and r,^*^ shall 
contain c"'*'^ as a factor. 

As an arbitrary constant arises at each step of the integration we may impose 
the further condition 

(C2),thatp^(0)=a^, 

from which it follows that 

pf>(0)=a„ p}*>(0)=0, (A;=l, ....00). 

Asymptotic Orbits of Class A. 

Let us consider first the orbits which are asymptotic to the periodic orbits 
of Class A. We put j=l and consider the various differential equations 
obtained by equating the coefficients of the same powers ot y in (IV). 

For the terms in pf^^ q[^^f and r^ we obtain a set of differential equations 
which are the same as (12A)y except for the superscript 0. The general solu- 
tions are the same as (25), and when the condition (Ci) is imposed all the 
constants of integration must be zero except the one associated with e'^^. 
From condition (C^) it follows that this constant must have the value oi. 
Therefore the desired solutions are 

pf=aie-^%„ flf = -aie-^^t^i4, ri'^ = -a,e'^'w^,. (35) 

The differential equations which are obtained from equating the coefficients 
of y to the first degree in (11') have the same left members as (12A)| except 
for the superscript 1 on the variables. On denoting the corresponding right 
members by P?>, Q['\ and R^\ we find that 

P?>=rajc-^^^?7ff, Qi'^=iale'^^'r^^\ R^^=6ale-''^'Wi^, 

where [7S\ Ffi^ and TFfJ^ are power series of the same form as tii4, v^, and Wu 
respectively. The complementary functions of these differential equations 
are the same as (25), but let us suppose that the arbitrary multipliers are 



(36) 
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A;^\ . . . . , k^^. The particular integrals can be obtained by varying these 
multipliers. Thus 

ftPe*"'(t<Ti«u+Ui,) -&|»e-*"'(t<Ti«„-«i,) +i?>e'''(pi«„+«„) 

-k^'e-'^^(p,ui4-ui*) +ki''iu+k^' [«i«+^(««+Ti„) ] =P^\ 
ki''>e*'^Hv,i—ki'^e-*'^Hva+k^^e'^^Vu—ki'^e-^^Vu-\-ki'^Vu 

+k^ivi,+ Kxvu)=0, 

ipe^'M-ffiVu+tru) +ft?>e-*'»^(ffaVu-»i'u) +ii'^c'''(piV„+v„) 

+ki'Hwu+Ktw„)=0, 
k^^e*'-^—<JiWn+iwn) +«J?'e-*"'(<yi«'u-twi,) +i,^>c'''(piW„+Wtt) 

The determinant of the coefSoients of A;^^ , k^^^ is A^ equation (24) , and 

since it is different from zero for e not zero but sufficiently small nmnerically 
these equations can be solved for A^'\ , A;^'\ Thus 

Jc?^=^' (^=1. 6), (37) 

where AfP is the determinant formed by replacing the elements of the {-th 
column of Ai, with 0, P?\ 0, Q?\ 0, and Bi'> respectively. Since PJ", Q?\ and 
B<») contain no terms in c*"'' or e^^^, the integrations of (37) for ki^^, . . . ., ifcj*' 
will yield no terms in t explicitly. Such terms will occur, however, in the 
integrations for k^^ and k^^, but when they are substituted in the complementary 
functions they will cancel off. The complete solutions are thus found to be 

+iri»(«,«+JS:tUi6) +eajc-*^'«g>, 
qP = ^Pe^^'tvu— JS:«e-".'»t;u + K^e<^^v„—K^^e-'^^Vu+K?>Vjt 

r^>=K^W^Hwn—K^^e-*'^Hwu+K^^e''^iVu-Kf^e-^^Wu+K^^Wu 

where Ki^^, . . . . , Kl^^ are the constants of integration, and u^, v^, and w^ 
are functions similar to Uu , Vu , and Wu respectively. On imposing condition 
(Ci) upon these solutions we obtain 



(38) 
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and from condition (Cs) we have the remaining constant 

jsrf>=-w!wg)(0). 

When the constants of integration are thus determined, the solutions (38) 
take the form 

where the functions iig\ u^^ ; t;g^ t;g^ ; w^\ w^^ are of the same form as u^ , 
Vu f and ti;u respectively. 

The remaining steps of the integration can be carried on in essentially 
the same way. By an induction to the general term we shall show that the 
solutions of (11) can be constructed to any desired degree of accuracy. 

Let us assume that pi'\ gi'\ r{'^ have been constructed for ^=1, 2, .... , Aj— 1, 
and that 

r+l r+1 r+l 

p<'>=e'ar+^ 2 e'^^u[:\ g{'>=6'ar' S c-'^M^^ ri'> = r'af"*-^ S e''^^wiJ\ (40) 

1-1 1-1 1-1 

where the functions u^f^ v^^^ and w^^ are similar to Ui^^ v^^ and Wu respectively. 
We propose to show that the solutions for p^^\ q^*\ and r?^ are the same as 
(40) if r=fc. 

Consider the set of differential equations obtained by equating the 
coefficients of ^* in (11')* ^^^ l^^t members are the same as (12A)y except 
for the superscript A; on pn Qh and r^ . Let the corresponding right members 
be denoted by P?\ Q?\ and R?\ Then it is found that 

*+i *+i ik-fi 

1-1 lal 1-1 

where I71f\ Fjff^ and WH^ are f unctions.of the same form as Ui4 , Vu , and Wu 
respectively. The complementary functions of these equations are the same 
as at each preceding step of the integration, and the complete solutions may 
also be obtained in the same way as equations (38) were determined. The 
equations analogous to (36) and (37) differ from (36) and (37) respectively 
only in the superscript k instead of 1. The complete solutions will therefore 
have the same form as (38), except that the respective particular integrals 
are functions similar to P?\ Qi^\ and «{*> instead of P?\ Qi'\ and R?^ as in 
(38). From condition (Ci) the arbitrary constants will all be zero, except 
Ki^^f and from condition (C^) this constant is found to carry the factor e^Oi^^ 
Hence the desired solutions for p{^\ g[^\ and rp^ are the same as (40) it v=^k. 
This completes the induction. 
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►' 




When these solutions for p[''\ qi''\ and ri''\ (r=l, 2, . . . .00) are substi- 
tuted in (34) and (33 ), we obtain as the solutions of (ll). 



i^i k-i 



3x=S ie-*'^^^;S[>(T)«^Vly^ 



y«l Jbal 



rx = S i c-*^^M;H?(T)e'-'a{y^ 



y-i i(-i 



(41) 



where the superscript on the functions wg?(T), vjf (t), and w'i?(t) has been 
made to conform with the corresponding power of y. Since the two arbitrary 
parameters ai and y occur only in products as indicated, we may suppress 
either without loss of generality. Let us suppose that ai=l. 

Equations (41) are the asymptotic solutions of (11) which approach zero 
as T and therefore t approach +<3o. In the same way there could be obtained 
the asymptotic solutions which approach zero as t and therefore t approach 
— 00. It is not necessary to construct these solutions, however, since they can 
be obtained directly from (41), as we proceed to show. 

It was shown in the two paragraphs following equation (20) that if a set 
of solutions of equations (11) is known, then another set can be obtained by 
changing the signs of t, gi , and r^ in the former set. On making these changes 
in (41) we thus obtain the asymptotic solutions of (11) which approach zero 
as T approaches —00, viz.. 



3x=-S te*^'v^i-'v)i'-y, 

/«1 k«l 



(42) 



Upon substituting (41) and (42) in (10), and returning to the original 
variables ^, >;, ^ through the substitutions (4) and (2), the asymptotic solutions 
of the original differential equations (1) in terms of t are found to be 



j7=0+yi±S i:c=^*^^t;<f(±T)e'y^, 



(43) 



Where the double signs occur, the upper signs give the solutions which 
approach the periodic orbits as t approaches +00^ and the lower signs give 
the solutions which approach the same periodic orbits as t approaches — qd. 
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Asymptotic Orbits of Class B. 

We consider now the orbits which are asymptotic to the periodic oijb^tkof 
Glass B. The method of constructing these orbits is entirely similar to the* 
one used in constructing the asymptotic orbits of Class A. 

On putting j=2 and considering the differential equations obtained by 
equating the coefficients of the various powers of ^ in (11'), that is, in (11) 
when (33) and (34) have been substituted and y divided out, we obtain solu- 
tions which will give the asymptotic orbits, provided the arbitrary constants 
of integration are so chosen that conditions (Ci) and (Cf) are satisfied. 

The differential equations arising from the terms independent of ^ in 
(11') are the same as (12B)y except for the superscript on Pt^ Qtf and r^. 
Their solutions are therefore the same as (31) and (32). When the conditions 
(Ci) and {Ct) are imposed, we obtain 

From the coefficients of y to the first degree in (11') we obtain the differ- 
ential equations which define p^^\ g^\ and r^^\ These equations have the same 
left members as (12B), except the superscript 1. Let the respective right 
members be denoted by PJ^>, Qi^\ and Ri^\ Then 

where Ug^ and V^ are functions of the same form as Uf^ and Vf^ respectively. 
The complementary functions of the differential equations are the same as 

(31) and (32) , but let the arbitrary constants be denoted by {{^^ , l^^. By 

using the method of the variation of parameters to obtain the complete solu- 
tions we have 

/r>e^%i+I,^^e-^%,+^8^^t/«-f i?> (uu+L^u^) =0, 

+i?'[Uti+L{u^+^u^)]=Pi'\ 
n''e^'vn-k''e'^'v^+h'^v^+i2' (Vu+L^v^) =0, 

i^^e*^Wn+i^^e'*^^Wn=0, 
i^^e*^{i(ow^+Wn)-i^^e'^''Hi(^Wn—Wn) =0. 

The last two equations are independent of the first four. Since the deter- 

• • 

minant of the coefficients of li^^ and li^^ in these last two equations is different 
from zero, viz., 2^, the only solutions for l^^ and l^^ are ip>=:2^^=0. 



-• • • 
• • •,. * 






(44) 
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T&d: determinant of the coefScients of 2^^\ . . • ., li^^ is different from zero, 

» • • • 

vizV'd^ equation (30), and therefore the first four equations of (44) can be 

• • •*' 
'•ijolved for ij*^, , ii^\ The resulting solutions are 



VV- •' V.^ A<i> 



• • • 



• • • 



^"' = ^, (*=1, ....,4). («) 

where A^^ is the determinant obtained by replacing the elements of the A^th 
row of Aj with 0, P^^\ 0, and Qi^^ respectively. Since the right members P^^ 
and Q^^ do not contain terms in 6=*^% the integrations of (45) for ip and l^^ 
will not contain terms in t explicitly. Such terms arise, however, in the 
integration for l^^ and 2^^^ but when they are substituted in the complementary 
functions they cancel off. The complete solutions of the differential equations 
at this step are thus found to be 

g?> =Li'^e^'Vn-LPe'^'v^+Lj^>Vn+Li'Hvu+L^Vu) + eale'''^'vg> {'z) , ^ (46) 

where Lf^ , L^^ are the constants of integration, and tig^(T) and v§^{i) 

are functions similar to tin and v^ respectively. From condition (Ci) we have 

Lr>=LJ^>=L?>=L?>=Lr=0, 
and from condition (Ct) 

Then the solutions (46) become 

p?>=:eaJ[e-'^Ml>(T) +e"*''"tiff (t)], 
q^^ =ea;[c-'^^t;S>(T) + e-*^^i;g>(T)], 
r?> =0, 

where uSi'z) and i^^i?(T), {k=lf 2), are similar to i^ and t;^ respectively. 

The remaining steps of the integration can be carried on in the same way. 
Proceeding by induction to the general term, we find that 

2?i'> = £'a;+* S c-*^^«S> (t ) , q^^ = ^ai^^ S c-*^%^J> (t ) , ri'> = 0, 

where the functions u^^'z) and v^^i'z) have the same form as 1121 and t^u 
respectively. When these terms are substituted in (34) and (33), we find the 
solutions of (11) to be 

p,= S i:e-*^^i4f(T)e^-^aiy', g,= 2 ie''^^v^H'^)^'oiy^f r,=0. (47) 
As in the solutions (41) we may put as=l. These equations (47) are the 
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mMjWMptoUx sfrfntioBB ^idi af^roseh aero as ? approaAec -r x. Br cfaangingr 
the signs of t and ft as in eqiiatk»s (43>, ve obtain 



ft=+r Sf^'a&M— r)r-y, fc=-S Se^^^ri^ (-T)r-^y. r.=0, (4«) 

wlikli mre the mfljrmptotic aohitiiHis approAchiiig lero as t approadies — x. 
Sinee r^=0 in (47) and (48 )« the asymptotic orbits are of tiro dimefisiony and 
are eonplanar with the periodic orbits of Class B. 

In terms of the original variables (, ir, ^« these asymptotic sohitions of 
equations (1) are 

These solutions approach the periodic orbits of Class B as t approaches +« 
or — oD according res p ectirely as the upper or lower signs are taken. 

§9. GnOXXTBICAL CosrSIDOL^TIOKS. 

The asjrmptotic solutions (43) and (49) contain the three undetermined 
constants (», §j and y. The constant t^ denotes the initial time and may be put 
equal to xero without loss of generality. The parameters 6 and y are the 
respeetiTe scale factors of the periodic and asymptotic orbits. The physical 
interpretation of the parameter £ has already been referred to in the latter 
part of § 4. From the way in which the initial conditions were chosen in (C,), 
it is evident that iy denotes the ^-component of the infinitesimal body's initial 
displacement from the periodic orbit. 

Let us now consider the directions in which the asymptotic orbits approach 
the periodic orbits. We shaU discuss only the orbits which approach the 
periodic orbits of Class A as t approaches +ac, since the discussion is 
entirely similar for the other asymptotic 



As T beecMnes very Urge, the most important terms of the solutions of 
(11) are those in c^\ These terms arise only from the complementary 
functions of the differential equations which define the various p^\ q^^^ and 
r^^ in (34). N^lecting the explicit values of the constants of integration 
which are associated with c'^^ at each stage of the integration, we find that 
the predominating terms of the solutions as t approaches + ao are 

qi = -e^^ru[K7'y+K?^y'^Kry^-{^ . . - ], 

r, =-e''^^Wu[K^y+K^y+K?>y^^ .-..], 

where K^^ K?^^ , are the constants of integraticm. 
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The projection on the i^>7-plane of the direction of the approach is 

limit ^I^Pi ^ limit jhrzJbh^ 

This limit is independent of Yj but, since u^ and v^^ contain sines and cosines 
of multiples of V^t, it is indeterminate. The projections on the f^- and 
>7^-planes are likewise found to be indeterminate. Similar results are obtained 
for the orbits which approach the periodic orbits of Class A as t approaches 
— 00, and also for the corresponding orbits of Class B. 

§ 10. Illustrative Examples. 

We shall conclude this article with numerical examples and diagrams of 
the periodic and asymptotic orbits which have been discussed in the preceding 
sections. In these examples the ratio of the finite masses is ten to one, or 
l—/[i= 10/11 and /[i=l/ll, being the ratio used in the particular periodic 
orbits already mentioned in ^ 4. 

The solutions for the asymptotic orbits have been carried out to the third 
degree in b for orbits of Class A and to the second degree in b for orbits of 
Class B, but only to the first degree in y for both classes of orbits. 

In the numerical results that are to be found in the tables which follow, 
B has the value 0.5 for Class A and 0.01 for Class B while y=0.1 for both 
classes. The values of bx^j By^ and bz^ (; = 1, 2) in the tables are the 
coordinates for the periodic orbits for the various values of t indicated. The 
values for cypy , tyg^ , and ayr^ are the amounts which must be added to the 
coordinates for the periodic orbits in order to obtain the asymptotic orbits. 
For ; = 2, 0y=ry=O. 

The periodic orbits are represented by the heavy lines in the diagrams, 
and the asymptotic orbits by the dotted lines. The arrows indicate the 
direction of motion. No arrows appear in the periodic orbits in Figs. 2, 5, 
and 8, as in these projections the infinitesimal body oscillates up and down 
along the same curve. The origin of coordinates is taken at the equilibrium 
point marked in the diagram, and the axes are parallel to the rotating ^>7^ axes 
(see equations (2)). The unit of measurement is indicated in each diagram. 

The following results have been obtained. 

Orbits of Class A. 
Equilibrium point (a). 

FPi=e-'^>[6+€*(— 0.29+0.29cos2V2t— 1.08sin2VZT) + ], 

egi = e-^^y[— 0.75 c+6*(0. 22—0.61 cos 2VJt— 0.56 sin 2VZt) + ], 

cri =c-^Y[6*(1.58 cos V1t+0.91 sin VZt) + ], 

pi =1.83—0.23 €*+ , i4=2.548. 



Equilibrium Points in the Problem of Three Bodies. 

TABLE 3. 
e=0.5, }-=0.1. 



r 


<«i 


•yi 


•*. 


rW>i 


nsi 


n*. 





— .041 








.0500 


-.0420 


.0400 


.1 


— .043 


— .008 


.043 


.0385 


-.0369 


.0359 


.2 


-.047 


-.015 


.086 


.0296 


-.0309 


.0316 


.3 


— .054 


— .021 


.125 


.0223 


-.0259 


.0270 


.4 


— .064 


-.026 


.163 


.0173 


-.0212 


.0227 


.6 


-.074 


— .028 


.198 


.0136 


-.0173 


.0187 


.6 


— .084 


— .028 


.228 


.0111 


-.0142 


.0165 


.7 


-.095 


-.026 


.264 


.0093 


-.0107 


.0118 


.8 


— .104 


-.021 


.274 


.0080 


-.0083 


.0091 


.9 


-.111 


-.015 


.289 


.0071 


-.0064 


.0067 


1.0 


— .116 


-.007 


.297 


.0065 


-.0048 


.0048 


1.2 


— .115 


.009 


.296 


.0056 


-.0029 


.0020 


1.4 


— .103 


.022 


.271 


.0045 


-.0020 


.0003 


1.6 


— .083 


.028 


.223 


.0034 


— .0015 


— .0005 6 


1.8 


— .062 


.028 


.157 


.0025 


— .0013 


— .00091 


2.0 


— .046 


.014 


.078 


.0017 


-.0011 


— .0009 5 


2,4 


— .048 


-.016 


-.092 


.0005 9 


-.0006 


-.0006 5 


2.8 


— .087 


-.027 


— .233 


.0002 3 


-.0002 7 


-.0003 


3.2 


— .116 


-.006 


-.298 


.00014 


— .0000 9 


-.0000 9 


3.6 


— .102 


.022 


-.269 


.0000 92 


-.0000 7 


-.0000 4 


4.0 


— .060 


.024 


-.151 


.0000 48 


-.0000 3 


-.000018 


4.4 


-.041 


-.003 


.014 


.0000 16 


-.0000 2 


-.000016 



The projections of the above orbits on the coordinate planes are given in 
Figs. 1, 2, and 3. 
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Equilibrium point (b). 

epi=e-''>[e+e»(0.222— 0.222co8 2V2t— 0.454Biii2V2t) + ], 

eg,=e-'«Y[0.40f+e*(0.089— 0.182 cos2V2t— 0.037 sin 2V2t) + .. 

efi =c-''>[e(— 0.345 sin VJt— 0.523 cos VJt) + ], 

p, =3. 366— 2.837 6*+...., ^=6.510. 

TABLE 4. 
6=0.5, y=0.1. 



.], 



T 


€Wt 


«!/i 


tz, 


tyPi 


n9i 


nn 





.0135 








.0500 


.0188 


— .0131 


.1 


.0147 


.0022 


.0474 


.0300 


.0119 


.0094 


.2 


.0178 


.0038 


.0917 


.0186 


.0073 8 


— .0062 6 


.3 


.0221 


.0045 


.1355 


.0118 


.00517 


— .0038 6 


.4 


.0266 


.0040 


.1602 


.0077 9 


. 0034 5 


.0022 6 


.5 


.0300 


.0025 


.1799 


.00519 


.0022 7 


— . 0009 57 


.6 


.0315 


.0004 


.1878 


.0034 9 


.0014 7 


. 0005 76 


.7 


.0307 


.0019 


.1837 


.0023 1 


.0009 36 


— .0002 24 


.8 


.0278 


.0036 


.1677 


.0014 9 


.0005 74 


— .0000 454 


.9 


.0236 


.0045 


.1594 


.0009 34 


.0003 47 


+ .0000 350 


1.0 


.0206 


.0044 


.1047 


.0005 83 


.000213 


+ .0000 616 


1.2 


.0136 


.0007 


.0150 


.0002 04 


.0000 762 


+ .0000 497 


1.4 


.0166 


.0034 


— .0784 


.0000 750 


. 0000 309 


+ .0000 363 


1.6 


.0252 


.0043 


— .1519 


.0000 308 


.0000136 


+ .0000 0936 


1.8 


.0312 


.0011 


— . 1867 


.0000137 


.0000 0590 


+ .0000 0257 


2.0 


.0289 


— .0032 


.1837 


.0000 0594 


.0000 0232 


+ .0000 0056 6 


2.2 


.0205 


— .0044 


— .1169 


.0000 0233 


.0000 00810 


— .0000 00216 


2.4 


.0140 


— .0014 


— .0301 


. 0000 0086 6 


. 0000 0030 8 


.0000 0002 2 


2.6 


.0156 


.0029 


.0645 


.0000 0029 9 


.0000 0012 4 


— .0000 00019 



The projections of the above orbits on the coordinate planes are given in 

Figs. 4, 5y and 6. 

iz 



(b) 



'/v 



■< ■■ 



(h) 



I 




.-'-* 



Fia. 



Fia. 4. 



Fio. S. 



Equilibrium point {c). 
epi=e-'"y[e+«*(— 0.104+0.104 cos 2VI'c— 0.817 8in2V2T) + ], 

egi=e-'»'y[3.08«+e*(— 0.320— 0.787 co82VZt— 0.106 sin 2VJx) + . . 

eri =e-'''y [e(— . 719 sin VJt— 3 . 145 cos V2t) + ] , 

)>, =0.457— 0.025 «*+...., ^=1.082. 



.], 



EquUibrium Points in the Problem of Three Bodies. 

TABLE 5. 
e=0.6, y=0.1. 



' 


Ml 


•y. 


««i 


•yp. 


nffi 


•Vi 





.0060 








.0500 


.1402 


-.0786 


.2 


.0099 


.0228 


.0989 


.0418 


.1279 


-.0733 


.4 


.0238 


.0418 


.1939 


.0349 


.1180 


-.0657 


.6 


.0443 


.0636 


.2803 


.0297 


.1098 


-.0560 


.8 


.0678 


.0563 


.3547 


.0264 


.1030 


-.0455 


1.0 


.0905 


.0493 


.4138 


.0245 


.0960 


— .0346 


1.2 


.1084 


.0340 


.1560 


.0236 


.0893 


—.0239 


1.4 


.1185 


.0129 


.4766 


.0234 


.0825 


— .0139 


1.6 


.1190 


— .0105 


.4781 


.0233 


.0754 


-.0051 


1.8 


.1099 


-.0320 


.4684 


.0229 


.0680 


.0026 


2.0 


.0927 


-.0481 


.4190 


.0221 


.0612 


.0088 


2.2 


.0703 


— .0560 


.3619 


.0209 


.0543 


.0135 


2.4 


.0466 


-.0643 


.2890 


.0191 


.0481 


.0168 


2.6 


.0266 


— .0434 


.2035 


.0169 


.0426 


.0187 


2.8 


.0110 


-.0251 


.1094 


.0147 


.0377 


.0194 


3.0 


.0051 


-.0025 


.0105 


.0123 


.0341 


.0191 


3.4 


.0220 


.0400 


— .1843 


.0086 


.0289 


.0161 


3.8 


.0653 


.0664 


— .3475 


.0064 6 


.0261 


.0113 


4.2 


.1069 


.0359 


-.4617 


.0057 3 


.0218 


.0060 


4.6 


.1194 


—.0080 


-.4790 


.0056 2 


.0184 


.0014 


5 


.1101 


-.0318 


-.4723 


.00510 


.0151 


.0015 


5.4 


.0491 


-.0649 


-.2971 


.0046 6 


.0119 


-.0040 


5.8 


.0121 


-.0272 


-.1195 


.0035 9 


.0093 


— .0047 


6.2 


.0081 


.0182 


.0787 


.0014 5 


.0076 


-.0044 



The projections of the above orbits on the coordinate planes are given in 
Figs. 7, 8. and 9. 
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Orbits of Class B. 
EquUihrium point (a). 

£p,=e-''Y[6+e*.(— 1.20+1.20coB<n+3.95sm(TT)4- ], 

eg,=e-'^>[0.75e— e*(0.90+4.65cosffT+2.46 8in<rr) + ], 

p, =1.833+ ()6*+ , ff=1.68. 

TABLE 6. 
e=0.01, y=0.1. 



r 


€00% 


*v* 


«7P« 


•79» 





.0100 





.0010 00 


.000713 


.2 


.0094 


— .0088 


.0007 00 


.0004 77 


.4 


.0078 


— .0166 


.0004 90 


.0003 31 


.6 


.0053 


.0225 


. 0003 42 


.0002 31 


.8 


.0023 


— .0259 


.0002 38 


.000163 


1.0 


— .0011 


— .0264 


. 0001 63 


. 0001 16 


1.2 


— . 0043 


— . 0240 


.000113 


.0000 820 


1.4 


— .0070 


— .0189 


.0000 776 


.0000 581 


1.6 


.0090 


— .0117 


.0000 534 


. 0000 412 


1.8 


— .0099 


— .0031 


.0000 361 


.0000 289 


2.0 


— . 0098 


.0058 


. 0000 248 


.0000 203 


2.2 


— .0085 


.0140 


.0000169 


.0000140 


2.4 


.0063 


.0207 


.0000117 


.0000 0970 


2.6 


— .0034 


.0250 


.0000 0809 


.0000 0664 


2.8 


— .0001 


.0266 


. 0000 0560 


. 0000 0452 


3.0 


.0032 


.0252 


. 0000 0392 


. 0000 0306 


3.2 


.0062 


.0210 


.0000 0275 


.0000 0208 


3.4 


.0084 


.0144 


.0000 0193 


. 0000 0141 


3.6 


.0097 


.0062 


.0000 0136 


. 0000 0095 


3.8 


.0100 


.0027 


.0000 0094 


.0000 0065 



These orbits are shown in Fig. 10. 




X 



Fio. 10. 



EqmUhrimm PoUit* m tite PrMtm of Thrtt l»Wi>«. 



to» 



EfmUkrimm poimt {h) 



:e-**>[fH-^(0.69— 0.69 cos rr— 2.47 sin rr^ + ], 

=e~*>[0.40e+«*(0.2S+4.60 co8 rr+S.OT ain »t) + . . 
3.366+0^+ 5=2.61. 

TABLE 7. 
*=0.01, y=0.1. 



.1» 



r 


•^ 


*9t 


n^ 


ntt 





.0100 





.0010 00 


.0004 49 


.1 


.0097 


— .0103 


.0007 10 


.0003 70 


2 


.0087 


— .0199 


.0005 04 


.000234 


.3 


.0071 


— .0282 


.0003 59 


.0001 66 


.4 


.0050 


— .0345 


.0002 55 


.0001 17 


.5 


.0026 


— .0385 


.000182 


.0000 83 


.6 


.00004 


— .0399 


.000131 


.0000 58 


.7 


— .0025 


— .0386 


.0000 933 


.0000 398 


.8 


— .0050 


.0347 


.0000 670 


.0000 275 


.9 


— .0070 


— .0284 


.0000 481 


.0000190 


1.0 


— .0086 


— .0202 


.0000 345 


.0000131 


1.2 


— .0100 


— .0003 


.0000 178 


.0000 063 


1.4 


-.0087 


.0196 


.0000 092 


.0000 031 


1.6 


— .0051 


.0344 


.0000 047 


.0000 016 


1.8 


— .0001 


.0399 


.0000 024 


.0000 0087 


2.0 


+ .0049 


.0348 


.0000 012 


.0000 0047 


2.2 


+ .0086 


.0204 


.0000 006 


.0000 0026 


2.4 


.0100 


.0006 


.0000 003 


.0000 0014 



These orbits are shown in Fig. 11. 
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Equilibrium point (c). 

e|),=e~'''y[e4-6*(25— 25 cos <rt— 23 sin <tt) + ], 

«g,=e-'^Y[3.08«+c»(77— 56 cos (jt+31 sin or) + . . 
p,=0.475+()e»+...., <T=1.07. 

TABLE 8. 
6=0.01, y=0.1. 



•.], 



r 


C0t 


*y> 


«7P« 


•79. 





.0100 





.0010 


.0032 9 


.1 


.0099 


-.0022 


.0009 3 


.00317 


.2 


.0098 


— .0043 


. 0008 7 


.0030 6 


.3 


.0095 


— . 0063 


.00081 


.0029 7 


A 


.0091 


— .0083 


. 0007 6 


.0028 7 


.5 


.0086 


.0103 


.0007 2 


.0027 9 


.6 


.0080 


— .0120 


.0006 8 


.0027 


.7 


.0073 


— .0137 


.0006 5 


.0026 2 


.8 


.0066 


— .0152 


.0006 3 


.0025 4 


.9 


.0057 


— .0165 


.0006 


.0024 6 


1.0 


.0048 


— .0176 


.0005 8 


.0023 9 


1.5 


— .0003 


.0199 


.0005 4 


.0020 5 


2.0 


— .0054 


.0169 


. 0004 6 


.00171 


2.5 


— .0089 


— .0090 


.0004 2 


.0013 7 


3.0 


— .0100 


.0014 


.0003 7 


.0010 6 


3.5 


— . 0082 


.0140 


. 0003 


.0007 8 


4.0 


— . 0042 


.0183 


. 0002 3 


.0005 7 


4.5 


.0010 


.0200 


.00014 


.00041 


5.0 


.0060 


.0162 


.00012 


. 0003 


5.5 


.0092 


.0078 


.0000 8 


.0002 3 


6.0 


.0099 


-.0027 


.0000 6 


.00019 



These orbits are shown in Fig. 12. 
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Concerning the invcaicmt Theory of involutions of Conies. 

By Wayi« Sekssniq. 



^ 1. Introduction. 
The complete system of invariants of a single conic 

consists of four members: f=aly L=aly D=al^ and ii^. The complete system 
of invariants of two conies consists of twenty forms and this was derived first 
by (Jordan and was first published in Clebsch's *' Vorlesungen fiber Geometric/'* 
H. F. Baker derived the complete system for three, and incidentally two, 
conics.t Giamberlini has published a determination of a complete system for 
three conies, t 

The object of this paper is to derive and reduce in terms of the system 
of two conies al^ hi the complete simultaneous system of the involution 
K=al+kbl and the harmonic conic F= {a^xy. The complete system of K and 
F is expressed in terms of the complete system of the two base conies f=al and 
g=blj which determine the configuration. 

In Bochers " Introduction to Higher Algebra/' p. 164, it is shown that if 

two conies /, g intersect in four distinct points there exists a (non-singular) 

coUineation which will reduce / and g simultaneously into the normal forms 

given below. Note that the equalities hold only by virtue of the equations of 
the coUineation : 

al=ax{+hai+c(xij 6|=P^+g^+rrrJ. (1) 

In Table I, I give the well-known symbolical forms of the system of / and g^ and 
also the normal system which I have computed from these symbolical forms by 
particularizing the coefiScients of / and g^ respectively, according to the follow- 
ing scheme: _ _ _^ _ _T __ 

duo — ^101 — ^ou — ^9 ^200 — ^9 ^020 — ^9 ^ooa — ^9 

6iio=&ioi=&oii=0, 6200^^1 &020=9> 6oo«=^- 

Throughout the paper we have used the algorism for ternary transvection 
given by 0. E. Glenn in the Transactions of the American Mathematical Society, 

*Ct. Osgood, Ahrbicav Joubnal of Mathematics, Vol. XIV (1892), p. 262, ''System of two 
Simultaneous Ternary Quadratic Forms." 

fCamhridge Philoaophical Transactions, Vol. XV (1889-03), p. 62. 
tOiomale di Maiemaiiche, Vol. XXIV (1885-86), p. 141. 
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Vol. XVII (1916). • This algorism is analytical but it will suflBce here to 
describe the transvectant t of index ( !^] of the two forms 

where A and B are constants, as AB/(i times the sum of all terms gotten by 
forming in the product ^, in all possible {(i) ways, i convolutions of the type 
(hfix9 J of type {aibiu)y k of the type aj^^, and I of type (aijSirr). Then t is 
abbreviated as 

In deriving the system of K and F we have evaluated each member as a 
transvectant and then reduced each form to a rational integral function of the 
members of the fundamental system of al and bl , expressing each one in the 
form of a polynomial in k. These reductions were performed by means of 
the following fundamental ternary identities, and their modifications : 

(abc) d,— (abd) c^+ {acd) fe,— (bed) a^=0, 

b. 



(abu) {a fix) = 






Ua 

^0 



a, &, u. 



(2) 



The result for each case was then checked by direct verification, for the system 
of normal forms given in Table I. Table II contains the summary of the results 
of the reductions for all twenty concomitants in the system for K and F. 

In Table III of the paper we give the fundamental system of the involution 
al + hbl taken with a third general conic c* . All concomitants in this system 
are expressed as rational integral functions of certain forms of the system for 
three conies as given by Baker ; in fact in terms of the sixty-one forms of this 
system which are the simplest and therefore the most important in geometrical 
applications. This set of sixty-one concomitants is given below : 



Ft 

r, 

N 
0, 



pplications. Tnis set oi sixty-one concomitants is given below : 

f=alf g=bl, *j=(acM)», *i=(6cu)", Cii=(ocm)o,c., Cu = ibcu)b,c, ^ 
1 =aj>,{abu), Ai=a*y, At=b*y, ^,=c*, At=<^p, Ca=aya,y^y 
'M=&Ay«» C'tt=c.c.a,, Cm=c^A, C«=(aya;)a,y,, C«=(/?ya;)^,y,, 



0,0,^001*;, ^i=ay, ^t=Oy, -A«=c;, ^4=c],, 021=0^0,^,, 

(ay*)*, Fi=Hiyxy, C75i=c.c,y,(aya;), (7ej=CflC.y,((3ya;), 

OyfljiAayx), L"=yl, Ca=ayC^rui^<^^)f C»=byC^y,{bcu) , 
a.c.o,(octt), Cn=b,CfP,{bcu) , G,=o^c,o,c.(aya;), Gt=byCpb,c,(^YX) ^ 
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iJj z= {a'bc) (acu) {abu)alf R^= {ab'c) (bcu) {abu)bgj Si=^baCa{bcu)j 
8% =a0Cfi{acu)j Ss=ayby{abu)y Ti=6,6^.(aya?), 2',=6^6«y.(aya?), 
T,=ayaMPYx), T,=a^a,Uy{^Yx), T.^bybjA^yx), U^=baby{ayx), 
U2=apay{pyx), V=aJ),c^{abc)y W=aybyC^{abc)j Xi=byCj)^c,{ayx)f 
Xi = ayC0a,Cg(Pyx)^ Y={acu){abu){bcu)y Zi=byCaUaUy{bcu)f Zf=ayCfiUfiUy{acu)i 

where those preceding J are concomitants of two conies and those following 
J, of three conies. 

TABLE I. 
Normal System of Two Conies. 

1. / =aJ=ai*=ai'*=etc.=aa;J+6a^+crr5. 

2. g =bl=b'^^=b'J^=etc.=pxi+qxi+rxi. 

3. D =al=6abc. 

4. D' =fej=6pgr. 

5. L =al=2 (bcui+acul+abul). 

6. L' =i3;=2(griif+pru|+pgwi). 

7. * =(aJ,&I)S=(a&ti)*=(6r+cg)tiJ+(ar+cp)ti|+(ag+fep)uI. 

8. Cx =(a;,6J)S=(aM«.&. 

= (ag— 6p)a;ia?2W8+ (cp— ar)a?ia?s^2+ {))r—cq)x^u^. 

9. ^i«=(a|,i3S)S=a|=2(agr+6pr+cpg). 

10. Ct =(aj, j3;)oo= 0/5^x13^=2 (agra;iWi+6pra;,w,+cpgaiti,). 

11. Cg =(a;, 6J)w=afea^6.=2(6c?pa;itii+acgrr,u,+a6ra;8Wt). 

12. ^112= (aj, 6|)S=a6 = 2(6(?p+acg+a6r). 

13. C4 =(aS,i3S)S=(a/?ic)aj3, 

=4[cr(6p— ag)witi8ir8+6g(ar— cp)tiiW3a?,+ap(cg— 6r)%«,a?i]. 

14. F =(aS,/3S)S=(a/3a?)^ 

=4[ap(6r+cg)a?J+6g(ar+cp)a|+cr(6p+ag)a5]. 

15. C, =((4,feJ^,)?;=a,(a/3rc)6,i8. 

=4[agr(6r— cg)a;2a?8Wi+&jP»'(cp— ar)a?iait«j+cpg(ag— fcp)a?ia?2tt,]. 

16. Ce =(aI,fe*i85)JJ=a^(a6t/)M« 

= 2 [jp* (eg— 6r ) W2tig%+ g* (ar— cp) 'Mit4sa?2+ r* (6p— ag) tijWja^] . 

17. C7 =(a|a5,6^);j=a5(a6w)a^a^ 

=2[a*(cg— 6r)ti2t^sa;i+6*(ar— cjp)wit^a:,+c*(6p— ag)tiiWtai]. 

18. (7a =(aiaJ,/3;)J?=a^(ai3rc)a,a. 

=4[a6r(ag— 6p)a;ia?2W3+acg(cp— ar)a?ia;3ii2 + 6^p(&r— cg)avp,tii]. 

19. G ={fL,gU)\[=a0OL,{afix)aJ), 

=^[a^qr{br—cq)+b^pr{cp—ar)+c^pq{aq—bp)]XiX^x^. 

20. r ==(fL,gU)ll=a0OL^{abu)a^^ 

=^[p^bc{cq—br)+q^ac{ar—cp)+f^ab{bp—aq)]fiiU^UM. 
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§ 2. Reduction op the System of K and F. 

The complete system of K and F is obtained by forming and reducing the 
transvectants of K and F which correspond respectively to the transvectants 
of /, g required to produce the system of /, g (cf . Table I) . Thus a member 
of the system of/, g is ^={f,g)w- Hence the corresponding form of the 
required system is 

<i>'=(ir,F)S. 

I have not included in this paper all of the reductions which were necessary 
to produce Table II ; but only typical ones. The most complicated cases of all 
were C5 , G', and V. We add that the reductions for 3, 4, 5, 6 in Table II had 
been given previously.* 

The Form *'. 

^'={K,F)^=ial+kbl, (a/3)I)S=(a«, (a/8)J)S+ft(65, (a/3)J)S 
= {aa^uy-\-k{baPuy= (o„m^— OflUa)*+fc(6„Mp— 6^Ma)* 
=alu%+ a^ul — 2a„a0UaU0 + A; ( 6«m J + b^ul— 2 hJb^UaVf,) 
=DL'+^us!L— 2(oa'a") (o'a"t*)opM^ 

+ft [D'L+^mL'— 2 {hh'h") (h'h"u) 6„i«.] 
=DL'+ArJj—^DL'-\-h[D'L+AraL'—WL'\ 

The Form C',. 

C',= (al+2k{abuy+k*^^, {y^)l)To, where a=y and /3=«, 

= (al, {ymTo+2k[{ab)l,{rmVo+Jc*Wl, {y^)1]?o 

= (ay3)a,(y5a;) +2k{aby^) {abti) {yBx) +A:*(^y5)/3.(y5a;). 

1. iayS)a,iy^x)^iiayS)\{yix)a,— iaix)y,\ =i(ay5) [(ayi)fl?«— (ay«)i.] 
=i(ay5)*a;,— i(ayS) (aya;)5,. 

= [(a'o"o"')(6'6V^) — (a'a"o'^)(6'6"a"')][(a'a"a"')oi'— (o'a"a")o;"]«, 
= [ (o'o"o"')*a"oi^— {a'a"a"') {a'a"a'^)aYa7 

+ {a'a"a^''ya';'a':'-{a'a"a"') {a'a"a''')a'i'aV]K 
=D . a'^aVP-iB • oJX^|3.+i> • a'^' a':' ^-^D ' ayaV^,=iDC,. 
.'. {ayi){y^)a,=iDAjnU,—iDCt; since (ay5)*=*D^m,(/8y5)*=liD'uiut. 

*" Algebra of InrArianta," by Grace and Toung, p. 2V3, Cambridge UnivertitD Pnt, 180S. 
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2. (ahyi) {abu) (yi«) = (a^ftj— 0,6^) (abu) (a^x) =aj>fi(abu) (afix) 

—a^aiobu) (afix) =ajbp{abu) {a^x)—k, 
=|DD'«,— Jk,, since a.6p(a6i«) {ab'b"x) =a.6fl(o6ti) [b'ab'.—b'Jb'J] 
=a.b;'6^;(a6u) -aJ)'J>fb': (abu) = {aa'a") (o'a"6")0(».)6^; 
— {aa'a") {a'a"b')a^^^^bfb':=iDib"bu) {bb'b")b', 
—iD{b'bu) (66'6")6;'=iD(66"u) {bb"b')b',+^Dibb'u) {bb'b")VJ 

3. (/?y«) (y5«)i8.=l (/3y3) [ (y8a;)|3.+ {^yxM =i{fiyh) [ (y&r)/?.+ (iffy*)^.] 

-l(/3y«) [(i3y3)«.+ (i3j«)y.] =l(/3y«)*a;.+l(i3yS) (i3«a!)y.. 
i(i3yi) {^ix)y,=Ua'a'W) {b'b"p'x)a,=:Ha'^a'^-<»W)ih'^':-Kb';)a, 
= i [oi»oi'^i»&l'flt|, — <*fi><'^fib',b'^, — a'po'^b'iyb'Ja^ + olffl'lfi'^'l/i^ 

. • . (/?y8) (yair)i3.=}2)'ilu,tt.-§D'C?, . Ai=a^.(o6u) (a/Sa;) =iDDX 

+t«(|i)'^u,«.-tD'C,). 

TAe Form CJ. 

C}= j (a«+A;&:) (al+2&(a6);+*'/3!), (ai8)«.|S= {aJal, (a'/3):(2 

+2A;{o;(a"'6)l, (a^)l|S+**{aJ/3l, (a/?');fS+*{6;a!, («'/3):fS 
+2*«|6«(a6"')l, (a^mS+*'{6I/3:, (a/3');i2. 

1. \alfil, {a'fi)l\fo = (aa'/3) (aa'^tt)a/)t.= (aa;g) |aX-«.'/3.}«^. 

= — (oa'/8) a.,/3.a.a,= — (ao"'a") (a"'o"/3a) o/xj3, 

2. {a:(a"'6)« , (a/S)J}S = (^a^) (a$u)o.(o"'6i«) 

= (a:"6,-a;,"6.) (a^.-a.^.)o.(a"'6u) =-a'^'b,a^a,{a"'bu) 
+ap'bta^,a,{a"'bu) (Terms containing a'a'b^ vanish.) 
= (-^mC,+i^utC«— ii>C,) -\-iDCt=iA^Ct—AjnC,. 

For, aJ,"o^,6aa«(<»"'t«) — <»i"* ' «*^««»(o^w) 
= oi"a.6.a. I (o"'&tt) o,- (o6«) o^" f -o;i"a.6.a. [ (aa"'6) u<|- iaa"'u) b^] 
=^ibjt,up{aa'"b) [a^a'^'-a^a':'] - {bb'b") (6'6"a"') 6.a.a,(aa"'tt) 
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But, ata,aji„fl,Up — aj • a,w^(aa;/3) =aja,«p[(a^)aj— (aa;^)aj] 
»iaja,M(,r(aaa;)6^— (aa/3) 6,] =(66'6")(6'6"M)aja,(acuc)— ata,«^(aaj3)6, 
= — a.i,a,U0b,[apa^ — a'^ai'] =aa..ajO(iaf)0^6,«^ — aafajO(««,)6,tt^J,' 
=iZ) (fttto') o;6,«^— iD (6a"M) 6,ay«^= J7) (o6m) afi,Uf=%DCt . 

6. \h\(ah"')\, (aL?)\\fo = (oPa/9) {h^u)h,(db"'u) 
=iiluiCa — i-^m^4; * similar to 2. 

= Kb';bpKij>^,* • -b'jf'^bafi:h^,-b'^b':bffajb^^ + b'p.b':bafi:b^, . 

=iD'(6tt6')««[&«&.-6i6«] =iZ)'(6'6M)a,(r6ouc) 

Also, feir6;'&/»^.M.='* l)y &'-'6",and -b'Jb';b^'Jb^,=b'f,b':b^'Jb^^=Q. 
Hence jftJi^:, (a^')il?J=-iC'C?4. 

+*'(-ii)'C,). 

T^e Form <?'. 

G"= [ (aS+A6:) (a»+2&(a&)S+&*/3S), (a^)|(3aSo|i3«+36|6la:-2o«.6J(o6)nS 

=3a«aJ[(oX,(a'^)i/?;*)i;+2&(aJ(a"'6)«,(a/?)!i3:»)S+A;«(a«/32,(a^')l/3':*)S 
+fc(6X,(«'i3)li8:«)i;+2fc*(6;(o5"')S,(ai3)«^;«)i;+A:«(6I/3:,(a|3')«^:'*)i?] 

+36J6«[(aJaJ,(a'^)Ja:'*)S+2A;(aUa"'6)l,(a/3)!;a:*)S 

+A^(o;/S«, (a^')Ja:«)l?+A;(6«a;, (a'/S)la;'*)J?+2A^6«(o6"')!,(a|3)X*)}; 

+A^(6!/35, (a/3')Ia?)S]-2o||6K(o*«2. (a'|3)J(a^6)2)}? 
+2A(oJ(a"'&)«, (a/3)J(a'^6"');)S+**(a«^;, (a|3')J(a"'6)*)S 

+A;(6|ai, (a'/?)«(o6"')J)S+2*«(6J(o&"')J, (ai8)«(a"'6");)i; 

+ifc»(6:i8«,(a^')J(a&^)J)Sl. 
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=3oJaJ[a^(ao'/8) (ap'x)a,ia'fix) + 2kaf,(erbaP) (<F6/9'«)a.(a/9a;) 
+l^ap.,{^aP') (^P"x)a,{afi'x) +kb^{aa'p) {(tfi'x)b,{<i'px) 
+2ebiriah"'afi) (a6"'/8'a;)6.(a^«) +t»6^(/8a/3') {fip"x)b,{afi'x) ] 
+36J62[a..(oo'/?) {aa"x)a,{a'fix) +2i:a..(a"'6a/9) {a"'ba'x)aAafix) 
+ft»o..(/3a/8') {pa'x)a,{ap'x) +ft6.«(oo'/8) (aa"x)6,(o'/3a;) 
+2Jfe*6.,(o&"'o/3) (a6"'a'x)6.(a/8aj) +Jfc»6.,(/3a/8') (/3o'a;)6.(a/9'»)] 
— 2o;6J[ (aa^6) (aa'j3) (oo^6a;)o.(a'/9aj) 

+2fc(aa'''6"') (o"'6a/9) (a"'6a^'a;)a.(aj3a!) 
+Jfe*(oa"'&) (/9a/8') (/3o"'6x)o.(a/S'x) +A;(6a6"')(aa'/9)(ao6"'af)6,(a'/3a;) 
+2ft*(fea"'6") (o6^o/3) (^'€rb^x)b,{aPx) 

=3Z) Aj„[0+2k{-A^6) +Jc'{-iD'G) +k{0) +2ft«(0) +*»(0) ] 
+3D'^i„[0+2*(0) +Jk»(0) +ft(§DG) +2A^Uu,(?) +]fc«(0) ] 
— 2i)D'[— iD(?+2A(-i^u,G)+A:*(0)+A;(0) 

+2fc*(Uu,(?)+«^iI)'<?)]. (3) 
Collecting terms, 

G'- \iD*D'+k{WD'Aut—SDA]a) +Jfe»(6D'4fu— 4DD'Ju,) — IDD" • ifc»}a 

The calculations are shown below : 

1. o^(aa'/3) {aP'x)aAa'Px) =ia^a.{aa'^)[{aP'x)a'a^,-(a'^'x)ai^,] 

=io^(i.(aa'/3) (aa'o;) (|3'^a;) =ia,{aa'x) {^fi'x) [ {aa'^)fi:-{aa'fi')fi,] 
^iaAaa'x) (/3/S'a;) [(a'/3/3')a.-(o/S/3')a.,] =0. 

2. 6^(oa'/3) (a/3'a;)6.(a'/3a;) = (66"'fe'^) (6"'6"iM^)6.(ao'|8)(a'|8a!) 

=iZ)'(a;aa;), etc. =0. 

3. o...(aa'/3) (oa"a;)o,(a'/3a;) = {aa^d") {d^a'^c^)a, , etc. = 0. 

4. 6.,.(aa'/3) (oa"a;)6.(a'/3a;) =6.„(oa'/3) [o;,.o;'— oX-J 6.(a'/?a!) 

= 6.,, ( aa'/3) o;„a;'6, ( a'/8a:) —6.,, (aa'/3) aW^'b,{»'^x) 
= ia'a''a^){a''a^b) [aX-aX']o"&.(a'/3«) 

-iD&X'oi'^. ( «'/3^) -iDbpa'a-a'^b.ia^fix) + iDba-a'^a'^b, ( a'/9a;) 
=§PMi'ai'6,(a'/3a;) — f D(66'6") (6'6"xo')Mi'oiJ=I^G'— 0. 
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6. (ao^fe)(aa'/3)(aa^a;)o.(a'i3a;) 

= K^p-a'^a'^l (a'P-x) {aJ6.-oI6.| 0,(00^6) =a'a.a'^aJKia'^x)aXad'h) 

—a'^a'^alK (a-'M aAad'b ) -aX'oI&« ( «'/?») o, (aa^b ) 

+aX'o^6. (a'/3a!) a^aa^'b) 
=0- {a'a"'a'^) (a"'o"^ja'(,„..)ayM.(ao''6) -0 

+ {aya'^) (o"'a''^i£)fl'(;v)Oi&.0;(oo''6) 
= -iZ) (i§io"o^) ai'6,0, (00^6 ) + iD (fxa''a')a'^^,iaa''b ) 

= -iD{a'^aJ-a':a})a'^b,a,{aan)+^D(a}al-a:a'f,)a'fb^,{aa''b) 
= iDaX'a'fiaJb.iaa'b ) + iDaJaWpb^aAaa^b) 
=iDoX6,(oa^6) \a,a}-a^l\-\-^DaWfibAa<i'b) jajo.-aja^} 
=^Da':a';bX{oiXp) -iDaWfibXi^M = -il)G-iZ>(7= -iDG. 

6. {bab"')(aa'fi)iaaP''x)bAa'^(c) 

= (aX-a^O (a'/3a;) (aX"-oX')6.(6o&"') 

= a'^,a';aX'{<i'^x) b, {bob'") _0-aX'o,&;" (aW &.(6o6"') +0 

=2o;^yo.6;''(a'/3a;)6,(6a6'")=2(a'o'''o'^X«'''o"i^)o'(.''»'")«i'«A(6a&''') 

=z-lDa':b';'a';aJ)Abab"') = -f D (6"'6'6") (6'6"a") &;;;)O;'aA=0. 

7. o^ (^0/3) (a^/3'a;) o, {afix) = o^a. (o;"6^-oi"6.) (oi'/6.-a;"6^) (a/?a;) 

= a^g {a^x) [a'^'bpa'p-'b, — a'i'b(p!"b(f — a'l^'b^a'^b, + a'^b^a'^'b^'l 
= {a'"a'a") (a'o"/§^)o^'o^.6^6,-(a"'o'a") {a'a"fix)a'J'bfbpfaf^. 
-a';'b^a';;b,a^a,{,aM + {bb"'V'') {b'"b"a)bX"a';'a,iafix) 

8. bp.(aP'afi) (aP'fi'x)b,{a^x) - {bb"'b") {b"VxaP')b., etc. = 0. 

9. a^.{crbafi) (a^a'x)a,{a,3x) = {aa"'a^'') (a"'a'-^)o,(/3aj3') {a^'x) 

=iD(xfix),eto. =0. 

10. b„(aP'aP) (aP'a'x)b,(a^x) =b^bjifiTa,b7{.<i^x) 

=b'7b,a0a,(aftx) (bb"'a'a) =ia,b,afl(bb"'a'a) [ (a/3aj)o;,.,— (a'/3a!)o»m] 
— la.M/i(W^a'a) [ (a/3a')&i"— {axa')bp'] =0. 
. • . 6„(a6"'aj8) (aPa'aj)6,(a|3a!) = JutG'. 
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11. iaa"b"') (a"'6o/3) (a"'6o"6"'a!) o, (afix) = —iAjaG. 

For, {aa'^'b'") \a':'bfl-a';'K\ (ai3a;)o.{ (o"'o'^6"')6.-(6o"6"')o;"} 

= (oa'^6'") \a':'b,fi,iaM-a'i!'KaA<tM\ ](a"'o"6"')6.-(6a'^6"')o;"} 
(ao'^6"')a;"6^. (a/3a;Xo"'o"6"')6. = 

and (aa"6"')a;"6^.(a^a;) (6o"6"')a;"=0. 

But, — (oa"6"')ay'&.o,(o/3a;) (o"'a'^6"')6. 
= — iM,(ai3a?)6,(a"'a"6"')[(ao'^fe"')ai"-(aa"'6"')o7] 
= -iM.(a/3a;)&,(a"'a'^6"') [(oa'V")6;"+ (o"6"'o"')afl] 
=i(ao"'a")(o"'o'^6"')o,6.(a/3a;)Mr-i(o"'o'''ofe"')*M.o,6.(a/3a;) 
= — iJu.G'. Also (oo"6"')oi"M,(a/3a;)(6o"6"')o;" 
=loi"oX"(ai3a;) (ta"6"') { (aa'^6"')6.- (ao'^6)6;" j 
=K"oX"(a/?a;) (feo"6"') | (o66"')oi^-(a'^6"'6)a,f 
=io;"oX'oi''(a/9;^) (6a'^6"') (a66"') +i(6a"'6'^)«o.ai"aX'(ai3a;) 
=h{a'a'a"){a'a"fi) o'J,„»)Oi"oX"(a66"')=iC {^b"'b)a';'a,a':' (abb'") 
=iZ) { b';'b,-b':% ( ai"aX' (o66"') 

=iD (6"'6'6") (6'6"a"') 6'(;;,MxOi"-ii> (66'&") (6'6"o"') 6(»»,,)6;'a.a;'' 
= T»r PD' (a"'a6 ) o,a;"&.- A Z)D' (a"'6"'o) o;"o.6;" = 0. 

12. (ba"'b") (oPa/3) (oft^o^a;) 6. (a/3a;) 

= (ba"'b'^) j aj>';'-a^':' \ P^^, \ (aa"V^) b'J'- (6"'a"'6'^) a. 1 6. 
=0_0-(6a"'6")o^;"(a/3a;)(oo"'6")6;"&. 

+ {ba"'b'^)atb':'{afix) {b'"a"'b")ajb, 
= '-\b,b':'b':' (oL^x) {aa"'V'') \ (6o"'6'^)a^-(6a6'^)o;,"} 

+iaa(a/Sa;) (6"'a"'6")oA| (6o"'6")&;"-(&o"'6"')&r( 
= -iMi"6;"(ai3a;) (ao"'6'^) j (6a"'o)67+ (o"'6'^a)&<,f 

+ia^(a/3a;) (6"'o"'6'^)a.6.{ (66"'fe'^)o;"— (a"'6"'6")6.} 
=0+0+0+i(a"'fe"'6'^)VA6.(a/?a;)=i^i„G. 

13. ag.,(Pa^') {^^"x)a,ia^'x) =af,,\b:b';-b'g,b':\\b'p,.b':-b'J>';.\ {fi'xa)a, 

=0— Ofl^.6X(6"6"'6'^) (6"'6'^^)6;:, 

—af^.a, ib'b"'b") ( 6"'6"^) 6;.-6;'6;' + 
= — i o^,o,6;6;D' (xa^") -i ap.,aXK'D' (xafi" ) = -§ D'G. 

14. b^ifiafi') (/3|3"a?)6,(ai3'a;) = (66^6") {b''b'''^)b,{^afi') {afi'x) =0. 

15. a^(fiafi') i^a'x)a,ia0'x) = iaa"'a''') (a"'o'^^)a,(/3a/S') (a^'a;) =0. 
16 
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16. bA^afi') {^a'x)h,{afi'x) =K> \Kb';-b'yb': \ {b^-b'J-bXA (^'xa)b, 

=0- ib"b"V) {b"V^) b'^b'XbJb,^ 

— (b^'b'") (b"'h"xa)b'^Kb':b,b^-[-^=—iD'(x(i<i:)b'Xb,b^ 
—iD' {xaa' ) b':b'Jb.b,. =—12)' {aa'x) bab^b'J>, 

=-§2>' ia'^a':-aW:')b'J>^bJ>: = -| D' {a'a"'a''') (o"'o"6) a'(^,»o<»i'Mi 
+f D' ia"a"'a''') ia"'a^''b)a'{^,aobXb',=—iDD'{ba"b')bJb',a'J 
+iDD'ibb'a')bJ>',a',=0. 

17. {aa"'b){^a^')ipa^x)a,ia^'x) 

= {aa"'b) {a^'x)a,\b'J>';-b'p,b':\ \a'J%-a';'bJ 

= (ao'''6) (a^'a;)oJ6;6X'&/»-W'oi''6.-&^&X''«'/i+&i'&X'&.{ 
= {b"b"'b") ib"'b'^xk)b'^,i^a::'bXiaa'"b) 

- {b"b'"b") (&"'6"^)6'(;,„»oMX(o«"'&) 

- {6'6"'6>^) (6"'6'^^) 6'(»«»)0r fr;'a. {aa"'b) 

+ ib'b"'b") (6"'6"^)6;»-,,„oM;'o.(aa"'6) 
-iD' (bb'x^) bla,a'J' {aa"'b) —iD' {a"'b'xi) 5,6;o,(oa"'6) 

—iD'{b"bxa) b':a,a'," (att"'b) +iD' (6"a"'«a) 6.6;'a.(oo"'6) 
= - § D' { a;"6;-a;"6: ( 6,&;o. (oo"'6 ) = -| D'b'*a':'b,aAaa"'b ) 

+iD'a':'b:bXaAaa"'b) =iD'{a"'a'a") {a'a"b')a[^Xbsa. 
=iDD'{b'ba)b',b.a,=0. 

18. (6o6^)(i8a/3')(/3o6^«)&,(o/8'a;) 

= (6a6^) {fib^x)bMb';-b't,b':\ \a'p,a':-a':^'^\ 

— (6"6"'6»^) (&'"&' V) 6'(;»o*X&I (&<»6^) 6. , etc 
=i2)'(a'6^6')6;o;'oA(6o6^) -JD'(a'a6')6XW6.(&a&^), etc. 
=\D'a'la.bM'b^b')\{Tbab'')b'^—{,bab')bl\-^, etc. 

=iP'o;'oA(a'6''6') [(a6''6')&.-(66''&')a.]. etc. 

=iP'o;'aA(«'&^6')(«&^6')6., etc. =4D'a;'a.6,oi<»^.. etc. 
=AD'a,6,a^,[ai'a^— aia^'], etc. =AD'a,&,«^a(ai3a;), etc. 

= AJO'G + AD'(? + AD'G + tVD'G = i D'G. 
Combining these results as in (3 ) we obtain Q'. 
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TABLE n. 
System of <+»;. («^«)*. 

:««+2i(«fcii)«+i«^:. 

:| \3DAj^,+3D'Au^—2DD'{abuy ! . 

•kDL'+A,JL+k\iD'L+AuJL'[. 

♦ \3DAl,+DD'A,a+i^i^D'A]a+DD'Aja) \. 
:, }3PulM<7,+l>I>'C,+i(3I>'^u/7,+Z>i>C) }. 

+i"(|D'^B,«.-|2)'C,). 
ADAja+^iiDD'+AatA^) +**• tiy^m. 

:♦ [3D^«C,— 2PD'C,+6*(DJa,C,-D'^„/7,) 

— f (SD'JutC*— 2DDC) ]. 
14. F* =*^3DilB,F+2DI)'-in,f— |D»D'p 

+V{ZD'Ajj^+2DD'Aja9— iDD^'f) |. 

15. c; =%\2DiyAafi,+%iyD'Ct 

+2k (ZD'AlJJt+DD'Artfit—ZDAltfi^—DiyAnfit) 

+1^{'-WiyAr^t-%DD'*Ct) \, 

16. C; =|}3Dilii<7«— 2DD'J«,Cr— 2)i)'.ln.C?«+|i>'D'C, 

+*(— 3P'^L,C4+2DD'Ju,C,+DDMmC.— IDD'V,) | . 

17. C, =iDCt+h(Ajj/Jt—2AjnC7+%DCt) 

18. C; =*{3i)il«C,-|0»D'Ci+t(6D^i,C,— 4DD'^u,C,+2DD'C,-3Z)^»C,) 

+A*(|2)i)'*Ci~8D'JuiC,) f . 

19. 6' =*|tO«D'+i;(4i)D'^ut-6i>il?«) 

+Jfc«(6D'iiL,-42)D'J„)— |DZ)'« • if}©. 

20. r =|{|D*D'+Jfc(4Di)'il,a-6P^!it) 



L 


K 


2. 


F 


3. 


(Ly 


4. 


{L-r 


5. 


{DY 


6. 


{lyy 


7. 


V 


8. 


Ct 


9. 


Am 


10. 


c. 


IL 


C^ 


12. 


^» 


13. 


c; 
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^3. Systbm of al+kbl, c|. 
TABLE m. 
{al-\-khl,cl)i{ in terms of the system of Baker. 
<D" = {al+kbl , c|)S =<D,+**i . 
C[' = {al+kbl, cir^=C^+kCn. 

C;' = {al+kbl, yiy£=Cn+kCn. 

C; = [oil+2k{ab)l+k*^l,cl]fo=C„+2kM+k*Cu. 
A[U=[<tl+2k{ab)l+1^^,,c^,]^=A,+2kN+1^At. 

C: =[al+2k{ab)l+k*^„Yi]^=C„+2k{0^-Ot)+J^Ca. 

F" = [o!+2ft(a6);+A;«/3;, Yi]'Si=^F,+2k{A^-2P+AJ) +**F,. 

C'^ = [al+2A:(a6);+A!«/S», dlyl]f,=Ctx+2k{Q^-Q,) +A«C7«. 

C;' = {al+kbl, clY\y^=C,,+kC^. 

C\' = [ (a«+A:6I) (a!+2A;(a6)«+ W), c^JJ 

=C«+A(2Bi— iSiJ+20,) +il;*(2fi|--8'r7+20«) H-**C«. 

Ci' =[(a«+«;6|)(a«+2A;(a6):+*«)8:),y«]S? 
=C5,+ A (2^Ci-2/iS',+3ri-r,-Jl7i) 

G" = [ (al+Afc!) (a!+2A(a6)»+fc*/3*), <^ylV^ 

=G^+k[2AiV-2fW+X{\ +k*[-2A^V +2gW +Xt-\ +*»G,. 

r" =[{al+kbl){al+2k{ab)\+T^^l),cly\\f, 

=Vt+k[2A^Y+SJj"-2St<lft+Zi-\ +Jb»[~2^,r-flf,L"+ 2/S'A+Z,] +*»r, . 



Naie on SemimMaiants of SyMtenu of Partial Differential 

Equations. 



Bt a. L. Nklsoh. 



1. Introduction. 

In the discussion of the projective differential geometry of a geometric 
configuration hy means of Wilczynski's method, one of the necessary steps is 
the construction of a fundamental set of seminvariants, that is, such a set that 
any seminvariant whatever may be expressed in terms of them and their 
derivatives. In the cases where the completely integrable system of partial 
differential equations employed has one dependent variable, this construction 
has been accomplished by the reduction of the system of equations to its 
canonical form, the independent coefficients of which form are the fundamental 
set required. Let us illustrate the process by the case of plane nets/ The 
completely integrable system of equations for this case is the following : 

y-=ayi.+6y.+cy, y-=a'y.+6'y,+c'y, y^=a"y.+b"if^+C'y. (1) 

The transformation ^^ /o\ 

y=^y (2) 

yields a new system of equations of the same form as (1), with the coefficients 



5_« 2^. 


F=6, 


5'=.'- |. 


F'-5' ^. 


a"=a", 


l"=b" 2^' , 



c =c +a ^+h ^-Vi 



(3) 



The integrability conditions enable us to find a function p(t4, t;), such that 
p^=a+b\ Pp=(i'+h'\ We find also that under the transformation (2) 
these combinations become 

K^Pn—^-^f F=Pt— 3-jJ. 

* Cf . E. J. Wilcsjntki, •* One-Parametor Families and NeU of Plane CurTes/' rrant. Am^r. Math. 
8oo., Vol. Xn (1911), pp. 479-610. 
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If, theref ore, % be so chosen that 

we get the special nnique form of (1), which shall be indicated by capital letter 
coefficients, characterized by the relations -4+-B'=0, A'+B"=0. This is the 
canonical form of (1). We list its coefficients for later comparison. 



A =U a— 26'), B =6, C =c +|a* +ia6'+ia'6 +^66" 

A' =i(2a'— 6"), B' =i(2&' — a ), C =& +|aa'+*a'6'+t6'6" 

-HV'—ia,—\K, 

A"=a'\ B"=l{ h"—2a'\ C"=c"+*b"*+ia'6"+K'6'+4aa" 

-\V: -^a:-\a'\ 



(4) 



Only seven of these coefficients are independent. They are the fundamental 
seminvariants. For, consider any system of equations of the form (1 ) , to which 
we shall refer as (5), and any other system (f ), obtained from it by any trans- 
formation of the type (2). Let (s) be reduced to its canonical form {8)j and 
(f ) to its canonical form (T) . The coefficients ot {8) are the same combinations 
of the coefficients of {s) as the corresponding coefficients of (T) are of those of 
(t). But, since the canonical form is unique, the corresponding coefficients of 
{8) and (T) are identical. Hence they are seminvariants. Moreover, any 
seminvariant whatever, /, is a function of the original coefficients of (5), 
t. e., /=/(a, hj . . . ., c"j a^, a,;, . . . . ). Since it is a seminvariant, it must be 
identical with the same fun 3tion of the corresponding coefficients of any system 
of equations obtained from {s) by a transformation (2). In particular, 
/=/ (Aj By • . . ., C'% A^f A^j ....)• Therefore / is a function of the seven 
independent coefficients of the canonical form and of their derivatives. Hence 
these coefficients are a fundamental set of seminvariants. 

The determination of this canonical form depends upon the ability to find 
such a function p. Oreen * has shown that this can be done for completely 
integrable systems with one dependent variable and n independent variables, 
provided certain conditions are fulfilled. However, the expressions for p« and 
p, , which, with their derivatives, must occur in the coefficients of the canonical 

*G. M. Green, "The Linear Dependence of Functions of Several Variables, and Completely 
Integrable Systems of Homogeneous Linear Partial Differential Equations," TronM, Amm'. Math, i9oe.« 
Vol. XVU (19ie), pp. 483-^16. 



NsLBOv: Semimvariants of Sjfstefns of Partial Differential Equations. 125 

f omiy are not always simple, and as a result the semin variants which come from 
this regnlation method are sometimes rather complicated when expressed in 
terms of the original coefficients. We proceed to indicate how (in most cases, 
at least) an alternative set of simpler seminvariants may be computed. 

2. The Effect of Transformation (2) in the General Case. 

We assume that the completely integrable system of equations (corre- 
sponding to (1)), to which we shall refer as (1'), has one dependent variable, 
y,* and ii independent variables, Ui^ . .. .^u^^ {n>l). It will then consist of 
a certain number, p, of equations which express certain p derivatives of y in 
terms of q chosen derivatives (which Green has called the primary derivatives) . 
Let us also assume that among the q primary derivatives are none of order 
higher than the order of the lowest of the p derivatives in the left members of 
the p equations. 

The transformation (2) gives rise to the following expressions of the 
various derivatives of y in terms of the derivatives of y. 



where 



yu,=^V.t+KVf (♦=!» 2, — , fi), 
I 

I i^i a^-^-'-^'-y 

^''' " p, I (if-Pi) I ^^ ^4'...i; " ^tl^ . . . . du^ • 



(2') 



If we substitute (2') in the system (1^), and arrange the resulting equations 
proi)erly, we get a new system of the same form as (!'), in which the dependent 
variable is y. The coefficients of this new system, which, in collected form, we 
shall refer to as (3'), are equal to the corresponding coefficients of (!') plus 
linear combinations of fractions whose numerators are derivatives of X, and 
whose common denominator is X. Each coefficient (3') receives additional 
terms from those y-derivatives in its equation which come by differentiation 
from the y-derivative belonging to this coefficient. (Thus, for example, in (3)> 

F% the coefficient of y^, can receive only one additional term, — -r^, which comes 

At 

from y^; c" receives one X-fraction from each of the derivatives y«» yvt j/nf ) 

*Thl» Msnmption is merely for the sake of eimplifying the discuMioD. The proceee may be readily 
exteaded to eo^er tlie caaea where the number of dependent Tariablee it greater than one. 
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We arrange these coefficients (3') in classes as follows: In the zero-th 
class shall be placed those coefficients in each row which are coefficients of 
those primary derivatives having the same order as the derivative in the left 
member of the equation belonging to that row. The t-th class shall consist of 
the coefficients of those primary derivatives in each row of order i less than 
the derivative in the left member of the equation belonging to that row. (Thus, 
in table (3), the coefficients in the first and second columns are of the first class; 
those in the third column are of the second class.) The zero-th class coeffi- 
cients, if present, must be seminvariants, since their j^-derivatives can not 
yield by differentiation any other j^-derivative in their equations. The first 
class coefficients will be altered, if at all, by the addition of multiples of 
X-f ractions of the first order, the coefficients of which X-fractions are integers 
or integral multiples of zero-th class coefficients (3'). In general, the i-th 
class coefficients will be altered by the addition of linear combinations of 
X-fractions of order not higher than i. Each one of the coefficients of these 
X-f ractions will be an integer or an integral multiple of some one coefficient 
(3') of classes to i— 1. 

3. Pseudo-Canonical Forms of (V). 

Now it very frequently happens that under suitable restrictions we may 
make n first class coefficients (3') vanish by a proper choice of X. For example, 
in (3), under the assumption a«=&^, we might have made a'=P=0. Or we 
might have made a=P'=0, provided a^=b'^. If we can do this, under the 
necessary restriction the new form of the completely integrable system deter- 
mined by this choice of X is unique, because of the nature of the equations in X. 
We shall call this unique form a pseudo-canonical form of (V). Moreover, 
the necessary restrictions are always seminvariantive ones. For, consider 
certain n such first class coefficients, 

a<=a<— ft,-g^log X, (t=l, 2, , n), (5) 

where the k^ are at worst integral multiples of seminvariant coefficients of (I'). 
In order to choose X to satisfy the equations 

a,— A,-g-log;i=0, (t=l, 2 n), (6) 

the assumptions necessary are 

^(f)=^(f)- <'>'=i>'' »)• <^> 

which are easily seen to be seminvariantive from (5). 
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Let OB aasnme the neoestory restrictions (7) and choose X in accordance 
with (6). However, there is a precantion to be observed in substituting for X. 
Whenever a cross-derivative, 

4 • ^ ^ <^^' »^»* *^^ P's^O), 

X au^ du^ 

occurs, equations (7) afford us a choice in the substitution. We must, 
throughout a coefficient (3'), replace such cross-derivatives by the proper 
derivatives of the same members of equations (7). The reason for this pre- 
caution will become apparent in the next section. Then, since the restrictions 
are seminvariantive, and since the pseudo-canonical form is unique, the 
coefficients of this form are seminvariants, by precisely the same argument as 
was made in Section 1 for the coefficients of the canonical form in the case of 
plane nets. 

4. The Coefficients of a Pseud o-Canonical Form are a Fundamental 

Set of Seminvariants. 

Now, if the restrictions (7) be removed, the pseudo-canonical form will 
no longer exist, hut the combinations we have obtained are still seminvariants. 
For, let us form the same combinations of the coefficients (3'). If we do this 
under the assumption (7), of course all traces of X will disappear. That this 
must also be true without these assumptions is evident from the following 
considerations : 

Let any one of these combinations be denoted by /(o, 6, ). It is 

composed of coefficients of (1') of various classes. However, from the nature 
of the choice of X, the only derivatives which appear in /(a, 6, . . . .) are 
derivatives of coefficients of the first class. Now, let us form the same com- 
bination of the coefficients (3'), /(a, &, ), and examine the resulting 

expression. It may acquire derivatives of coefficients of (!') only from the 

following sources: 1. Those derivatives which appeared in /(a, 6, ) will 

remain. These, as we have noted, are derivatives of coefficients of (!') of the 

first class on]y. 2. Those arguments, a, F, , which are of the first class 

(whose expressions are given by (3')), may have as coefficients of X-fractions 
zero-th class coefficients of (!'). Hence, when the expressions (3') for these 
arguments are substituted in /(a, 6, ....)» the resulting expression may con- 
tain derivatives of these zero-th class coefficients. It thus appears that the 
only derivatives of coefficients of (!') of any class except the zero-th which 
17 
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may occur are those from the first source. Moreover, we have taken the pre- 
caution that among these derivatives in /(a, 6, . . . .) shall appear only one 
member of any of equations (7) and its derivatives. Hence, if we collect the 
expression resulting from substitution of the values (3') for the arguments in 

/(a, &, ), the collection being with respect to the ^fractions of various 

orders, no one of these fractions may have as coefficient an expression which 
vanishes by virtue of assumptions (7). Therefore, since in the resulting 
expression all terms in X cancelled under assumptions (7), the same thing 
must happen without these assumptions. 

It is to be observed that in a pseudo-canonical form, there are pq — n non* 
vanishing coefficients, precisely the number of independent coefficients in 
Green's generalized canonical form. Moreover, these coefficients are inde- 
pendent, since no two arise from the same coefficient of the original system 
(1'). From this it may be argued that the seminvariant coefficients of a 
pseudo-canonical form are a fundamental set. 

5.* Seminvariants Arising from Cross-Derivatives of log X. 

In certain cases there is a lack of definiteness in the formation of semin- 
variants by the process outlined above. As mentioned previously, whenever a 
X-fraction involving a cross-derivative of X occurs in a coefficient (3'), either 
member of the proper equation of (7) may be used in forming the seminvariant 
corresponding to this coefficient. Indeed, certain expressions of the type 

d 



m 



dUi \kj dtif \ki/ 
m+n 

may be used instead of -^ l-j^j or ■^— (ir) • 

A coefficient of the type in question may be put in the form 

ao+ S a^^'^^D^^'^^+sum of terms of type aD li i.,(Zi /^ = 0, 1, ), 

where jP<<^/^b logX. Let us denote one of the possible substitutions for 

D«.i) by [Z)^*'''], and the other by \D^*'^^\. We wish to find what expressions 
of the form 

^"'''■' m">»+r«./> > (m"'^'+H«.^':/=0), (8) 

* Section 5 wm added at Profeetor Wilczyneki'f tuggestion. 
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may be used to replace D^*'^\ We shall find it convenient to use the notation 

{m Pi PmJJ Qx QnJ^mPi Pm[lJ Qi 9i.J +n fl Pn\lJ Qi «» [ , (H) 

and it is easily verified that 

(jf«W)X)(U))^^= (M<»w)x>(<,/)) ^ {Mi';W'^'), etc., (t, ;, k=l, . . . ., n). 

Now, if we denote by 6=6+66 the same combination of the transformed 
coefficients (3') as 6 is of the original coefficients of (1'), we see from (5) that 
JS^=[D'''^']-D''''\ }i)«,/>j = jx>(U)} _/>(.•,». if^ therefore, F«''^ is to 

replace D^^'^\ it must happen that 

SFV\in+ D^k^ u=0, (/i, ....,i,=0, 1, ....). 

In order to compute bF h <» , let us successively differentiate the 
equations 

which result from (8) and (9). We obtain 






= S a)-(jrj(il/p> PnDk^U^.y 

*] • • • • *|f w) • • • • W|| / 

From these equations 

fPi"0 , fi 
2 (fe)--(fc)(MjP. .,P.Dj^:...|.-P.) 



-t S* (fc)--(jf.:i)U'.:i)"({r.)(»»^""+»»"''')'> /-/.« '■J^?-'-.'' .'.- 

_ • ■^* "^ * r m-TM. B-i. t»X»»»i1lg«,l Wffi....**!! ■•1 •••• •»«••••»» 

-'"■''2"''"(Ji) ■•(fc)(m"-'>+n«'^')^p. ^p.Fj-P.j.-P.r, 



X«77) 



and F k in will have a similar expression with m^^''\ n^\ M^'\ D^^^ and 

F^, replacing »»"•'', n"-", If"-'*, D"''* and F"'", respectively. Use of the 
relation 
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gives us, after considerable labor, 






n \i'r'' (m''>^'+n'''^')Px P..X P..i p. 



Pr^li • •••» ir 

I7f* " -t-7« I ._ 



(b) -2 L (k) •(p':::)(^::;)-(;:)« — ^»./.r":;'y 



p;=v;::;:; /: ( m^'' ^^ + n^^* '^ ) Pi p« ., ^ 

(e) - 2 (A) ■<;:)» ^.u,+„,j;; ■- -ft^..-,. 






(10) 



P|-**ly • • • •» If 

n r »« 



vu; ^^^ ^u \p,; Vp..,/Vp,>i; Vpj niF^ +nF^ 

(hF k-Px I* U-Pn + D li-Pi h k-9m) 

V| • « • • Vf • • • • *i|| V J • • ■ • tt^ • • • • *>|| 

Pi — 1» • • ••» M 



p;,-V".V.Vu (»n"''*+n"'^') p, p. «.n rt ft 

(e) - S (p';)-(^:)' 7^ j'v'' (SF^^-P. i.-P.+D't-p. «.-P.). 

|W<»»/>-J-^^»W) ^ til U, til Mn ' 



TTTT 
+ 

It is evident that (a) will vanish if 



is, f) a, i) 

m Pi pn n Px pm 



^m^"*+i^^ "" m^'' *'+ n" *■' '^ ""^ (Pi — 0, ,/i; ; p»— 0, ,i^). (11) 

The conditions (11) imply 

(m'''^'+n'''^')px ^P. 
^ ^«,i) I ^j('.i) ^ ^^ (Pi=0, . . . ., hi . . . . ; Pii=0, . . . ., /,), 

so that (b) and (c) vanish as a result. Moreover, (11) also imply 

SF ix-Px I. '.-p. + jD ix-Px I. '.-p« =0, 

(Pi=0, ,/i; ; p»=0, . . . .,?^; except that not all p's=^0; 5=1, . .. .,^)f 

by virtue of (10) for successive values of the Vs. Hence (d) and (e) also 
vanish as a result of (11). Therefore, a sufficient condition that F^*'^ may 
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replace [D"*'*] or |Z)^''^^j in any seminvariant without affecting its seminvari- 
anccj is that for each pair (t, j=:l, , . . ., n; <<;), 

a, D a /) 

n% 9% Pn tl Pi P» 

he seminvariantSf where l^ is the highest order of a derivative of [D^^*^^] 
{or \D^*'^\) with respect to u^ (r=l| ...., n) occurring in the original 
seminvariant. 

6. Application of the New Method to Special Cases. 

It should be noted that while we have indicated a large class of expres- 
sions which may be used in the place of [Z)^'*'*] or j-D^''^*}, if we wish the 
simplest set of seminvariants we will set m^^''^ = l, n^*'^=0, or m^*'^=0, n^*'^^ = l. 

Let US now illustrate this method of computing seminvariants by the case 
of plane nets. We assume temporarily ai=6i, and take XJX=h\ 7.J'k=a'. 
Substitution of these values in (3) yields the fundamental set of seminvariants 



It • 



A^ =0—26', Bi =6, Ci =c +afe'+a'6— &;— fe'*, 

A\ =0, B\ =0, C\ =& +a'&'— 6;, or c'+a'6'— a;, 

A'^= a", 5i' = 6"— 2a', C[' = c" + a"h' + a'fe"— a;— a'*,* 



(12) 



which are considerably simpler than those of (4). A further advantage of 
the new process over the old becomes evident when we discuss the invariants 
of (1). Of the seminvariants (4), only two, A" and B^ are invariants. Of 
the seminvariants (12), five are invariants, viz., those just mentioned and in 
addition Ci=®, C[=K (or JET), Ci'=6". That this advantage can be guaran- 
teed in general, however, is not evident. The simplicity of the new process 
might perhaps give it a better chance than the old to yield a larger number of 
seminvariants which are invariants as well. Another pseudo-canonical form, 
viz., that determined by A.«/X=ia, XJ%=\h"^ yields a fundamental set of 
seminvariants which are simpler than those of (4), but not quite so simple as 
those of (12). Only two of these are invariants. 

In the case of conjugate systems of curves on a curved surface,! the new 
process (for a certain choice ot X) gives seminvariants which are very much 
simpler than those given by the regulation method. Moreover, three of the 

* It happeng that Cx and Ox" maj be ttill further timplified by use of the integrability conditions. 
fG. M. Qreen, American Joubival of Mathematics, Vol. XXXVII (1915), pp. 215-246. 
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five are seminvariaiitSy as against one out of five for the old method. In the 
case of developable surfaces,* besides yielding simpler seminvariants, the new 
method gives two invariants, while the other gives none. 

It seems evident that the method we have outlined will be of even greater 
value in the cases of higher dimensional configurations. For example, the 
simplification due to the new process for the case of curvilinear coordinates 
in n dimensions f is seen by noticing that it would replace, for every i, 

by some single coeflScient aj^'^. 

Ann Abbob, Mich., January 2, 1918. 

* W. W. Denton, Trana. Amer. Math, 8oo., Vol. XTV (1913), pp. 176*208. 

t G. M. Green, " The Linear Dependence of Function!," etc. loc. cit. Of. especially Section 7, and 
equations (21). 



On a Method for Determining the Non-Stationary 

State of Heat in an Ellipsoid. 



By Bibhutibhusan Datta. 



Introduction. 

1. The first writer, who attempted, with some success, the problem of the 
determination of the non-stationary state of heat in an ellipsoid with three 
unequal axes^ was E. Mathieu,* who showed how the problem could be reduced 
to the solution of certain ordinary linear differential equations. But he found 
these equations to be so unmanageable that he contented himself with approx- 
imating to their solutions for the special case of an ellipsoid of revolution. 
Prof. C. Niven improved upon the results of Mathieu in certain respects in an 
interesting memoir, f entitled ^^On the Conduction of Heat in Ellipsoids of 
Revolution.'' 

In the present paper, I propose (1) to obtain the chief results of Prof. 
Niven by an entirely different method, and (2), to show how this method can 
be applied to the case of the ellipsoid with three unequal axes, to obtain similar 
results which are believed to be new. It may be noted here that, in Art. 6, 1 
point out a mistake in Prof. Niven's memoir. 

Preliminary Remarks and Definitions. 

2. Let the initial temperature of the ellipsoid be f{x, y^ z) and let its 
boundary, viz., — i + "f? + 72 =1> ^^ maintained at temperature zero. Then 
the required temperature V{Xj y^z^t) is such that 

dV _ a«F d^V d'V 

~dt "d^^W'^'^' ^^^ 

^ CowTB de phyique maiMmaiique, Ch. IX. f ^^*^ Tram.t Vol. CLXXI (1880) . 
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the units being so chosen that the diffusivity is 1, 

V=0 on the boundary, (2) 

V=f(x, t/, 2) when t=0. (3) 

Thus V can be expressed as a sum of terms of the form i4e"^*W(a?, y, «), 
where the normal function W satisfies the equation 

d^w d^w yw __ 

and vanishes on the boundary ; and the constants A are so chosen that the 
initial condition (3) is satisfied, so that f(x^ y^ z) =S^TF. 

When a=^h=c so that the ellipsoid becomes a sphere of radius a, an 
appropriate normal function is 

S'^(Xr)P;r(cos 9) cos t»^, 
where _ 

S,(a;) = (-l)-^|a;-*J,^j(a;), P:(cos e) = sin-e^, /ti beingcosfl, 

and X is a root of the equation S^{ka) =0. Throughout the present paper I 
will represent by W^ the normal function corresponding to the function 
/S',(Xr)Pr(cos d) cos m^y and denote TF2 by W^. 

I proceed now to obtain the functions W of various types. 

TFo For Ellipsoid of Revolution. 

3. Let e denote the eccentricity of the ellipsoid, then neglecting e^ and 
higher powers, the equation of the ellipsoid can be written as 

r=ajl— ie*+ie*P,(cose)}, i.e., r=:a(l+cP,(cose)), 
where a=a(l— ^e*) and e=ie^ Now assume that 

W^=S^('kr) +BtM,S,{Xr)P,{co% B), 

M^ being an unknown constant to be determined. Then, evidently, TFo satisfies 
the partial differential equation (I) ; and to satisfy the boundary condition we 
must have 

0=S'o(;ia)+fa^^^^P,+ffa/^,(a,a)P,(cose), 

Col i»i 

since ^ and higher powers are neglected. This equation must hold for all 
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valnes of cos 6. Therefore, equating to zero the coefficients of the various 

zonal harmonics, we get 

So{^) =0, (1) 

M^,{Xa)+a^^^=0, (2) 

and all the other M's are zero. Hence the required expression for Wo, in 
terms of a and e, is 

^ dSoiXa) 

Wo=SoiXr)'-'ie^-^^^S,{Xr)P,{coBe), 

where X is given by the equation (1). But the general solution of the equation 
(1) is known to be 

i being any integer. Hence 

Xa:=:in+iine^. 

4. In order to obtain a closer approximation to Wo , we will retain e^ and 
neglect the sixth and higher powers. Thus the equation of the ellipsoid is 

r=a[(l-|e«-f,0 + (|e«+iOP,+ 3^,6*P,], i.e., r=i3[l+(xP,+TP,], 

where fi=a{l-\e'-^^e'), a=\e'+'ie\ and T=i6*. 

Let us assume that 

dSoJXa) 

Tro=5o(Xr)-|e«--g-|^ 

N^ being an unknown constant to be determined. Expanding by Taylor's 
Theorem, we have 

Soi^r) =5.(^/3) +/?^^^ (ctP.+tP,) + h^^^^ (<xP,+tP,)«+ 

and 5,(^r) =iff,(;i/?) +i3?^|^ (aP.+TP*) + ...., 

when r=^(H-arP,+TPJ. 

Again (P,)*=yP4+|P.+ i. 

18 
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Hence we must have 

0=-So(;i^) +/3?^^ (aP.+TPJ + liS'^^^M) [||p,+ » P.+ i] 

1-1 

This equation must hold for all values of cos 6. Therefore, equating to zero 
the coefficients of the various zonal harmonics, we get 

dSoiXa) 

d8o(Xa) 



-^c*<r 






a 






and all the other JV'5 are zero. On snbstitnting the values of fi^ a and t in 
terms of a and e, the above equations take the forms 



^o(:u.)-(ie'+le*)«^^ +^,eV?^) 



di9,(%a) 



80 dS,(Xa) _ 



- A e* 



^a-So(Jui) 



-NtS,{^a) + ^ia—^ _ a — g^— + jj . _^^^^ . fl — g_. _ 0, (6) 

,-,»r^,(^) + j5a— ^_4-j5a-^^i--5g.-^^^^.a— g^— -0. (6) 
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Hence the required expression for Wq is 

dSoi^a) 



a 



Wo-^SoiXr) - i e* c. /n^x S,{Xr)P,{cos 6) + ^ e'N,S,(^r)P,(cos 0) 

8C 



+ he'N,S,{7.r)P,{cose), 



the values of Nf and ^4 being given by the equations (5) and (6), and the 
value of X being determined from the equation (4). 

5. I will now proceed with the solution of the equation (4) of the pre- 
ceding article. If we neglect e altogether, the equation reduces to iS^o(^) ^O, 
whose roots are given by Xa=%n. Therefore let the full value of Xa be 

in+lie^+lte*+ . . . ., 

li , I2 being unknown quantities which are to be determined. S^ can be expanded 
in a series containing a finite number of terms so that 

^•(^)-[- 172— 2V 

, n'(n'-r)(n'-2')(n'— 3') 1 1 - / , nn\ 

Fw' 1 n'(n'— r)(n'— 2') 1 . T / , nn\ 

+ LT-2^ 17273 2V + ---J^"K'^"^"2> 

where n' stands for n(n+l) and (n'—f) for (n—t){n+t+l). Hence we 
have the following : 

So{Xa) = '^coBin + l-A—'7i^)cosin'e^+ , 

171 \%7t %lC I 

a 1^ \ 3 . , 8/So(^^) ^1 • « . 

/S,(^)= — --_costn+. . . ., a — ^ — ^ = cos tn— ^ cos in • e*+. . . ., 

viv da 171 

, d^Soi^a) - . ^ a5',(;ia) /, 9 \ 
a^^^.a^^M/^,(Xa) = |(.V-9)co8m+ 



Therefore^ substituting the above expressions for SQ{Xa)^ etc., in the equation 
(4) of the preceding article, and equating to zero the coefficients of e^ and e^ 
we obtain finally 

Aa=i7i+|i7te«+ ^ {iW+27)e'+ 
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Comparison with the Results of Niven. 

6. By neglecting e^ and higher powers, Prof. C. Niven has obtained an 
expression * for the parameter X, viz. : 

Xa=in+}ine' + ^ (it^+27)e*+ • . . ., 

which differs from that obtained by me in the preceding article only in so far 
as the coefficient of e^ is concerned. After carefully going through Prof. 
Niven's calculations, I find that the mistake of Prof. Niven must be attributed 
to some inadvertence on his part, as, by repeating his process, I get the correct 
result. 

From the identity of the values of X, it follows at once that my expression 
for Wo and Prof. Niven's must be identical. For, as is well-known, for the 
same value of X there can not be two different solutions of the equation 

yyfo ywo d^Wo 

both of which vanish on the boundary. 

W^ For Ellipsoid of Revolution^ n>0. 

7. Let e^ and higher powers be neglected, so that the equation of the 

ellipsoid is the same as in Art. 3, viz.: r=a{l+€P2(cosd) (. Then assume 

that oD 

W^=8^{Xr)P^{Q0B 6) +6S'ff A (Xr)P, (cos 6), 

where the H's are unknown constants, to be determined, and £' refers to all 

f-O 

the values of t except t=n. Thus it is evident that W^ satisfies the partial 
differential equation (I), and it remains to find the values of the constants E's 
so as to satisfy the boundary condition. Since f' and higher powers of e are 
to be neglected, we have, on putting r=a(l+cPs)9 

flf.(Xr) =8,{Xa.) +«x?^^P.; 

also, we have 

P. . P,=5.+,P.+,+C.P.+Z)..,P^, 
where 

_, (n+l)(n+2) _ n(n+l) 

^»+»- 2 (2n+3) (2n+l) ' "~ (2n+3) (2n— 1) ' 



2 (2n+l) (2n— 1) * 



* Lo0. 0<t., p. lis. 
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HenM we nraat have 

This mnfit be tme for all values of cos 0. Therefore equating to sero the 
coeffieients of the various zonal harmonies, we iret 



5.(X«)+«c?^|g^C. =0, 



ScT 



(1) 



H^^tS^iXa) + «?^^5.„=0. (2) 

fl_*S^(Xa)+a^^^D^=0, (3) 

and all the other H's are zero. Thus the unknown constants are 
and the required expression for W, , in terms of a and e, is 

a — ^ — - 

% being a root of the equation (1). 

Bnt, in terms of a and e, this equation is 

q (i^\ n«+n-l . 3a'.(X«) _^ 

^•<^«>- (2H+3)(2n-l) * ''-a^— -^- 



(*) 



Therefore, if » be a root of the equation 8,(x) =0, the corresponding solution 

of (4) is given by 

L . n'+n— 1 ,1 

TTj For Ellipsoid of Revolution. 
8. Let e^ and higher powers be neglected, and assume that 

« _ 

TF«=flf.(Xr)Pr(cos e) cos m^+it'lT8,{7ir)PT {con 6) cos mf , 

tmm 

where S' refers to all values of t from m up to infinity except the value ^=91, 
and 7r is an unknown constant to be determined. Then it is evident that WJ^ 
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satisfies the partial differential equation (I). Now, putting r=a{l+ePt), we 
get 

where 

g, _» (w— w+l)(n— m+2) n(n+l)— 3m' 

^»+«-2- (2w+3)(2n+l) ' "~ (2»+3)(2n— 1)' 

_, jn+m) jn+m—l) 
^»-«- » (2n+l) (2n— 1) ' 

Hence, from the boundary condition, we must have 

o=iSf.(xa)P: cos m^+«a?^^^ [B:+,p:+,+c?rp:+p:.,pr_,] 

X COS m^+e 2' /r/S',(Xa)Pr cos m^. 

«•• 

Therefore, equating to zero the coefficients of the various surface harmonics, 
we get 

8A^)+Ba^^^C: =0, (1) 

/:+.S.+.(^) + a^-^^BT^,=0, (2) 

i:_.5._.(Xa) + a?^^Dr-,=0, (3) 

and all the other I^^s are zero. 

Thus the required expression for W^ in terms of a and e is 

1 ^t 



^ aa 



TFr= [^s'.(^r)P:(co8 e)-i e« -^;^^^ 5.+,(Xf)Pr+,(co8 e)Br+. 



-ie« -^_||_^Sf._,(;ir)P:_,(co8d)I):_, 



COSfft^, 

where X is a root of the equation (1). But, expressed in terms of a and e, 
this equation becomes 

Therefore, we obtain 

corresponding to the root » of /9«(a;) =0. 
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TFo For Ellipsoid with Three Unequal Axes. 

9. Let ei and et be the eccentricities of the two principal diametral sec- 

^ |4 ^ 

tions of the ellipsoid -i + -ft+-j=l, a>6>c, by planes passing through 

a cr 

the major axis. Then, neglecting the fourth and higher powers of e^ and e,, 

the equation to the ellipsoid is 

r=a[l— |(e;+^) (Po-Pi) + f2(^-^)^«<508 2^]» 
t. e., r=y(l+fiP,+f,P;co8 2^), 

where y=a]l— |(c;+ej)}, €i=i(ej+ci), and €,= ]^(ej— ef). 

Now assume that 

W^=S^{\r) + I' SB. ,5^, (Xr) FT (cos 6) cos w^, 

l»» ai-O 

«D 

where B,^^ « is an unknown constant to be determined and 2' refers to all values 

of t from m up to ao, except f =0. Then it is evident that TFq satisfies the 
partial differential equation (I). To satisfy the boundary condition, we must 
have 

0=So(Xy)+y^^^y^ (fiPf+«fi1cos2^)+ S' S iJ..,S',(^y)Pr (cos 6) cos m^, 

the unknown constants B.'a being assumed to be of the same order as tx and f>t . 
Therefore, equating to zero the coefficients of the various surface harmonics, 
we get 

-SoCJty) =0, (1) 

Bo.,5,(^y)+«,y^^^=0, (2) 

BMfi^.(:iy)+e,y^^^=0; (3) 

and all the other Ks are zero. Thus the Ks are determined, and we get 
finally the required expression for TTo to be 

a/S'o(Xa) 

CI 

1 l^\ I ^1' 



"" da 



W^^a^{Xr)-\ (ej+el) -^^^^ 8,iXr)P, (cos $) 

dSoiXa) 



S,{Xa) 



+ h («?-«!) o/,^x g,(a.r)i1(co8 $) cos 2^, 
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where % is a root of the equation (1). But the roots of the equation (1) are 
given by 

Hence, in terms of a and the eccentricities, we have 

^=in'\-\{el'\-e\)in. 

Conclusion. 

10. I conclude this paper by pointing out that the results or Arts. 3-9 
admit of extension and generalization in various directions. For example, a 
procedure similar to that of Art. 9 will give us W^ for the ellipsoid with three 
unequal axes. Also, denoting by W"^, the normal function corresponding to 

S^{Xr)P;t (cos 6) gin m^, 

it is obvious that, for the ellipsoid of revolution as well as for the ellipsoid 
with three unequal axes, W^ can be obtained in the same way as W^. 

UinvEBSiTT or Calcutta, 1017. 



Nilpotent Algebras* Generated by Two Units, i and j. Such 
That V Is Not an Independent Unit. 

By Guy Watson Smith. 



1. Introduction. 



The problem of referring all hypercomplex number systems to a relatively 
small number of typical forms was suggested by Hamilton,! but with the 
exception of De Morgan's discussion of double and triple algebras, nothing 
much was done till Benjamin Peirce } worked out all algebras of deficiency 
zero and one. Starkweather § worked out algebras of deficiency two. He 
showed also that algebras of n units could be obtained from those of n — 1 
units. Cartan || using the characteristic equation developed the semi-simple 
and the nilpotent sub-algebras, and showed the possibility of representing 
every algebra by means of units with double character. Taber jf reestablished 
the results of Peirce and extended them to any domain of rationality for the 
coordinates. Wedderbum** and Vogheraft made an advance in the treat- 
ment of the hypercomplex algebra by basing their work on the conception of 
invariant classes of numbers in the algebra. 

Besides this direct line of development there have been two others. The 
first is by means of the continuous group, the second is by using the matrix 

*Thi8 paper considers only linear associative algebras whose coordinates are taken from the field 
of ordinary complex numbers. 

t'< Lectures on Quaternions/' Preface, pp, 29-31. 

}" Linear Associative Algebra/' American Journal of Mathematics, Vol. IV (1881) pp. 07-192. 

§" Non-Quaternion Number Systems Containing no Skew Units/' American Journal of Mathema- 
tics, Vol. XXI (1899), pp. 369-386. 

II "Les groupes bilineaires et les systemes de nombres complexes, Annales de la Faoultedes SoienceB 
de Touloiue, Vol. XII (1898), B. pp. 1-99. 

If "On Hypercomplex Number Systems," Am, Math, 8oc. Trans,, Vol. V (1904), pp. 600-648. 
♦♦"On Hypercomplex Numbers," London Math. 8oc. Proceedings, Series 2, Vol. VI (1007), pp. 
77-118. 

tt " Zusammenstellung dcr Irreduziblen Komplexen Zahlensysteme in sechs Einheiten," Denkschriften 
der Math. Nat. Klasae der Kais. Akad. der Wise, Wien., Vol. LXXXIV (1008), pp. 260-320. 

19 
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theory. The first method was used by Scheffers,* Molien,t and Study, t the 
second by Shaw § and Frobenius. || 

Shaw regards all associative numbers as belonging to an associative 
algebra of an infinite number of units, the " associative units," X„| , which are 
elementary matrices. Each associative number is a linear combination of 
these units, so the theory of linear associative algebra is the theory of these 
associative units. He shows that the presence of a modulus is not necessary, 
thus making the methods particularly applicable to nilpotent systems. He 
proves that the equation of an algebra determines all the units but those which 
form a nilpotent system, and consequently to get all linear associative algebras 
we must first determine all nilpotent algebras. Benjamin PeirceH was the 
first to recognize the importance of nilpotent algebras. Furthermore, algebras 
of order n may be found without first knowing those of order m — 1. By 
selecting a base and adjoining to this a nilpotent unit, an ever-increasing 
system of nilpotent algebras may be determined 

The simplest case of the Shaw canonical form ** of a nilpotent algebra is 
that in which there is only a single generator, ;, whose fii-th power vanishes, 

Three lemmas concerning polynomials in this nilpotent have been introduced 
for use in the handling of the next simplest case, namely, that in which there 
are two generators, j and another nilpotent unit, t, whose square is not an 
independent unit in the canonical form. The unit ; is sifth that j*^*"^ ^ 0, j'^=0 
and ij'^''^^Oj tj'*»=0, where fii and (I2 are multiplicities of ; relative to j and 
to i respectively, and iii>(i2* The expressions i, ;*, ij* where < 5 < f£i , and 
0<t<ii2j are the independent units of the system. The algebra is therefore 
of order fii+iit — 1> or if we insert a modulus >;, of order fii+fij. The (ii power 
of every number must vanish, hence the deficiency in this case is fi^ • There is 
at least one hypernumber which does not vanish for a power lower than (ii , 

* ** Zurackfilhrung complexer Zahlensysteme auf typische Formen/' Math. Annalen, Vol. XXXIX 
(1891), pp. 293-300. 

fUeber Systeme hOherer complexen Zahlon/' Math, Annalen, Vol. XLI (1893) pp. 83-160. 

t " Ueber Systeme von complexen Zahlen/' Oott. Naoh. (1889) , pp. 237-268. " Complexe Zahlen und 
Transformationsgruppen/' Leipzig Berichte, Vol. XLI (1889), pp. 177-228. 

§ '* Theory of Linear Associative Algebra/' Am. Math. 8oo. Trane., Vol. IV (1903) pp. 251-287. 
''On Nilpotent Algebras," Am. Math. 8oc. Trane., Vol. IV (1903), pp. 405-422. 

II " Theorie der hypercomplexen Grossen," Berlin Berichte (1903), pp. 504--587, 634-645. 

^Loo. dt., p. 118. 
** Loo. oit., p. 406. 
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and there may be several such. The base nnit i is chosen such that «j^=0, 

f/'^^i^O, the various products i;, ij*, , do not contain terms in j alone, 

snch as aj"*, and fit is such that there is no hypemnmber t' satisfying the con- 
ditions on t for which t';^=0, t'j'**"^ i^O, /c£s>Mi- "^ other words, i is not the 
'product of any hypemnmber into jy and we do not have for any power of /, 
%j*=hj\ These characters of i and j are essential. The two sequences 

y, fy jj'^^"^ and f, t;, t;"*, , t;^~* constitute the two shear regions of j. 

In the cases Peirce considered, that of deficiency zero contains no «; that of 
deficiency unity must have /Eis=l, hence t;=0. In Starkweather's types 
where only two generators enter, /eis=2, hence t; is a unit but if=:0. In the 
types herein considered the deficiency does not play any role at all. The 
investigation is along the line of Shaw's construction by generators and not 
by classification by numerical invariants, other than those entering the equa- 
tions of condition. The associative units are used, though not indispensable, 
for convenience in making reductions. 

11. Lemmas Concerning Polynomials of a Single NUpotent j. 
Lemma L If j is a nilpotent number (;^=0), and if F{j) and G{j) are 
polynomials in ;, a quotient Q{j) can always be obtained y^^ provided F{j) 

does not contain a term of lower order than does G{j). 

Pboof: The lemma will be proved if we can find a polynomial, Q(;) of not 
more than (ii terms such that F{j)=Q{j) 'G{j), or 

/o+/i;+/i;*+ — = {Qo+aij+QtP+ — ) {sio+gij+9tP+ — ). 

Equating coefficients of corresponding powers of j on both sides since they 
belong to independent units, 

These equations can not be solved if F{j) starts with a lower power of j than 
0{j)y that is, if 

/0 = /l = /2= • • • • =/a = 0, ff^^i tP 0, 

whUe go=gi= .... =^*+a=0 k>0. If, however, /o=/i= .... =A=0, A+it^O, 

while g^=ig^= =^^^^^=0, ^A-t+i=i/^0, 0<k<h+lj then the first h—h-^-l 

of the above equations are identically satisfied, the next k equations give 
2o=ai= . • • . =2*-i=0 and from the remaining ni — h — 1 equations, g^, 

a*+i, f 3^-*+*-i may be uniquely determined, leaving g^^-^+k , g^-A+»+i , , 

flui-i arbitrary. 
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Lemma II. Consider the equation L{j) • M{j) =0 where 

(a). If ^0=^0, M{j) vanishes entirely. 

Proof: {lo+liJ+lJ^+ +^^-ii'^-^) (wo+Wii+ +w^-ii^""^) =0. 

Then 

/qWIo=0 . • . mo=0, lomi+limQ=0 . * . mi=0, loin^+linii+l^m^^O . • . w,=0, 
, ^0^^-!+ vanishing terms =0 . • . m^«i=0. 

(b). If lo=h=h=....=l,=0, i^+in^O, n<ti,-l, then L=j^^'L,^,{j), 
MU)j^^'L,^,{j) =0, where L^^^ij) =h^i+ln^^+ .... +l^^d'^-'''' and l,^^ ^ 0. 
Applying (a) to the equation ilf (y);**+^ • L„+i(i) =0 gives 

mo=wii=m2= =m^_^2=0 or -3/(i) =i^"""~^Mi(y), 



• • 



where Mi(y) =mio+miij+Wi2i*+ +>»ij"+ any terms whatever np to ;'**"■^ 

Lemma III. // C(]) is a polynomial in j with non-vanishing constant 
term^ then j can be expressed as a polynomial in {jC). 

Proof: Let C{j)=aQ+aij+a2p+ +fl^-ii'^""S fl^oT^O> then 

{jCy=alJ^+2aoad'+ {2aoa,+ a]) j' + . . . ., (;C)»=aJf +3a5aJ*+ . . . ., 

{jcy=atj*+...., 

And since aojal^aly , a^"^ =^ by hypothesis the determinant of coefficients 

does not vanish, and we may solve these equations for ;, j*, ;•, . . . . , j'^"^ in 
terms of powers of (jC). 

III. Expressions for the Generators. 

From a nilpotent system choose any nilpotent expression ; to be a unit, 
called the adjunct unit, such that ; is a number which has as high a non-van- 
ishing power as any number of the system, and a set of expressions (in this 
paper one, say t), called the base. Then it is known that any hypemumber of 
the system is linearly expressible in terms of the fii+fi^ — 1 independent units 



. • • • 



and in this order the product of any two units ij"^ and ij^ is linearly expressible 
in terms of the units which follow * the unit ij*+*"\ 

*Sbaw, Tran9. Am. Math. 8oc., Vol. IV (1008), pp. i06-410. 
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It has been shown t that any number is expressible linearly in terms of 
elementary matrices, X^^t » called '^ associative units/' f where 

lir-l>t + t'>iir-t^^, S^=lifs=r', Oifs^r', 

c=l if t+t' satisfies the above condition, it t+t' does not satisfy the condi- 
tion, lir and (i, are mnltiplicity numbers for r and s respectively, determined by 
the power of j which equals 0, and the power of ; in ij^ which causes it to 
vanish, that is here ;'^=0, ;^-^:^0 and t;'^=0, ij'^^^O. 

The frame of the nilpotent system formed upon the base i and the adjunct 
unit j is :• 

J =/q21-f- 0221^221 "h • . . . +622^i,-lAi2|i,— l"f"&lf^— ^^t^-^"f" • • • • 4" &12;4-l'Vu^_i . 

We may indicate these expressions more compactly by introducing certain 
symbolic polynomials which will take care of the third subscripts. Thus we 
write 

where -4=0221+0222^+ +022|i^i^""*i and d is a nilpotent such that 6^=0, 

X^=%2»+i* I^ a similar manner we may write 

^ny^ 5=0i2^_^>li^_^+ .... +0ijj,^_iJli2^«i , 

where i5=Oi2;4-u,+Oi2^«.^+i5+ .... +Oi2^_i3''*~S and S is a nilpotent such that 
^^^=0, ^<j=^+i. We need to notice then that we may also indicate in the 
same way a series of terms in Xm^ 

3lliOG = OiiiJliu + Ou2'^+ • • • • +0ua,-1'^Ui-1> 

where G=Oui+Ou23+ + Ou^.i^'^'"*, 

and 'Wff^=^no'^io+^2ii'^i+ • • • • +02i^i^iJl2i^-i, 

where H =0210+02116+ .... +021^1^16'*^^ 

Hence in this notation, if we omit % and write only subscripts, 

i=210 + 22eA+12^''^B, ;=lll+22eC+125^-^JS7, 
where 

A{d) =00+016+02^"+ .... +0^.2^-*, B{S) =6o+M+M*+ .... +h^^ii'^\ 
C (d) = Co + c^e+ 026*+ .... + ^^2^^', E (5) = tfo+ eiS + 62^*+ . . . . + e^-iS'^"'- 

I^ i^i=|^> &o=&i=0 for 121 can not appear in i. We also use the same 
symbols for polynomials in ;, the context always showing the use. 

^ Shaw, Trans. Am. Math. Boe., Vol. IV (1903), pp. 261-287. ^ 
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The general form of the product ji is necessarily 

ji=ijC{j)+E{j) in which Co=ei=0. 

Theorem I. If C ^1 by a proper choice of i the product ji becomes 
ji=ijC{j). 

Pboop: Let X=xJ+xJ*+ , then 

j{i-X)=ijC+E-jX={i-X)jC+E+jX{C-l). 

m 

If we can determine X so that E+jX{C — 1) =0, we may set t'=t — X, whence 
ji'=zi'jCj which is the form desired. We must have then 

^■";(1-C)""\ 1-C /• 

By Lemma I, X is determinable provided the numerator does not start 
with a lower power of ; than the denominator. This is evidently the case 
whenever 1 — C starts with a term free from ;', but when C=l+j*Ci, where 
Ci starts with a term free from jy then the numerator must start with a higher 
term than j'"^. To show that in this case the desired situation always exists 
we proceed as follows : 

Let us abbreviate the writing by setting temporarily 

t^=ijA+B, ji^ijC+rE,, 

where Ei starts with a term free from ;. Then we can easily see that if P(;) 
is any polynomial in ;, 

P{j)i=iP{jC) +j'^^E^ PijC)-PiJ) ^hen C^l, 

where the division is purely formal and always possible. 

We have now j ' ?=jijA-\-jB=xfAC+ terms in /*. But we have by 
changing the association, 

ji . i=ijCi+}'Eii=i [t;C . dJC) +;-'^i ^^l^i^H^l +ij'C'EiUC) 

CaC) —1 + tenns in ; 

=fjC ' dJC) +ii'CEi ^ ^g^j^ -\-i}'C'E,UC) + .... 



=iPAC ' C(jC) -hire [£?,.^^M_1 + C^^E.Uo'j 



+ 



Since the terms in «;** must be equal, we have 



ip^ACi-l+CUC))+j'-*c(E^^^^^ + C-^£?i(;C))] =0. 
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Now suppose that C=:l+j'Ci where Ci starts with a term free from ;\ then we 
have, since we may drop the factors that are invertible, by Lemma I. 

Now let A=fAi where Ai starts with a term free from j, then the lowest 
terms from the two expressions that are multiplied by % are 

where a^o is the first term of A^ , c^o of Ci , and eio of Ei , none of which are 
zero. Either these two cancel each other, which can happen only if 

a?+y+2=M;, and hence x<w — 2; 
or else each is not lower than ^i^. But we know that x<ii2 — 1, and hence if 
^<trwehave x<^-l <«;-!. 

In any case then we must have x<w — 2. Therefore whenever C^l^ 
X{j) is determinable so that • _ • v-r/ x 

Moreover, we have Z=j'^"'*»(X'), and if t'=i— Z, i'j'^=ij*^—Xj'^=0. 
Hence i' is of the same character as i, and the transformation is permissible. 
In other words, whenever C^lj we may take -E?=0 and write, 

i=210 +220 A +126^-^8, j=lll+22eC. 

We proceed to investigate first the case C=l. 

IV. Case I. C=l. 
If C7=l the generators have the form 

i=210+22dA + 126'^''^B, ;= 111 +221 +125'^-'^^. 

Since, however, in this case 

we may set t'=t — ijAj whence 

j%'z=ji+j'^-^E-ipA = t'i +j'^''^E, 

i'* =(* — [ijA+ terms in powers of ;] = terms in powers of ;. 

Consequently, we may treat the case as if .4=0, until we derive the types. We 
then return to the equations in t, j. The generators now become 

i=210+125^"'^5, ;=111+221+123'^-^^. 
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From these we form the following products : 

ti = 211 + 22e^-'^E+12^-'^+^B, ij* = 21« + 22d^-''+"-^niS7+ 125*-''+»5, 
ijQ{j) =2160(6) +226^-'^E[go+2gi6+3g,0'+ . . . . ] +125^-'»B(7(S), 
;'*=112 + 222+128'^-'^+*2E, ;»=ll5*4-22e»+123*-''+-^n^, 
ji=211+12if^-'^+'B+llS^-'^E, 
j^-ih=ii^-ih^226^-^-\-12^-*^^{lii—fit)E, 

j^->^E{j) =llS''-'^£?(5) +226^-'^EiB) +126*>^-*^'E[((ti—tJit)eo+ ....], 
. • . ji=ij+}^-'^E{j) —226^-i^E 

The last two terms must vanish, so we have 

e^-'«£?=0, (1) 

^•^-^•^-^E [ in^-fi,) eo+ . . . . ] =0, (2) 

=j^-^B{j) +22e*'-''5— 22e*-'^5— 128**-*^»£?[((Ui— /*,)&o+ ....]• 
This gives rise to the equation 

a*'»-*^-»^[ (/*i-/i,)6o+ (f*i-^+l)M+ . . . . ] =0. (3) 

The solutions of these three equations are in three classes : 

1. Hi—iit>(tty i.e.,Hi>2nt, iti—(it=fii+a, E^pO. 

2. iti—Ht<i*t, E^O. 

3. E=0. 

For Class 1 equation (1) is satisfied. Equation (2) becomes 
5**+«-'^[ (^+a)Co+ . . . . ] =0, or i'^+'-^E[i[ii+a)ea+ . . . . ] =0. 

This equation is satisfied unless a=0 and then E=iEi. Equation (3) becomes 

^+*-^E[{(it-\-ct)bo+ ] =0, which is satisfied whenever (2) is. 

For Class 2 let E=S'Et, where ea, + 0. Then (1) becomes ^^-'•+••^,=0. 

.' . lii—(i2-\-v>iit, (ii-\-v>2nt. 

Equation (2) becomes 5*'^~*^+*~'f?, [ (^i — (tt+v)e2, ]=0, which is satisfied 

unless v=2(i2 — (ii, in which case Et=hEt and E=^'*^Et, therefore v>2/f, — (ii. 
Equation (3) is satisfied with (2). 

For Class 3 all three equations are satisfied. We have then for this case 
the following types : 

11. (ti>2n,, (ii — fit=Ht+a, a>0, E^O. 

12. fii=2itt, E=iEi, Ei=lsO. 

2. ni—n,<fi,, E=6'E,, E,^0, v>2n,—n. 

3. E=0. 
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These types axe now written out as follows : 

11. (ti>2(it, (ii — iit=Ht+(t, a>0, E^O. The generators for this type are 

i=210+12h'^*'B, y=lll+221+125*+»£?. 

From these we get the following products : 

t;=211+125^+"+'B, i*=112+222+12a^+«+^2f?, 

i»=lln+22n+123*+»+"-'n£7, 

it=211 +12a*+«+^5+ll5''+«^=i; +;''+«i7 (j) , t»=ll^+«B=y'^+"B (j) . 

12. Hi—2iit, E=hEx, EizfzO: 

i =210+123*5, ;= 111 +221 +125*+%, t;=211+123*+% 

;■•= llw + 22n + 12^+"»i£?i , 

;t=211+12^+^J5+ll«*+*£?i=ty +;*+%(;) , i*= ll5*B=i*5 (;) . 

2. iti—(i,<Ht, E=i^E,, E,i=0, v>2fit—(ii: 

i =210+12^-'«5, ;■= 111 +221 +125*-*+%, 

ij = 211+125*-*+% ;■•= 11« + 22n + 125*-*+"'+»-'nf;, , 

i»=211+125*-*+'B+ll5*-*+%=t;+;*-*+%(i), 

t* = 22e*-*B + 115*-*B =;*-*5 (; ) . 

3. ^=0: 

t =210+125*-*5, y=lll+221, ty=211+128*-*+% 
;«=211+125*-*+'B=v, i"=lln+22n, 
»' =115*-*5+22e*-*5=;*-*5 (;•) . 

Type ;*'= (»')*= 

1 »';, i'^-'^Bij), 

2 i'j+j'^^'E,iJ), i^BU), 

3 i'j+j'^*^E(3), J'^^'BiJ), 

4 tV+i*-*+%(i), j'^-'^BU), 

or in terms of t and j, instead of i' and j. 

Type ;t= t*= 

1 ij, ijA+iJ'^-^EU) (jAy-lpA'+j'^-'^BU), 

2 ij+j'^^'E^U), ijA+y'^->^E{}) (jAy-^PA'+j'^BU), 

3 ij+j'^'-'EU), tM+ii*-*E(;) (jAy-iPA'+j'^-'^BU), 

4 ii+y*-*+%(i), ijA+iJ'^-'^EU) {jAy-h'*A*+}'^-'^B(j), 

when iJA)' is the formal derivative as to j of the polynomial jA, and A is 
arbitrary. In case A starts with a term of order (ii — itf — 1 or higher, i' may 
be used for t. 
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V. Case II. A=0, C^l, E=0. 
If A vanishes we have the defining equations : 

t =210+125'"-'"5, j=in+22ec. 

Then i;*=21s+125'"-"+'BC', and iP{j)=21P{e)+12^-^BPiSC). 

Again ji =216C +12^'-'^+^B =ijC (j) — 125'"-'"+'5C • C{fiC) +125"-''+»5 

.-. i'"-«+'B[l-C7-C?(5C)]=0. (1) 

Also p =112+22e*C, whence P(;) =11P+22P{6C), 

t^ =lia"-'^5+22e*'-"B, 

hut ;>«-'«=ll5''-'^+22e''-"C7"-''% so i^=j'"-'''BiJ), 

.'. e^'-'^[B—C'''-^B{6C)]=0. (2) 

Let C be written C=Co+d'Ci where Cq may be 0, but Cio^O and 0<<</m, — 1. 
Substituting in equation (1) 

j^.-M+i5[i_ (Co+e'G^) (Co+e'C"Ci(dC) ) ] =0, 
or 5'"-'"+i5 [l-cJ-e'coCi-Coe'C'Ci(eC) ] =0. 

By applying Lemma 11 we have either 
11. cS:^l and B=:^^b^i, 
or 12. (^=1 and B=i^-'-^Bi. 

Now substituting in equation (2) the results just found, we have for 11: 

«*-'6^-i[l- (Co+e'CO"-'] =0. 
Therefore by Lemma II, 

111, 6;,._i=0, and B=0; or 112, c|f'-^=l, 6^it^0. 
For the case 12, e»'-'-^[Bi— C^-'-^fijCOC) ] =0. 

Hence either 121, for Co=l, 6'""*6io(/Mi— <— l)C7i=0, for which we have either 

1211, iii>itt, B=e^*-^Bi, 
or 1212, (ti=(it, B=e^-*Bt, 

or 122, for Co=— 1, fl*-'-HBi— (-l+d'Ci)*-'-^5i(dC)]=0, 

for which we have 

1221, ^1—1 is even, Bx=6*Bt, i. e., B=e^^b^i, 6«_i+0, 
or 1222, Bi = G'+^B^ , i. e., B = 0, 

or 1223, /<x— <— l>ia,, Bii^O. 
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1223. Co = — 1, iti—t—l>fit, B=^'-*-^Bi, Bi^O. 

i =210+125''-'-^5i, ;=11H-221(— l)+22d'+'C,, 
«i»=21n+12a'"-'+"-M— l)"Bi, 
;»=211(— l)+2l6'+>Ci+123"-'5i=-ti+t;'+»(7i(i), 
t* =ll8'"-'-^2?i=;"-'-'£i(/). 



ype 


• • 
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VI. Case III. Azpo, 0=1, E=(i. 

In this case, which is the most general, we first form the following 
products from the generators : 

»=210+22e^H-125"-'"B, j=lll+22eC, 
ij'=21r+226r+'AC'+12^-^+'BC% r<n,—l, 
tj^-i = 210^-1 + 123^-^fiC"-^ , 

iP {j) = 210P (6) + 220 AP{eC) + 12^-'^BP{iC), where PU) is a 
polynomial in j, 

j'=lls+226'C% s<nt, j'=116', iii>8>itt, 

P{j)=llP{i)+22P{eC), 

ji = 2ieC + 22d*^C+ 12a*'-'^+»B 

=ijCU)+226^AC+12i^-'^+'B—229'AC • C {$€) —12^-'^+^BCC (BC) , 
PU) • ie=210PidC) +22dAPi6C) +12^-'*BP{i) =t • P{jC), 
i^ =216 A +220" A* + 22d^-'^B + lli^-^B + Ui^-^'+^AB 

=ijA (;•) + i'^-^BU) + 226»-4*+ 22e^-''5+125'-^+^iiB 

—22&'AGA{eC)—22e^-'^C^-'^BieC)-12y'-^BCAieC). 

Since the terms in 22 ( ) and 12 ( ) must vanish in both the products ^t and ^, 
we have four equations : 

(1) e'AC[i—c{ec)]=o, 

(2) a*-*+»5[l-(7-COC7)]=0, 

(3) ^-'^+'B[A—C • Ai8C)]=0, 

(4) e'AU—C • Ai6C)]+e^'-'^[B—C'^-'^BieC)]=0. , 

Before reducing these we need a second theorem which we proceed to deduce. 



(A) 
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If A{j)=j'Ai(j), 0<s<fii-l, then i^=i^^A^{j)+j'^-^B{j), where 
Oio ^ 0. By Lemma JH we may now express a polynomial in j in terms of 
one in jC if G=c^-\-jCi. Let Ai{j) =A[(jC) and determine t' from i=i'A[{j) 
where Ou^O, then 

i^=i'A'^'A[=i'r'A,{j) . ^;(;) +;''-''B(i). 

But using the formula P{j)i=iP(jC), 

A[U)-i=iA[UC)=iAAJ), 
A'dj) • i'=iA^U)A'r{j) =i'AAJ). 

Thence i'Aii'A[ = i'^A^A', = »';'+Ui U)A[{j)+ j'^-^'B (; ) . 

That is i''=i'j'*^+j'"-'^BU)ATHJ)A[-HJ) =t';'+»+y'"-'^B'. 

Thbobbm IL If C{j) =Co+jCiU), where Co^^O then j=P{jC) and A[{j) 
is known, and invertible. Hence we may choose i so that the term ii''*'^Ai{j) 
becomes simply ij*'*'^, that is, we may take Ai=l. 

As a consequence of Theorem II we have two suh-cases, 

m,. AU)=j', c(j)=c,+iCiU), c,zt=o. 
in,. cu)=rCiU), t>o, c^o^o. 

Case IIIi . The generators may now be written 

t=210+22e'+H128"-''5, j=lll+22eC, 

and we shall have 

}i=i3C(j), ?=ij*^'+j'^-'^BU), 

where the following four equations, which are the reduced forms of equations 
(A) , must be simultaneously satisfied : 

(1)' e'+*c[i-c{ec)]=o, 

(2)' ^-^+^B[l-C-CiiC)]=0, 

(3)' ^-''•+'+»[l— C*+*]=0, 

(4)' ^+*[1— C'+^] +e^-'"[B—C'^-'^B{6C)]=0. 

Consider equation (1)', 

e^+*c[i—c{ec)]=o. 

This leads to two classes 3 and 4. 

3 «+2=fi,, C^Ca+B'Gi, Coi^O, c^i^O. 

4 s+2<nt, then since c^^O, 1— C(0C)=— d'^-^'+'C,, or 0(60) 

=i+e^*-*-*+'Ct, cto^o. .'. co+6'Ci{ec)c*=i+e''*-^'+'c„ 

or Co+fi'[Cio+eC • C,{eC) ] [c'o+6'Ct] =l+d'^-'+'C,, 



(A)' 
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Therefore Co=l and t=itt—s—2+r since c^r^iOi^Cio and C(6C)=l+e*C,, 
t<(tt. Consider next equation (3)', 

3''«-»+'+iB[l— C'+'] =0. 

For class 3, s+2=(i2, C=Co+6*Ci, Co^O, Cio^O this becomes 

^'-%[1-C>"-'] =0, 
from which we have either 

31 bo=0, B=SBi, cS»-':#:l, 

or 32 0^-^=1. 

For class 4, 5+2<^, Co=l, f =/i£,— s — 24-r equation (3)' becomes 

y.-f,+>+iB[i— (l+3'^--*+'Ci)*+'] =0, 
S^-^+'B[—Ci{s+l) + ....] =0, S'"-'+''5=0. 

This is satisfied unless r=0, then B=8Bi. Consider now equation (2)', 

^^-"'^^Bil-C • C{W) ] =0. 

For 31 s+2=(it, cS-^^1, C=Co+^'Ci, Co:4=0^Cio. Put 5=S'B,, 6«:#:0. 
Then 5''^-"+'+»52[l— C • (7(5C) ] =0=3"-^+'+ni— C • C(3C') ]. 

311 n (^:#:1 then t;>/M,— 1, 5=5*'-^6^i, or 5=0 if 6^i=0. 

312 If ci=l, ci*-^^l, that is Co=— 1 and ^—1 is odd, then 

(il—lit + V + t + l>(li. .-. V>(tt—t—l. 

For 32 cj'-^=l, then 3"-'"+'B[l— C-C(«C)]=0, 

3'"-"+^5[l-(Co+5*Ci) (Co+«'C"Ci(SC) ] =0. 

321 If d^l, B=^*-%,_i. 

322 If cj = l, 5=5»^'-^5,, and if c^=—l, ^—1 is even, that is ft, 
is odd. 

For Class 4, 5+2<f*,, Co=l, t=^— s— 2+r, equation (2)' becomes 

^M-^+iB[i—c • Ci6C)]=0, 3"-''+^5[l— (l+i'Ci) (H-8*C'Ci(8C)] =0, 
. • . J»«-"+»+'B=0, which is 5'^-'-i+'5 = 0. . • . B=6'+^-'Bi. 

We consider finally equation (4)', 

^+«[1_C*+^] +^«-»[5— C"-''»5(dC) ] =0. 

For 311 <^ ^ 1, B=3»-^6 where 6 may be 0, 5+2=/*,, cS^^i=l, Ca^O^Cn, 
thene»'-^6[l—(co+e'Ci)'«-^]=0, which is satisfied unless fii=ii, since e*=0. 
Therefore we have also 

3111 fii=(tt, 6=6*,-i=0, i.e., v>(tt — 1, and 

3112 H\=Ht, c^~'=l, but this is impossible since it is a contradiction 
to 311. 

*We write ( in piftce of 6%— i in what followi. 



i and ;, Such That t' Is Not an Independent Unit. 157 

For 312 Co=— 1, (i%—l is odd, 5=^52, &2o=i^0, t;>//,— t— 1, equation 
(4)' becomes 

We have then either 

3121, (ii — (if+v is odd, and iii—fit+v>(itf i.e., v>2ii^—nij or 

3122, li^—fi^+v is even. 

Now e^^-^»+*[52— B,(eC) — ....] =0 

becomes 6^*-^-+''+^ [6^(1— C) + ....] =0, 

and ^i — /i,+t;+l>|aj, i.e., v>2/*j — /Ui — 1. 

For 321 c;:#:l, 5=3"-*6,^i, cff*~^=l, equation (4)' becomes 

which is satisfied since d^'=0. If iii>(tt, 6^'~^=0. If Ht=iiz, the [] causes 
the expression to vanish. 

For 322 cj=l, B=3''-*-'5s, /u,— 1 is even if Co=— 1 and (4)' becomes 
e^-*-^[B,— iCo+e'Ciy'-*-'B,{eC)]=0, for wMch we have 

3221, Co=l, e''-'-HM(l— C) + . . . .—B'CiBtieC) — . . . .] =0, 

. * . 6^^~^B,{$C) =0, which is satisfied unless (ii=iit> Then 

32211, fii>/u,. 

32212, ni=fii, Bt{eC)=6Bi, i.e., B=d^'-*B. 

3222, Co= — 1, fit — 1 is even, then 

e^'-*-^[Bt— i—i)>^-*-^Btiec) — i-iy'-'6'CiB,{ec) + ....] =o. 

32221. If Hi—t—1 is even, d^'-'-^ibtidil—C) + ....] =0. 
. • . B,=$'Bt, which makes B=6^'6^i. 

32222. If [ti—t—1 is odd, B,=e*+^Bi, which makes 5=0. 

For Class4s+2</Ms, Co=l, <=/«,— s—2+r, B=e'+^-'Bt. 
Equation (4)' becomes 

e2»+«[i— C'+'j +6^'-'"[B—C'^-'^B(6C)]=0, 

e"-'"+'+^-'[M(l— C) + . . . . +d'Ci54(dC) + ....] =0, 
^'"'[M + M*(l+C^) + .... + C^Bt{BC) + ....] =0, 
. • . d"-'B«(eC) =0, for which we have either 

41. i«i>/«i. or 

42, fti=^, 54=eB,, ».e., B=e'+*-'5j. 
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s+2=|U2 



5 + 2>/Uj 



We have therefore in Case IIIi the following eleven types : 

' 311. ^i>/i/2, B = &^^h^_^, Cf-^:#:1, c5:^l. 

3111. ti^=(iu B=0, c5#:l, cr-':#l. 

3121. Co=— 1, cJ»-*t/:1, (X2—I is odd, B=e'Bt, fti—it,+v ii odd, 

v>2nt—(ti, v>iii—t—l, iti—iit>t+l. 

3122. Co=— 1, c{^"^:^l, /Mi— 1 is odd, B=$'B,, fii—ftt+v is even, 

V > 2(12— (ii—l. 

321. c?#:l, c5-»=l, B=e^-^b^^. 

32211. /«i>/<j, Co=l, 5=e»»-'-^5,. 

32212. fii=Hi, Co=l, B=e^-*Bs. 

32221. Co=— 1, fij— 1 is even, /Ui— <— 1 is even, B=0**~^6^_i. 

32222. Co=— 1, /Kj — 1 is even, (ii — t — 1 is odd, B=0. 

41. (ii>fit, Co=l, t=itt—s—2+r, B=e'+^-'Bt. 

42. /ia=f«8, Co=l, «=!«,— »—2+r, 5=e'+*-'fi,. 

These particular types are written out as follows : 

311. 5+2=^8, fii>fii, 4^1, B=e^-\,_i, C=Co+d'Ci. 

i =210H-22e'-»+12S'"-»6, i=lll+22dC. 

Then ij =211, ;» = 2ieC = ijC (j ) = c^ij + ip-^^Ci {j ) , 
i?=2ie^^+ ll3*-»6 = ii"-^ + i*-'6 . 

3111. 5+2=^, ^i=/£s, 5=0, cli:l, c^-^i=l. 

i =21O+220^-S i= 111+ 220c. 
Then ti=211, ji=2ieC=ijCiJ)=c,%j+if*^CiU), ♦»=21d»-»=»i'^». 

3121. Co=— 1, c^^4^1, (it—1 is odd, 5=6'J?j, /ai— /Ha+v is odd, t;>2/K,— fii, 

v>//j— <— 1, /Ml— |«t><+l. 

« =210+22e''-»+125*'-''+'5,, 

;■ =lll+22(— l)+22e'+»Oi=lll+226(7, ti'=21n+125''-'^+'+"(-l)"5„ 

ii=211 ( -1) +125«-'^+'+»5,+ 2ie'+^Ci= -»; + v*+»C, (; ) , 

i"=ll«+220"C7*=lln+22d"(— l+e*Ci)", ;'"-'^+'=ll5«-'^+', 

t* = 216^*-^ + 22d*'-'^+'B, + 128^+'-^Bt + ll3"-«+'5, 

3122. Co=— 1, Co**~^=/^l, ^—1 is odd, B = 6'Bt, fii — it^ + v is even, 

v>2fit—(ti—l, v>itt—t—l. 

% =210+22e»'-»+125*'-*+'5„ 

j =111+221(— l)+22d'+^Ci=lll+22dC, t/"=21n+128''-'»+»+-(— 1)"B„ 

it = 211 ( - 1 ) + 21d'+^Ci + 125»'-«+»+^5,= —ij + ij'+^Cx (i > , 

;"=lln+22e-(— l+e'(7,)", ;>!-*•+• =ii5»-'«+», 

•» = 2ie«-i + lia^'-^+'J?, + 125*+-*J?,=i;'^^ +i*-*'+'B, (; ) . 
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321. cii=l, cS-'=l, B=e^-% s+2=n,. 

i =210+22e*-'+125"-^6, ;= 111 +2260, »;=211, 
ji=2l6C=ijCU), t»=2l6^^+220^-»6+ll^-»6=»i*-^+i'"-*6. 

32211. Co=l, Hi>(it, B=e^*-*-^B„ s+2=nt. 

i =210+22d^H125"-'-*B,, 
/ =lll+221+22e'+^Ci, t;"=21n+125*'-'+-»B,, 
ji=211+12Z^-*Bt+2ie'+^Ci=i}+ij*+^CiU), ;-=lln+220"(l+e'Cx)*, 
i» = 2ie*-* + 22e^-'-^B, + lli^-*-^B, + 12S"-^^'-*B, 
=fi'^»— 125"-'^'-*5,+;'*-*-'5,— 22d'-*-*5, 
+ 125"-»-*-»B, + 22d'-'-^B,= t;**-^ + ;''-'-^5, (; ) . 

32212. Co=l, fii=f*t, B=d«-'5„ s+2=^. 

» =210+22e^i+123"-'58, y=lll+221+22e*+»Ci, 
»;-=21n+12S''-*+»55, yt=211+21d*+»Ci+12»'-'+^5,=iy+t;'+»C,(i), 
i-=lln+22e-(l+d'Ci)-, i^=226^'-*B,+21d^-^+ll^^-*Bt, 
t«=t;>-Hi*'-'B6(;). 

32221. Co=— 1, /Ki— 1 is even, fii—t—1 is even, B=d^*~% s+2=ft,. 

» =210+22e^^+125''-'6, i=lll+221(— l)+22e'+^C7i, ti=211, 
;»=211(-1) +2l6'-^^Ci=-ij+ij'+'Ci(j), i"=lln+22e*(-l+e'(7,)«, 
i* = 216^1+ 22d'-*6+lli"-^6 
=«;■'*"'+;'""'*— 22e"-^6 (—1 ) *-^+ 226^-^6. 

Since 0*'~*=0, unless (ii=fit, these last two terms vanish separately. If 
lti=[it they destroy each other since ( — 1)*~^=1. 

32222. Co= — 1, f*»— 1 is even, /Ux — t — 1 is odd, B=0, s+2=(it. 

i =210+22d"-\ ;=111+221(— l)+22«*+'Ci, «;=211, 
i» = 211 ( -1 ) + 2W^Cr = -t; + *i'+'Ci U ) , t» = 216^-^ = t;>»-\ 

41. s+2<^, iii>ftt, Co=l, <=f*s— s— 2+r, £=^•+^-'54. 

t =210+226'+*+125"-'^+'+^-'if4, ;=lll+221+22d'+^Ci=lll+22W7. 

»;■• = 21n + 12S*'-'+-'C"5i + 226'+»+'C*, 

ji =2ieC+22$'**C+12^'-*B^=ijCU) =i}+ij'^'Ci(j). 

t* = 216'+^ + 226''-'-'jB4 + ll8'"-'-^5, + 128*'-'+'54+ 226^+* 

42. «+2<^,, fii=|Mg, Co=l, «=^— 5— 2+r, B=6'+*-'Bt. 

i =210+22e'+^+12S'+*-'fi,, ;=111+226C, 
ij» = 21n + 22e'+"+'C» + 123'+"+*-'BeC", 

ji =2ieC+22e'+*C+12i'+^Bt=ijCU) =iJ+ir^'Ci{j), 
t/*=2l6'+^+22e»'+«+22e'+*-'J5,+ll5*+'-'5,+12a**+»-'5« 

=iJ"''+J""^B,U)' 
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Type ji= i*= 

2 ij+ij'^'C^U), i3'"-'+J'''-'B,U), fii=lt,, 

3 ij +ij'*'C,U) , t7*+^ +j'"-'-'5,(;), fi,>ii„ 

8 —ij +ij'^^Ci{j) , ij'^~\ /111— < is even, ^ is odd, 

9 -ij+ij*+^CrU), ij'^-^+3^-% /Ki-Ms odd, /«, is odd, 

10 -ij+ij'^^C^U), V'^-'+i'*-'^*'5,(i), t; > 2/u,-//x , /ui-v is odd, 

11 — t;+«i'+'Ci(y), t;'^'+;'"-'*+'5,(;), v>2^— fti— 1, |Mi— viseven. 

Case ///j. Co=0. 

C=$'Ci{6), 0<t<fit—2. We go back to equations (A) which now 
become, 

(1) e'+^A [l—C(eC) ] =0, for which we have either 

1. t=(t, — 2, C=$^*~'c, where c is written for c,„_, , or 

2. A=e^'-'Ai. 

(2) S^'-^+^BrsO. . • . B=i^% where 6 may be zero. 

(3) a^'-^+'fiC^— C • A {dC) ] =0. This is satisfied by the result of (2). 

We now use the results of equations (1) and (2) in (4). For 1 (=fit — 2, 
C=d''*~*c, B=^*~% equation (4) becomes 

(4) e'A [A—e^-'cA {$€) ] +r-^6 [l-C"-»] =0, e*^*+6''-'6=0. 
The three possible solutions of this are 

11, Hi>iit, il=d"~*A where m=(it/2 if/Uais even, 



= ^-^2— if |Uj is odd. 



12, (ii=(tt=it, A=d * A,, B=0, n is even. 



13, iii=(tt=ii, A=$'T-At, B=i^~^b, o!o+6=0, (i is odd. 
For 2 C=9'Ci, B=hl^% A=d^-'Ai, (4) becomes 
(4) $^-**-*Ai[Ai-C'*-'-'AiieC) ] +r-'&=0. 

This reduces to 
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because (fc,— «— l)<+2fi,— 2<— 2>fi„ «. «., (<+2)^— (««+3<+2)>|tt,, or 
11% — t — 2>0, t<iit — 2, which is true for this case. 
Now the possible solutions of 

are 21, ih>lh* which gives rise to 
211, 2«<fi,— 2, 

and 212, 2<>fi,— 2, ^i::©***-"^,, m=-^ if fi, is even, 

m= ^^= — if /ti is odd, 

and 22, ^i=^=^, which gives rise to the following: 

221, 2t<itt—2, 6=0, 

222, 2t>ftt—2, ^,=fl'+'-^J,, 6=0, n is even, 

223, 2<>fi— 2, ^i=6*+»-*r^i, oi+6=p, f* is odd. 
Therefore we have the following eight types : 

11. fii>lhf -4=d— 'J,, B=e^% C=6^*c, m= ^ if /a, is even. 

«= ^^ — if /Ui is odd. 

12. f(i=/t(,=ft is even, A=$^A,j B=0, C=d'^c. 



13. fti=^=f« is odd, A=e^Ai, B=e^% C=6i^c, a%+b=0. 

211. ftx>M«, 2t<fi,— 2, ^=d*-*-«iii, B=8»*-»6, C=e*(7,. 

212. ^>f£„ 2t<f£,— 2, A=e''-^^At, B=Sr*-% C=VCi, 



m= ^ if /u, is even, m— ^^ — if f(| is odd. 

221. ni=(t%=(t, 2t<ii%—2, ^=0**-^%, B=0, C=0*Ci. 

222. fti=itt=ii is even, 2<>^— 2, ^=e^~*Jt, B=0, (7=e*Ca. 

223. (it=ftt=ft is odd, 2«>^— 2, ^=e*r-*^i, B=i^% C=9'Ci, (4o+6=0. 
These eight written out give the following : 

11. ni>iit, A=e^^A„ B=S^% C=e*-*C,, w=^ if ^is even, 

m— ^T" if lit is odd. 

♦ =210+22e-^+12S*-^6, i=lll+22e^^c. 
Hence «;=211, ji=2ie^^c=ij'^-\ i»=21d"A+llS«-*6=ti--i,(y)+y*-^6. 

12. ^i=^=/K is even, A=6'tA,, B=0, G=^-*c. 

» =210+22«44,, ;=lll+22«»-^c, t;=211, 
;»=2lO^»c=ti*-'c, »^=21dfi4,=v-t-^(/). 
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13. iii=nt=(i is odd, A^B'^At, 5=5"-'6, (7=e'-*c, aJo+6=0. 
» =210+22«*i^J4+12i*-'&, i=lll+22e»-'c, i;=211, 

1? =21dT^,+22e^»aJo+22d^^6+ll5»-'6=tj*r^40*) +;'-'&. 

211. iii>nt, 2t<(ii—2, A=e>^*-*Ai, 5=S'-^6, 0=^0^. 

% =210+22d'-'-'^i+123«-*6, ;=lll+22e'+^Ci, v=211, 

ji = 2ie'+'Ci = ip'-'Ci U), i* = 216^'-^ Ai + llS/^'-'b = ij'^-^A, {j ) +;«-»6. 

212. iti>ih, 2t<nt^2, 4=6*-— 'A, B=8^% C=e'Ci, 

tn= ^ if /*j is even, m= ^-^ — if /»t ia odd. 

i =210+226"— 42+12S»-»6, ;=lll+22e'+^Ci, t;=211, 
ji=21$'+'Ci=ij'+^G,U), t*=210*-"4,-HllS'^-»6=t;«—4,(j)+i"-^6. 

221. iiiz=fi^=zn, 2t<ni—2, A=e^-'-'Ai, B=0, 0=^0^. 

i =210+226*-'-%, /=lll+226'+^C7i, v=211, 
ji = 216*+'Ci = t; '+»C, (;• ) , t* = 216»-'-Mi = v>-'-Mi (i ) . 

222. (L is even, 2<>|a— 2, A=B^~^At, 5=0, C=ffCi. 

% =210+226-Tj,, ;=lll+226'+*Ci, »;=211, 
;»=2l6'+»Ci=ii'+'(7i(;), t»=216T^=i;T4,0). 

223. n'vs odd, 2<>/t— 2, 4=6*r-'4;, 5=5*-^6, C=9'Ci, a2+6=0. 

» =210+226*r4;+125*-'6, i=lll+226'+*Ci, ti=211, 
/»=216'+^Ci=t/'+>CiO), 

t» =2l6*r Ji+lli'-i6+226'-^6+226^^a3=»y*r4;(;) +y'^»6. 

Type ji= »*= 

1 v'-^c, i;"-4,(i) +;'-'6, fti>/«„ 

2 t;*-^c, iJ'^Atii), fii=^=^ is even, 

3 »;*-^c, »i*r44 0')+&i*"S f* is odd, 6+ol,=0, 

5 t/'+'Cx U ) , »;«-M, (; ) + 6;'-\ m = -^ if /i£, is even, 

w= ^-^5 — if |u, is odd. 

6 ir'CtU), ij'-'-'A^iJ), 2t<it-2, 

7 iJ'^'C^U), i}^A,iJ), 2<>^-2, ft is even, 

8 t;'+ViO), <i*rii;0) +i'-»6, 6+a2=0, 2«>^-2, ft is odd. 
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VEL Complete List of the Types Arranged According to the Fornt of the 
Product ji, with Sufficient Conditions to Distinguish Each. 



Class Type 



n 



m 



IV 



VI 



;«= 



1 

2 
3 
4 
5 
6 
7 
8 
9 
10 
11 






ij+j^*'EAJ) 
ij+j'-^'EiJ) 

ij+j^-^*'E,{j), 

iJ+iJ'^'C,U) 

ij+ij'^'C^U) 

iJ+iJ'*'CAJ) 
ij+ij'^'C^{i) 

ij+i^'CrU) 
Coij+ij'^'CAJ) 

12 c,ij+tr*'CAJ) 

13 Co<;-ft>'+>C,(;) 

14 c,ij+ir^'CrU) 

15 e,ij+ij'^'C,U) 

16 -ij+ij**ic^U) 

17 _y+iy»+iCx(;) 

18 -ij +ij'+iCrU) 

19 _i;+i;'+iCa(;) 

20 -ij+ij'^^CrU) 

21 -ij+ij'+rc^U) 

22 -ij+ij'^^C^U) 
23 



24 

25 
26 

27 









28 
29 
30 






t'*=;'-'-B(/), 

i'»=;«B(y), 
i"=j^*'BU), 

0, 
ij^-'+j'^-'b, 

»;>-, 

0, 

ii<^'-'A^(i)+ht-\ 






Conditions 
£=0. 

|Ki— /«,=/!,+«, a>0, JB:#:0, 

/«! = /««• 

C5:#:l, 
c5:#:l, 6^0, 

Cq tP 1 j Cq ^ jl • 

^1— i is even, fi^ is odd, 

i?i(;)=#=0, 

fii— < is odd, f£2 is odd, 

v> 2/1/2 —/til, /^i — v is odd, 

v^2/M2— /ii— 1, (ii — V is even. 

fii=lh=(^ is even, 
6+aJo=0, fi is odd, 

m = -^ if /t/2 is even, 

m= ^-^^^ — if /[£| is odd, 

2t<ii—2, 

2t>(i — 2, n is even, 

2«>^— 2, n is odd, 6+a2=0. 
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13. (ii=nt=(t is odd, A^e'^Ai, 5=5»-»6, 0=6^-% oj»+6=0. 
» =210+22flV4«+123'^'&, ;=lll+22e*-'c, ti=211, 

t* =21$'^At+22e^^a%+22e^^b+ll^'b=ij'^AiiJ) +j'-'b. 

211. fti>ii„ 2t<(ii—2, A^e^'-'Ai, B=B'^-% C=VCi. 

i =210 +226"-'-'^! +12^-^6, ;=lll+22e'+»Ci, ti=211, 

ji = 21d'+'Ci = iJ'^'Ct U), t* = 21d*-'-*^i + 1 iS^-^ft = ij'^-'A, (; ) +i*-»6. 

212. fii>(i„ 2t<(tt—2, A=6^'^^Ai, B=i/^% C=WCx, 

m= ^ if /Kg is even, m= ^-^ — if f(t is odd. 
i =210+226'*— ^2+ 128"-i6, ;=lll+220*+^C?i, «;=211, 



ji = 2ie'+'(7a = ti'+^C, ( J ) , i' = 2ie'-"^s-h ll8'^-»6 = iji^-^Ai {j ) +;>'-^6. 

221. ni=iit=(i, 2t<[ii—2, A=e^-*-*Ai, B=0, 0=^0^. 

i =210+22^-'-^!, /=lll+22e'+iC7i, v=211, 

ji = 2ie*+»(7x = ij'+'Ct (i ) , t* = 2ie»-'-Mi = ti-'-i^i ( J ) . 

222. litis even, 2t>fi—2, A=e-^~^At, B=0, 0=6*01. 

i =21O+220Tj,, ;=lll+22e'+^C7i, »i=211, 
ji=2ie'*'Ci=ij'+'0i(j) , i^=2ie^A,=ij-^At{j), 

223. (lie odd, 2t>it-2, A=d'^'-'A'„ B=^% 0=6*01, o3+6=0. 

» =210+22e*rj;+12*^'6, i=lll+226*+»Ci, t;=211, 

ji=216'+^Oi=ij**'OiU) , 

«» =21«*r^;+ll5'-'6+22e-i6+22e»-^a3=«;*r ^;(;) +j^^b. 



Type 


• • 


»»= 




1 


ij^% 


iJ^MJ) +}''-% 


tii>lht 


2 


ij'-'c, 


iJ^A,{j), 


i'<i=l^=/< is even, 


3 


ij'-'c, 


ij'r^A,{j)+bj'^\ 


H is odd, b+aio=0, 


4 


ii**'Ci{j), 


ij'-^'-'AiU) +bj'^-\ 




5 


iJ'^'CAJ), 


<;"— ^,(i)+&i''^-S 


m= ^ iE ft,ia even, 
m= ^-^5 — if /I, is odd. 


6 


iJ'^'CiU), 


ij'-'-'Mi), 


2<<^— 2, 


7 


iJ'^'CiiJ), 


ij^^iii), 


2^>^— 2, n is even, 


8 


ij'^'CiiJ), 


ij'^Ai{i)+j'^% 


6+a2=0, 2«>f£— 2, ^ is odd 
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VII. Complete List of the Types Arranged According to the Form of the 
Product ji, with Sufficient Conditions to Distinguish Each. 



Class 
I 

n 



in 



IV 



V - 



VI 



Type ji= 

2 ij+j'^'^'E^U 

3 ij+j'^'^EiJ 

4 v+;'"-'^+'i?; 

5 ij-hir'-'C^U 

iJ+iJ'^'CAJ 
ii+ir*'C,{j 

ij -\-ii'*'C,{i 

ij+iJ'^'CAJ 

iJ+iJ'^'C^U 

Coij+ij'^'CrU 

Coij+ii**'C,{j 

Coij+ij'^'C^U 

Coij +ij'^'C^U 

c,ij+ij'^'CAJ 
-ij+ij'^^C^U 
-ij +ij'*^Cr{j 
-ij+ij'^^C^iJ 
-ij -^iJ'^'C^U 

-ij+ij'^^CdJ 
-ij +ij*+^C^{j 

-ij+i}'^'C^{j 

ij'-^ 



6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 

24 

25 
26 

27 



ij^-% 

ij*^'C,U), 

ir'CAJ), 



28 
29 
30 



i3*^'C,{j), 



ii'^-'+i^'-'-'BtU), 

iJ'"-'+i'^-*B,(i), 

ij'^'+j'^-'-'BAJ), 
iJ'^'+i"-*B,{i), 

0, 

3"'-% 

ij"'-' +}"'-% 

ij"-', 

iJ^-'+}'"~\ 

0, 

j'^^-'-'B.U), 
i}'^'+j'''-'"^'B,U), 

iJ^A,{j)+j'^^-% 

iJ^AU). 

i}'-^AAJ)+bj'^-\ 
ij'^*-'A,{j)+bf^-\ 



ij^-'-'AU). 



..A 



ij *^iU), 
i3'^'A',U)+bj'^-\ 



Conditions 
£=0. 

/«i— /^<f^. v>2iit—(ii, E,izO. 

1*1= (h, 

1*1= Ih- 
(^:#:1, 6^:0, 

cS:#:l, /*!=/£,, 

(ii—t is even, /i^ is odd, 

/?i(i)=#=0, 

/ii — < is odd, fif is oddy 

v>2(i2—iiif III — V is odd, 

v>2ii2 — fii — 1, i^i — V is even. 

(i^z=z(i^=fi is even, 
6+aJo=0, (i is odd, 

m = -^ if fi£ is even, 

m=^if^i8 0dd, 

2<<ft— 2, 

2<>/x— 2, ^ is even, 

2t>n—2, (I is odd, H-aJo=0. 
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These types when arranged according to the form of the product ji fall 
into six classes. 

Class I, made up of type 1, is the only commutative type of the entire set. 
Class II, types 2-4, have for the product ji the term ij and powers of ;\ 
Class III, types 5-10, have ]i=ij+i]'^'Ci{i) where «>0 and C^^^Q. 
Class IV, types 11-15, differ from those of Class III in that 

ji=CQij+ij*-^^Ci{j) where c^^^l. 

Class V, types 16-22, are essentially different from those of Classes III 
and IV since ji= — ij+ij*^^Ci{j). 

Class VI, types 23-30, have the product ji starting with at least ip. 

We need now to see that the types of each class are essentially distinct. 
The conditions given, having arisen in the determination of these types, are 
sufficient to show this. For example, we might think that type 18 and type 20 
would be the same if in type 20 b=0. Although this would make the products 
ji and i* have the same expressions for the two types, they would still be dis- 
tinct, for in 18 (ii — t is odd and in 20 it is even. Types 13 and 15 have the 
same form for ji and t^ but they are essentially distinct because in 13 fii>fisy 
which is not necessarily the case in 15, and furthermore in 15 c5»~^=l, but the 
only limitation on Cq in 13 is Co :^ 1. Similarly it can be shown that the thirty 
types are all distinct. 



invariants of Differential Geometry by the Ute of 

Vector Forms, 

By C. D. Rice. 



(2) 



I. Introduction. 
Let the equation of the surface be given by 

x=f{uv), (1) 

where u and v are scalar variables. Partial derivatives in what follows with 
respect to u and v are represented by the subscripts 1 and 2 respectively. 
Derivatives with respect to s^ the length of a curve on the surface, will be 
denoted by primes. The well-known constants in a point are given by 

E=—SxiXij F =—8xia>tf G=—Sx^f 

L=8aiXi=—8axi^ , M=8a^Xi=Sa^x=—8axy2 , N=8aiX^=—8ax^ , 

where a is the unit vector normal to the surface at the point x. The vectors 
x'f Xij x^j a% ai9 (^t &i*6 ctU parallel to the tangent plane at the point. When a 
curve upon the surface is determined by a scalar relation 

^{uv) =c, 
we have 

^ = -^=r. (3) 

u' v' ' 

By the use of these relations we find from 

x'=a>iu'+X2V' 
the relation 

ra?'=^2%— ^i^=w;« (4) 

In like manner we find 

ra'= ^01—^102=0). (5) 

From the study of surfaces we have 

A' = EO—F^ = 8x1X18x^X2— 8x1X28x1X2 = —8VX1X2VX1X2 . (6 ) 

21 
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But we know that Xa = VxiX^ , and hence we find 

' Aa = Vix>iX2. (7) 

By multiplication we find also 

A=—SaXiXi. (8) 

In like manner we write Aoa = Va^a^ and find 

Ao= — SaayCL^. (9) 

But we know that the Gaussian curvature k is given by 

Alc=^(LN—^P) 

= --^(SaiX^Sa^x^ — S<^i^%S<hP'^i)f since 8a^x^=8aiX^=Mj 

= — -r- 8VaiafVxxX2= — Saa^a^ . (10) 

.-. Ak=Ao. (11) 

By the use of r and w defined above we have the quadratic form: 

d=E^l—2F^fipi+G^\=—8{^^—^Xi) {^^—^iX^) = —8ww 
= — r^8x'x\ since w=^^i — ^iX2=rx'j 
= r*, since 8x'x'=—l. (12) 

Also we have the quadratic : 

;U=L4)J— 2Af^2^+^^J=/S(^2^— ^liTj) (4>a«i— ^fli) =8wti 
=r^8a'x'^ since fa'=co and rx'=Wj 

=r^-, (13) 

P 

where — =8a'x' is the curvature of a normal section through the tangent at 

P 
the point. 

Many expressions may be abbreviated by the use of the operator -j- 

dn 

where dn is an element of the arc of the curve on the surface at right angles 

to the given curve. 

At any point P of the curve on the surface we have x\ the unit vector 

along the tangent to the curve, and a the unit vector normal to the surface. 

Let us take ^' a unit vector in the tangent plane at right angles to x. Then 

we have 
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Let us write ^'=cxi+ex^ where c and e are scalars to be determined. We 
find 

Saxi^' = eSaxiXf , Saxj^' = cSax^ , 

. • . Ac = — Saxi^' = —SaxiVax' = —Sx^x'^ . ' . Ac = Haxj^' = Sax^ax' = 8XfX\ 

Hence we have 

Ji'= — —\xtSx^x'—x^Sx^'\, or '£^=—'^\^^^^'—^^^^'^\ 

If now R be any function of u and v we find 

dR dR dx 



dn dx dn 



=-i{f*-.-'-fM- <") 



d 
The operator ^ is very useful in what follows. In particular we have 

A -p = — j ^^Sx'a^-^^iSx'x^ } = — 1 fSx' i^Xi—^Xi) \ = —Sx'w = r, 



• • 



i»-A-A (15) 



where we define the quantity j3 by j3= — . 

From a study of curves on surfaces we find 

D=—8ax'x'' (16) 

to be the Geodesic curvature^ and the expression 

W=—8aa'x' (17) 

to be the Geodesic torsion. 

Also we have the cubic 

K=8a''af—8a'x"=Pu'^+iQu'H'+iRu'v'^+8v'\ (18) 

where 

P = 8au^— 8x^01 J Q = 8a^Xi—8xiiai = 8aii^2—Sxiiat , 

R = 8aigX^ — 8(Ciiaf = 8a2gXi — 8x2^01 , 8 = 8a^X2 — 8x^a2 . 
The mean curvature h is given by 



(19) 



AA= -~ \EN-2FM+GL\ 

= — -^ j {8x1X1802X2— 8x1X^802X1) — (8xiX28aiX2 — 8x2X2801X1) I 

= -r- ] 8VxiX2VaiX2—8VxiX2Vo2Xi j =8001X2—800^ . (20) 
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From this expression for h we easily find 

A%=ER—2FQ+GP, AX=E8—2FR-\-GQ, 1 

A*h'=E{Ru'-\-Sv')—2F{Qu'+Rv')+GiPu'+Qv').} 

Change of Parameters. — Suppose we have the surface x=f{tiV) and wish 
to change to the parameters u, v, where u=P{uv), v=Q{uv). Let us write, 

^-^-P ^-^-P ^-i9.-n ^-^-o 

Then we have the transformation 

Xi=XyPi-]rXiQ^, Xi=XiPf^XtQt. (22) 

The modulus of this transformation is denoted by 



^=PiQi-PtQi = 



PiPt 

QiQz 



(23) 



We wish now to consider forms of expression that are invariant in trans- 
formation. When the resulting expression has the same form multiplied by a 
power of j it is said to be a relative invariant form. When it has the same 
form, but not multiplied by a power of 8 it is said to be an absolute invariant. 

Elementary Invariant Vector Forms. — ^When a vector | is transformed 
into the vector f we have 

Form (I) d^=ldu+yv={^,P^+^,Q,)du+{^,P,+^,Q,)dv 

=^i{Pidu+P^dv) +^f{Qidu+Q^dv) =^^du+^tdv=:dl 

This shows the complete differential to be invariant, and hence we have 
the complete derivative to be invariant. Hence vector expressions composed 
of factors that are complete derivatives are invariant. Thus 

D=—Sax'x", W=—8aa'x', Safaf, &c., 
are invariant. 

Form (II) VU,= V{^,P,+^,Q,)(1^,P,+^,Q,) 

which shows this form to be invariant. 

Under this form we have the invariants 

A= — Sax^x^= —8aVxiX2 , AAj= — /S'aaia2= —SaVaiat , SaWiWt=SaVwiWf . 

Form (III) 8lx,-8^^,=8{^^P^+^,Q,){x,P,+x,Q,) 

-8{^^P,+^2Q.) {^lPl+x,Q^) = {P^Q^-P^Qi) {8kiXt-8k^x,) 

^HS^^x,-8^^,). 

This form is made up of the difference of two scalar terms of which the 
partial derivatives 1, 2 in the first term are respectively 2, 1 in the second 
term. 
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In a similar maimer we may show the 1, 2 and 2, 1 form to apply to a 
large nnmber of invariant expressions. Thus, 

SooiWi—Sx^Wiy Sax^w^—SaXiWij XiA^—XzAu ^^1—^1X29 &c., 

are all invariant forms. 

Of especial importance under Form (III) is the invariant expression 

--T- = ~ "a i K^Sx'Xi—KiSx'x^ j , see ( 14 ) 

where K represents either a scalar or a vector quantity. By the use of this 
invariant expression we have, when £* is a vector, a number of invariant 
forms. Thus each factor in 

4^ dK ry dK ^ dK ri dK ^ dK' ,^ dK' 
Sa-rr-. Sax'-T-, Saw-T-, Sx"-z—. Sax' -^r- . Saw 



dn * dn^ dn^ dn ^ dn * dn * 

being invariant, the forms themselves are invariant. 

Every invariant in differential geometry may be shown to be composed 
of one or more of the elementary forms (I), (II), or (III). If we can 
evaluate any of the invariant forms that we can write out from our simple 
elements in terms of well-known invariant expressions, we will be enabled to 
evaluate any invariant or covariant expression of differential geometry. 

Forsyth has shown in his '' Differential Geometry '^ that all invariants and 
covariants formed by the use of derivatives below the third order may be 
expressed in terms of any set of twelve such expressions that may be selected. 
From the set selected by him he derived eleven absolute invariant expressions 
as his fundamental set. For the set that we will use in this paper let us take 
the following by means of which we will evaluate all other invariant forms 
made by derivatives below the third order : 

D = — Sax'x", the geodesic curvature. 
TF= — Saa'x'j the geodesic torsion. 

k = — -yrSaaia^j the Gaussian curvature where A=—SaxiX2. 



P = -^ = -^ , the differential parameter of the first order. 

h = — j SaaiX^—Saa^i j , the mean curvature. 

— = 8a'x^= — Sax'\ the curvature of a normal section. 
P 

d^ d^ dh dh ±(±\ ±(1\ 
ds ^ dn* ds^ dn^ ds\ p / * dn\ p / 
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Between these there exists the relation 

9 9 
making in reality only eleven absolute invariant forms to be used. 

We will now evaluate a number of invariant forms and will later show 
that invariants of differential geometry are composed of those forms. It will 
be seen that every form that we notice will be invariant by reason of elemen- 
tary Form (I), Form (11) or Form (III). Hence, while we may evaluate 
invariant or covariant expressions of differential geometry by means of a set 
of eleven, we may express all such invariants or covariants in terms of three 
elementary type forms. 

II. Evaluation of Invariant Forms. 

We have defined 

w=^^—^^x^=raf^ (24) 

which is seen to be invariant by type form III. Also we have 

8ww=f^8x^af=—f^^ since Safx' = —1. (25) 

Sx'w'=8x'{r'x' + rx")=z—r\ since /S'a:V=0. (26) 

8ww'=r8x'w'=—rr\ (27) 

Since 8aXyX^= — A we have 

8awx2 = 8a (^^—^1^:2) 2^2 = — ^2^> 8awxi = 8a {^>^ — ♦i^t) ^ = — ^^• 
By differentiation we find 

8aWiX2+8awa>i^= — ^ijA— ^2^1 > 8aw2Xi-{'8awoc^= — ^A— ^A, . 

• '. 8aw^i—8aWiX2=^2^i—^A2=rA'. (28) 

We have seen that we may write ru'=^2 ^^^ ^v' = — ^, and from these we 
find rX+ni"=^=— r2v'— rv", 

.-. r{u"+v'')= — {riu' + r2V'\ = —r\ (29) 

We have seen that 

A^= 8aaiX2—8aa2Xi. See (20) (30) 

AA;=— /SaOiOj. See (10). (31) 

8 a' a' = — -^ 8a'a'8ax^X2 

= — ^ j 8a'Xi8aa'Xi—8a'x^aa'Xi \ , since 8aa' = 

= — -r- \8a^af8aa'x2—8a^'8aa'Xi\^ since 8a'x^=8aiaf^ &c., 
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dec 
8a' ^ = 8aTax' = —Saa'x' = W. (41 ) 

fSax'-j- = — -^ {Sx'cciSax'Wz—Sx'XzSax'Wil 

= — -^ i Sx'x' {SaXiW2—Sax2Wi) +Sx'w2Sax'Xi—8x'WiSax'Xi \ 
= —-^ \rA' +ASx' {Wzv'+Wiu') \ = — -^ {rA'+A8x'w') 

since we define /3= — . (42) 
8awj-=r8ax' -z- =rA^'j since w=rx\ (43) 

8ax'-r-=8ax' ^ ( — ) = — 8ax'-j- , since ^-i — )= — — +w^{ — ) 
dn dn\r / r dn du\ r / r dn dn\ r / 

Sax' ^ = SVax'Vax' = —SaaSx'x' = — 1. (45 ) 

an 

Saw' ^ = -Sx'x'SaW ^ = -Sx'w'Sax' ^ = -r'. (46) 

dn dn an ^ ' 

Saw' ^ = -Sx'x'SaW P=- Sx'w'Sax' p-Sx' pSaw'x' 
dn dn an an 

= +r'AP'—rDSx'j- {rx'), since Sax'w'=Sa!if{r'x'+rx")=—rD 
= +r'A^'+rD^. (47) 

Saw'^'=-Sx'x'Saw' '^ =- Sx'w'Sax' ^'-Sx'p-Saw'x'= ^ ^ . (48) 
dn dn dn dn p 1 ^ 

Saa'^' =-S3fx'Saa' ^' =- Sx'a'Sax'—' -Sx'^Saa'x'=-—^. (49) 
dn dn dn dn p p 

Saa'p=:-Sx'x'Saa'p 
dn dn 

= -8x'a'8ax' p-8x' P 8aa'x' =-- A/S'-TT ^ . (50) 

dn dn ^ ^ dn ^ ' 
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Saa' ^ =Sr««"raj- = —SaaSar = i- . (51 ) 

^» 9 

Sax' 3^ = — ^ : Sj'x.Sar'a,— Sx x^ax'Oi . 

=— ^ rSrVlSoria,— Saxui,>-i-5xa^ar'x,— 5xo,Sajr'x,: 

= —-i^:—A*+ASx'(a,r'^«Hii) :=*——. (52) 

A p 

^ ^ r, da 

S«r'^=-5x'x'5a.r-^ 

= — Sz'ir'Sax ^ —SjT ^ 5airx' = r /*— 1^—rDW. (53 ) 

5a«' ? = -Sx'x'Soa' ^ = -Sx'a'Sax' ^ -Sx' ^ Soax- 
da am dm dm 

=— — (*— — ) + 1P=— *. See (33). 
f \ p/ 

Sax" ^ = —Sx'x'Sax" ^ = — 5x' ^ Sax'x' = — WD. (55 ) 

ifn dn an 

8awiW,= — Sx'x'Sair,ir,= — 5x' (xjii' +x,t') 5air,ir, 
= — I Sx'XjSaw'tTt—Sx'x^aw'tCi | 

= ASair'^=AV/3'+ArD^. See (47). (56) 



^^'Tn=-W'^'rn'^'^ 



(54) 



Sa'5^ 
dn 



^ dx' 

8a' T- 
dn 



22 



= + ^ Sx"a'Sax' ^ , since Sa'x' ^ =0 and 5x"x'=0 

= dU——). S«e (34). (57) 

=-;^{-|f-f(7-H}=--f- 



174 Rice : Invariants of Differential Geometry by the Use of Vector Forms. 

c da' d ( r\ ^ ,dw . ^ , r 
Sw T- = -r-\ — ) —Sa' -T- , since Saw= — 
dn dn\ p / dn p 

"" dn\ p / P p dn 



dn\ p J p dn 
dn dn\ p ) r 



(61) 



Sa^" ^=-^8x"^^ Saa'x' = - 4 isx"aSa'x' ^- Sx"a'Sax' ^\ 
dn W dn W\ dn dn} 

= —^(— — W8a^—WDAP'\, since Wa=Va'x' 

= — ^'W+DAfi'. (62) 

Sa" -r- = — Saa"x', since -r- = Vax" 
dn dn 

= —Saa"x'— Saa'x" +Saa'x"=W'+ — . See (35). (63) 

Sa" J- = -^ j Sx'Xt8a"Xi—Sx%Sa"Xt \ 

= -r- \ 8x'Xi(8a"Xi—Sx"ai) —Sx'x^ {Sa"Xt—8x"at) j -i-Sx" ^ 
^ an 

= — ^ [Sx'Xi\8a'{xiy—Sx'iaiy\—8x'Xi]Sa'{Xi)'—Sx'{at)'\] 

+Sx"-r-, since 8x'ai=Sa'Xi 
an 

= — \ [Sx'Xt\8a'{x')i—Sx'{a')i\—Sx'Xi\8a'(x')t—8x'{a')t\] 

+Sx"^ 
dn 

= ^ [Sx'x^\Sa'{x')i+Sx'(a')i\—8x'Xi\8a'{x')t+8x'{a')t\] 
- ^ [8x'xtl3a'{x'),-8x'x,8a'ix')^] +'^^"5^ = ^ (— ) 

See (59) and (57). 
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W =—8aa"a:^—8aa'x"=Sa"Vax'—8aa'o(f'=8a" ^ —8aa'x" 

an 

= Tn{\)+'''^J+^{''-\)-J- S" <M) "d (35). 

Saa'a" = — Sx'x'8aa'a"=—Sx'a'8ax'a"—Sx'a"8aa'a/ 

= — — i8ax"a' + 8ax'a" ) + — 8aaf'a' + W8a"ci!? 
9 9 

=— — — 4 +W{K+WD), since K=8a"cB'—8a'x"=8a"x'—WD 

=A^(L)-d(^-\-vA-1 ^ +WK 
p dn\p/ \p p* / pp 

=_i.^(i)_Bt_2^'+Wii:. (66) 

p dn\p/ p 

By the use of similar methods we find 

8xtWi-8xiWt= -aItD-^. (67 ) 

{A,a,-A^)= a(wA'-j^). (68) 

/ dr\ A ^ 2 A* 3' 

8aaiWt—8aatWi =-AW(rD+^j— — A'^ — -==^ + r'M. (69 ) 

dA 
8aaf ( AiW,— AjWi) = — rA'*+ ArD -^ + AAV. (70) 

8aaf{Aiat—A^)= AA'h—AW^— — A'. (71) 

an p 

/Soi«;,-5'o,u;i= — Ari> (a— — ) + — ^ -2A»lF|3'-rA'Tr. (72) 
Saa.(^).-Saa.(x-).= -^'-APPi). (73, 

8a(a')iXi—8a(a')^= Ah'-^(h-—]-^AWD. (74) 

Each form evaluated ahove is seen to be invariant by virtue of the type 
forms I, n or HE, of which it is composed. 



Sxf 
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III. Invariants of Differential Geometry. 

In what follows invariants or covariants of differential geometry will be 
seen to be composed of one or more invariant forms, and hence may be 
expressed in terms of one or more of the three type forms I, II and III. It 
will thus be seen, also, that the invariants and covariants may be evaluated 
by the use of the results obtained in the previous section. 

In making the evaluations of invariant forms the derivatives of r and A 
were used in several instances. The reader will notice that in combining two 
or more of these forms to express an invariant or covariant in differential 
geometry that the derivatives of r and A are eliminated by the use of the 
relation r=A^. 

In what follows the invariancy of an expression will be indicated by 

giving at the right the type form or forms of which it is composed. 

The quadratic form 

e=E<f^-2P^^+GiJi 

was shown in (25) to be given by 

d=—8ww=—S{^Xi—^(C2)(^^—^iX2) (Form III). (a) 

From this we obtain the absolute invariant 

6 SWW r^ 

|i=— ^=/9', (a') 

where ^ is the differential parameter of the first order. 
Again we have the quadratic form 

X=l4i—^M^^i+N^=8{^i—^Xt) (^jOi— ^o,) (Form III). 
=/S'm;co, since (0=^2^ — ^a^ 

=f^8x'a'^ since w=rx' and ci>= ra' = — . See (13). (b) 

9 

From this we obtain the absolute invariant form 

f, = ^. since i3=-^. (b') 

We have seen also in (10), 

k= -^ (LN—M^) = -^ (8a^x^8a^x—S^^iS<^i^%) 
= — ^ /SFaiajFo^iajj (Form II) 
= — — 8aaia2 . (c) 
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In differential geometry this absolute invariant is often written 

k=—. {&) 

PiPf 

After omitting the numerical factors the functional determinant of 6 and x 
may be written 



•/•v— 



^x 



SoiW^ SutW 



=—f^\ Sx^x'Sx'a^—Sx^'Sx'Ox \ 



= Ar*/Sa?'^=Ar*Tr. See (39). (d) 



From this we find the absolute invariant 

^ =P'W. (d') 

We have the quadratic 

where 

£iA = A^i H- Sawxii , AB = A^^+ 8awx^ , AC = A^ + Sawx^g . 

. • . d=-^ ] A(4^iti'*+24^tiV+^t;'«) +SawiXuU'^+2xigU'v'+XnV'^) \ 
= -^ \ —A{^u"+^v") +Saw{x''—x^u"—x^v'') \ 
= ^ \-A{q>,u"+p^v'')+8awx''+A(q>,u"+<l>^v'') \ 

= -^ Sax'x'' (Form I) . (e) 

In this last form d is seen to be invariant. We have also the absolute 

invariant form 

d 
"^j = —^D, since D=—Sax'x". (e') 

More useful expressions for A^ B and C may be found as follows: 

8awxx=8a {^i—^x^ix>^=—^iAj 8awxt=8a (^^^i— ^ja/j) X2= — ^2^- 

By differentiation we have, 

8awxii + 8awiXi = — ^Aj — 4^A, 8awxj2 + 8aw^7>x = — ^^ — ^i2^> 
8awx^+8awiX2= — ^Aj— ^2^> 8awXf!g'\-8aw^^=—^^—^^Aj 

and by the use of these relations we find 

AA = —^Ai—8awiX^ , AB = —^A2—8aWfX^ = —^Ai—8awiX^ , 
AC= —^At—8aw^t . 
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The intermediate invariant of 6 and d may be written 
I=AG—2BF+CE= -^ \8x^{A^^+8aWiX^)—SxiX2{q>Ai+SaWiX2) 

—SxiX2{^iA2+Saw^i) +Sx^Xi{^2^+Saw2X^) j 
= ^ lA^SXii^iX^—^^i)— ^8x1(^1X2— ^2^) +8x2Wi8ax2Xi 

+ 8x2Xi8awiX2— 80)1X28 aWiXi— 8 XiW2Sax^+ 8 XiXi8aw^— 8x1X^8 aw^2 \ 
= — \A28xiW—Ai8x2W+A{8x2Wi—8xiW2) \ (Form III) 

= ^ j_rA-^ -A« (rD - ^)}. See (14) and (67) 

= -ArD + A^-P^A = A'f^-^AW, since r=AP 

dn ^ dn dn ^ ^ 

and from this we have the absolute invariant 

It is well to notice that the above invariant may be written 

^^ / _ 1 [(8x^w\ (8x,w\ lira I Q^-F^ \ d (E^t-F^W 
°' A*- A U"A"/ ~ \"A" Ai - A laii \ A /~ B^ \ A /J ' 

which is the differential parameter of the second order. 

By omitting the numerical factors, the Jacobian of $ and d may be 
written : 



_ iSxiW, 



8X2W 

1 



A 
A 



8xiW, ^2 (^Ai + 8aWiXi) — ^ (^Ai + 8aWiiC2) , 
8x2Wf ^2 (♦i^ + 8aw2Xi) — ^ (^Aj + 8aw^t) 
8xiiv 8X2W 



8awiW 8aw2W 



, smce ti;=^i — ^^o^ 



• • 



= — — j SxjX'Sax'Wt—Sx^Sax'Wi \ (Form III) 
= t*Sax'^=r'Afi'. See (42). (g) 

"^^1 =^fi'. (g') 



A' 
The cubic 

^r*(8a"xr—8a'ic") (Form I). (h) 

is seen in this last form to be invariant. 
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This cubic may be expressed in terms of well-known invariants as follows : 
Z= r» {8a"x'+8a'x''—28a'x") 

=''{li (««'-■) -2Sa'^') =^(|(i)-Wi)}. 
and from this we find 

i'Miijh'H <■■■> 

From the cnbic Ry let us take 

K=Sa''x'—8x''a'=S{anU'^+2auU'v'+a^v'^)x'—S{XnU'^+2xuu'v'+Xi^v'^)a' 
=^u'^\8aiiXi—8xiiax\ +u'^v'\ {8anX2—8xiia2) +2{8ai^i—8x^ai) \ 

+u'v'^ j 2 {8a^2—Sxi2a2) + {8a2iXi—8x22ai) \+v'^\ 8a2sp02—8x2^a2 j . 

Now we have 8aiX2=8xia2f and by differentiation we find 

8011X2 — 8xiia2 = 8ai^ — 8x1^01 , 8ai2,X2 — 8x1^02 = 8a^Xi — 8x^ai . 

If now we write 

K = Pu'^ + 3 Qu'^v' + 3Ru'v'^ + 8v'\ 

we have from the above, 

P = 8aiiXi—8xiiai , Q = 8ai2^i—8x^ai = 80^X2—8x1^02 , 
R = 80^X2 — 8x1202=8022X1 — 8X22O1 , 8 = 80^2—8x2202 . 

Let us now denote 

Ki = Pw'« + 2Qu'v' + Rv'\ K2 = Qu'^ + 2Ru'v' + 8v'^. 
Then we fijid 

K^=u' {Pu' + Qv') +v'(QW+Rv') 

=u'\8(o^yx^-8{x^ya^\+v'\8(o2yx^-8{x2yo^\ 
=u'\8{o')^x^-8{x')^o^\+v'\8{o')^^-8{x')20^\ 
=8x^\{o')^u'+{o')2V'\-8o^\{x')^W^'{x')2V'\ 
=8o"x^—8x"a^, 

and in like manner K2=8o"x2—8x*'02. 

The expression 

cT= \E^8—3EFR'{' {EQ+2F^)Q—FGP\^2 

— \EF8-{EG+2F^)R+3FGQ-G^P\ip^ 
= \E{E8—2FR + GQ)—F{ER-2FQ + GP) \^2 

— \F{E8-2FR+GQ)—G{ER-2FQ + GP) \<Pi 
= A^\{Eh2—Fh^)^2—{Fh2—Gh,)^^\ See (21) 

= —A^\h2i3xi{^^—q>iX2)—hi8x2{^^i—q>iX2) \ 
= — AV j h28x^x'—h^8x2X' \ (Form III) 

is seen in the last two forms to be invariant. 
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From this we easily derive the absolute invariant form, 

Also we have 

(T'= {ER—2FQ—GP)^—{ES—2FR+GQ)i>t 
=A*(/h*.— ^4>i) See (21) (Form IH) 
=rA'h' (j) 

which is seen to he invariant. It may also he written 

£ =^K (j') 

as an absolute invariant. 

The Jacobian of the cubic K and the quadratic 6 may be written : 

'^ \8a''x^—8x"ai Sa'^x^—Sx^a^] I dn dnj 

(Forms I and HI) 

See (57) and (64) 

From this we have the absolute invariant form, 

As a special case of the quadratic 

—8x'x'=Eu'*+2Fu'v'+Gv'* 
and the cuhic K=Pu'*+3Qu'*v'+3Ru'v'^+8v'*=8a"x'—Sx"a', 

we may write J„= ^[^ ^^ (1) +2Wfi'] • 

The Jacobian of P and x ^^7 ^^ written 



i7pv = Sr 



PX 



— Soi a?' Sa^ x' 

i8a"Xi—Sx"a)i— {8a"x,—8x"a,) 



^j.\8a'Xi 8a' x,\ . , 8aiX' 8a,x'\ . a t a , 
= Sr* „ ^ — 6r* „ „ \, amoe 8 aia/= 8a' Xi 

\8a"Xi 8a"Xt\ 8x"ai 8x"a,y 

= — 6r« i -SFiCia^iFo'a"— iS'FoiO,Fa;'a;" ( = — 6 Ar» j fi^ao'a"— AS'aiP'aj" { (Form I) 
= +6Ar» f— J- (—) +Dk + ^^ — TFP-Difc] See (66) and (16) 



Bicb: Invariants of Differential Geometry hy the Use of Vector Forms. 181 

The discriminant of the quadratic d may be given 

A^{AC—B^) = i^iAi+SaWiXi) {^2^+Saw2X2)—{^iAi+Saw^i) {^iAi+SaWiX^) 

=Ai8aw2(^iX2 — ^2^1) +A28awi{^^i — ^1^2) +Sawi(€i8aw2X2 

— Saw^XiSaWiXf = Saw ( AiW^ — A^Wi )+8awi\ XiSaw^^—^i^aw^i \ 
=Saw {A1W2 — A2W1) +Sawi\w2SaxiX2-\-X28aw^ — X2Saw2Xi j 
=8aw{AiW2—A2Wi)—A8aWiW2 (Forms II and III) 

= —f^A'^+Ar^D 4^ +rAA'r'— AViS'— A'? rZ) 

du "^ du 

See (70) and (56) 
= — AVZ)(^— i3-^)— rA5A'*+ArA'(Ai3'+A'i3)— AV/3' 



=-'^'''>{%-^^)+'''?'(»^'-''i 



= — AVD 



The intermediate invariant of d and x ^s given by 
NA—2MB+LC=: — -^ [\Sa^2(^ii>i+8awiXi) —8a2Xi{Aiip2+SawiX2) \ 

— i SaiX2{A2^+8aw20(^) —SaiX^ {A^2+ Saw^t) \ ] 
= — — [Ai8a2 {^1X2— ^Xi) —AiSa^ ilh^t—^^) 

+ 8a2X28awi(Ci — 8a20i>i8a W1X2 — 8aiX28aw^x + 8a^Xx8aw^2 ] 
= — — j {A28wai—Ai8wa2) + A \ 8a2W^—8aiW2 ( j (Form III) 

— 2TrA*/3'— A'rTF See (68) and (72) 
It is well to notice that the above gives the form 



NA-2MB-\-LC=£i. [sa^ (^),-'^«« i^^ <^<^'™ ™) • 



23 
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We have 



E F G 


L M N 


ABC 



= C{EM—FL)+B{LG—FM)+B{FM-EN)+A{FN-MG). 



Now we find 



EM 
LG 
FM 

FN- 



FL 
FM 

■EN 
MG 



[8xiXiSaiX2- 
[Sx2X2SaiXi' 

[ 8X1X28 a^Xy 

[8xiX28a2X2 



8x1X2801X1] 

8x1X2801X2] 
■8x1001802X2] 
-802X18x2X2] 



'8VxiX2VoiXi= 
8Vx^X2VaiX2= 
8VxxX^02Xx= 

8VXiX2V02X2 = 



— A8oaiXi , 

A8 00^1X2 J 
A8 002X1 , 

— A8002X2 . 






E F G 


L M N 


ABC 



=8ooi \ Xi {^2^+*3(^'^2^2) —X2{^iA2+8aw^i) j 
—80O2 \ Xi (^2^1 + 80W1X2) — ajg (4)iAi + 80W1X1) \ 

=A28oOiW—Ai8aa2W+8ooi j W28 0X1X2+ X28aw^i—X28aw^ j 
—8002 i Wi8 0X1X2 + X28owiXi—X28ow^ j 

=/S'at(;(Aia2— Agai) +A{8aa2Wi—8oOiW2) (Form III) 

dA 



= rA'Ah—rAW 



dn 



+ — ^A' + 
P 






P 
dA 



—r'A'h See (69) and (71) 



= A'h (^ A' - r' ) - A*TF (/3 -^ - ^) + A'WrD + 
= -A*h^' + A'TF ^ + A'^TFZ) + ^^ 

=A.[(|-»y+F{ff+^i,}]/ 



tat 



2A'fi 



(o) 



A' 



E F G 


LMN 


ABC 



(o') 



Many other examples could be given, but enough has been shown to 
illustrate the use of vector methods in discussing certain forms found in 
differential geometry. The reader will see how much more direct and simple 
these expressions and reductions are in vector forms than in the use of the 
more tedious expressions in Cartesian coordinates. 

Univbbsity or Texas. 



On Certain Saltus Equations.* 

By Hbnby Blumbebq. 



Introduction. 

Instead of attempting to introduce into our discussion the utmost 
generality, we shall, for the sake of greater simplicity, confine ourselves to 
the consideration of a real, one-valued function f{x), defined in the linear con- 
tinuum, bounded at every point — and hence, according to the Borel theorem on 
sets of intervals, in every interval — and unrestricted as to continuity. From 
f{x) we derive three new functions: u{fy a;), the upper-bound (=maximum) 
function; Z(/, a?), the lower-bound (=minimum) function; and s{fjX)=u{fyX) 
— Hf}^)j tt^ saltus (= oscillation) function of /.f Just as the notion of 
derivative at once suggests that of differential equation, so the notion of saltus 
leads to that of ** saltus equation." It is the principal object of the present 
paper to give what may be regarded as complete solutions of such saltus equa- 
tions in several simple cases. For the sake of greater brevity, we write as 
follows the successive saltus functions derived from f{x) : 

s{f,x)=s',{x)y s{s'f,x)=sy{x), s{syyx)=sy'{x), 

Because of a theorem due to Sierpinski, f which asserts that 8'/'{x)=8y{x) no 
matter what function f{x) we start with, there is no need of considering saltus 
equations beyond the " second order/' i. e., equations involving a saltus with 
an index greater than 2. The saltus equations s] (x) = g {x) f (x) and 
sy{x) = g{x)s'f{x)f where g{x) is an arbitrarily given continuous function 
and f{x) is sought, are among those above referred to as ''completely solved'' 
in this paper. 

The first section deals with several properties of functions of interest in 
themselves and useful later. Section 2 deals with the equation s]{x)=g{x)f{x); 
Section 3, with the equation s'/ {x) = g {x) s'f (x) ; and the appendix indicates 
several lines of generalization. 

* Read before the American Matheinatical Society, December 26, 1013. 

t For the deflnitions of these functions see the author's paper, " On Certain General Properties of 
Functions," Annala of Mathematica, Vol. XVIII (1917), p. 147, and Hobson, "The Theory of Functions of 
a Beal Variable" (1907), Art. 180. 

X Bulletin de VAoad^mie de$ Sciences de Cracavie (1910), pp. 633-634. 
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Section 1. Preliminary Theorems and Several Simple Saltus Equations. 

Theorem I. // two given functions are upper-semi-continuous {lower- 
semi-continuous) at a given point ^, the saltus of their sum at ^ is greater than 
or equal to the saltus of each of the given functions at ^. 

For let fi{x) and fi{x) be upper-semi-continuous at ^. This condition is 
equivalent to the relations /i(0 = ^(/i> O ^^d /^(O =<*(/2} f )> where ti(/i, a?) 
and uififX) are the upper-bound functions of /i and /,, respectively. If 
s'f^{^) = hj a sequence \^^\ of real numbers exists such that lim f,»=^ and 

lim /i(^n) = w(/i}0-"'^=/i(0 — ^- Moreover, since ^(O is upper-semi-con- 
tinuous, we have lim f2{^n)£fi{^)' Hence 

lim [MU+MU]<fii^)+h{^)-h, 

which shows that the function f {x) =f^{x) -{■f^{x) has a saltus >h at $. In 
the same way, we prove the theorem for A (a;), and for two lower-semi-con- 
tinuous functions. 

Since the saltus function s]{x) = u{fjX) — Hf^x) is actually the sum of 
two upper-semi-continuous functions, u{fjX) and — HffX)^ we have, as an 
application of Theorem I, 

Theobem II. The second saltus function is at every point greater than 
or equal to the saltus of both the upper-bound function and the lower-bound 
function. 

If in Theorem I it happens that the saltus of the sum is zero at ^, then it 
follows that the saltus of both fi and f^ is zero at ^. That is, we have 

Theorem III. // the sum of two given upper-semi-continuous functions 
is continuous at a point ^, then each of the given functions is continuous as ^.* 

Either from Theorem II or Theorem III, we obtain by specialization 

Theorem IV. If s'f{x) is continuous at a given point ij, both u(f^x) and 
l{f^ x) are continuous at f.f 

By means of Theorem IV we can obtain the complete solution of the saltus 

equation o"/^\ a 

^ Sf (X) = 0. 

For from this equation it follows that s]{x) is continuous, and hence, according 
to Theorem IV, both ti(/, x) and /(/, x) are continuous functions. Conversely, 

*The theorem is false for the product of two upper-semi-continuous functions, 
t Although this theorem is near at hand and of sufficient interest to deserve mention among the 
general properties of functions, it does not seem to have been previously noted. 
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it f{x) is such that u(f^x) and l(fjX) are continuous, it follows that s'^i^x) is 
continuous, and hence s'/{x)=^Q. Therefore, if h{x) and U{x) are any two 
continuous functions whatever, and we take the function f{x) such that the 
"curve" whose equation is y=f(x) lies everywhere between the curves y=f^(x) 
and y=f2{x) and has every point of each of these curves as a limiting point, 
then f{x) is a solution of the saltus equation s'/{x) =0; and every solution is 
so obtainable. 

Definition. The function f{x) is said to be ^* continuously hounded" in a 
given interval (linear continuum) if u{fjX) and l{ffX) are continuous in the 
interval (linear continuum).* 

We now have 

Theobem V. A necessary and sufficient condition for a solution of the 
saltus equation s'/ix) =0 t^ that it shall he continuously hounded. 

Remark. The saltus equation s'/{x) = g{x)j where g{x) is an arhitrarily 
given continuous function of a?, is only apparently less restrictive upon f{x) 
than the equation sy{x) = of Theorem V. For since s'/ix) is zero in an 
everywhere dense set,t its continuity implies that it is identically zero. 

Definition. A function is said to be ^^pointwise discontinuous at a given 
point ^" if it possesses at least one point of continuity in every neighborhood 

off.* 

Theobem VI. The relation 

is a necessary and sufficient condition for the pointwise discontinuity of f at f • 

For on the one hand, let f{x) be pointwise discontinuous at f. Then 
every neighborhood of f contains at least one point where / is continuous, t. 6., 
where s'f{x) = 0. Therefore l{s'f , f) = 0. Since s){x) is upper-semi-continuous, 
we have w (sj , f ) = 5j (^ . Consequently 

s'nii) = u{s),l^)-l{s),J^) = s){li). 

On the other hand, suppose f{x) is not pointwise discontinuous at f. Then a 
neighborhood (a, /3) of j^ exists such that / is totally discontinuous in (a, j3), 
hence 5j(a;)>0 for a<x<(i. It follows, since an upper-semi-continuous 
function and hence s'f{x) attains its (greatest) lower bound in a closed interval, 

* Virtually all the definitions and theorems of this paper apply equally well to an interval and to 
the entire linear continuum. Further specific reference to this fact is regarded as unnecessary. 

"f Annals of Mathematics, loo, oit,, p. 151. 

t Gontinuity at { implies pointwise discontinuity at £. We use '* pointwise discontinuous " in the 
sense of " at most pointwise discontinuous," thus deviating somewhat from the more common usage for 
the sake of greater convenience. 
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that this lower bound of s'f{x) for a <a? <^ is a positive number, say h. Since, 
on account of the upper-semi-continuity of 5/ (a;), the relation ti(5j, ^) = «/(f ) 
holds, we have 

Thus s]'{^)^s](j^) is a consequence of the fact that / is not pointwise discon- 
tinuous at I, and Theorem VI is completely proved. 
From Theorem VI we obtain 

Theorem VIL The set of solutions of the saltus equation s]' {x) = s](x) 
is identical with the set of pointwise discontinuous functions. 

Theobem VIII. A necessary and sufficient condition that f(x) he a 
solution of the saltus equation s]{x) = f{x) is that it possesses the following 
two properties:* (a) / is upper-semi-continuous; {^) /=0 in an everywhere 
dense set. 

In the first place, the two properties are necessary. For (a) follows from 
the upper-semi-continuity of s'f{x). Since (a) implies that u{f^x) = f{x)^ we 
have s'f{x) = u{fy x) — l{fj x) = f{x) — l{fj x) and therefore we must have 
Z(/, a?) = to secure the relation s]{x) = f{x). But /(a?), being upper-semi- 
continuous, attains its (greatest) lower bound, that is 0, in every closed interval; 
and hence {^) holds. In the second place, the properties are suflScient. For 
from (a), we conclude that u{ff x)=f{x), and from (^) and (a), that 
i(/, a;)=0, whence s]{x)=f{x). 

Section 2. The Saltus Equation s'f{x)=:g{x)f{x)^ where g{x) is a 

Conti^iuous Function. 

(a) If ^(^)q^0, 1 we have /(^)=0. For let (a, /3) be an interval con- 
taining f in its interior and such that g{x)^Oj 1 for a<x<fi. We may then 
write f{x)=s'f{x)/g{x)j a<x<(iy which shows, in virtue of the upper-semi- 
continuity of 5) (a; ) that /(a;) is upper-semi-continuous in (a, ^). s'f{x) being 
zero at every point of continuity of /(a;), must therefore vanish in an every- 
where dense set S of (cl^ fi). Consequently / vanishes in S^ and therefore in 
virtue of Theorem VIII we have 5/(a?) =/(a;), aL<x<p. But the relation 
s)(x)=f{x) would imply that g{x)=l^ contrary to our assumption, unless 
/(a?) =0. In particular, therefore, /(f) =0. 

(b) // g{^) =1, then f{x) is upper-semi-continuous at i^, and every neigh- 
borhood of f contains a zero of f{x). For consider the two possibilities: 
(1) f is an interior point of an interval (a, fi) where g{x) is constantly equal 

* Cf . the author's paper, Annali of Maihemaiioa, loo. oit., p. 151. 



Blumbbbq: On Certain S alius Equations. 187 

to 1; (2) ^ is not in such an interval. If (1) holds, we have s'f{x) =/(a?) for 
a < a; < j3, and the assertions in question follow from Theorem VIII. If (2) 
holds, there are points where g{x)^Oj 1 in every neighborhood of f ; hence, 
according to (a), every neighborhood of ^ contains zeros of f{x). Conse- 
quently, since in virtue of our saltus equation a neighborhood of ^ exists in 
which f{x)>0^ we have Z(/, ^) =0, whence s'f(^) =tt(/, f ). Therefore ti(/, ^) 
=/(0> which is equivalent with the upper-semi-continuity of / at f. 

(c) // g{x)=Oj f{x) is continuous at f. 

(a), (b) and (c) give us necessary relations between the character of the 
given function g{x) and a solution of our saltus equation. Furthermore, 
however, these relations completely characterize the solutions. For suppose 
f{x) satisfies these relations. In the first place, let ^ be such that g{^)::fiOy 1. 
Then ^ is contained in an interval throughout which ^(a:)q^O, 1. According 
to (a),/(ir)=0 throughout this interval, so that 5j({)=0, s'f(^)=g{^)f{^). 
In the second place, let g{^) =1. Then, as an easy consequence of (a) and (b), 
we have ?(/, J) =0. This relation, taken in conjunction with the upper-semi- 
continuity of /, shows that s'f{^)=f{^)=g{^)f{^). In the third place, let 
g{^) =0. Then / is continuous according to (c), and hence s'f{^) =0=g{^)f{^). 
The saltus equation is thus satisfied at every point, and we have 

Theorem IX. // g(x) is a given continuous function^ then the set of 
solutions of the saltus equation s'^ (x) = g (x) f (x) is identical unth the set of 
functions f such that (a) f{x)=0 where g{x):4^ 0^1; (b) f{x) is upper-semi' 
continuous where g{x)=l and x does not lie in the interior of an interval 
throughout which g{x)=l; (c) f{x) is upper-semi-continuous and possesses 
an everywhere dense set of zeros in the interior of every interval throughout 
which g{x)=l; and (d) f{x) is continuous where g{x)=0. 

The following implications of Theorem IX deserve mention. 

Theorem X. The only solution of the saltus equation s'f (x) = g (x) f (x) ^ 
where g{x) is a given continuous function of x taking nowhere the values 0, 1, 
is f{x)^0. 

Theorem XL The only solution of the saltus equation s'f{x) =:g{x)f{x) 
where g{x) is a given continuous function taking at no point the value 1, and 
throughout no interval the value 0, is f{x)^0. 

Theorem XII. A necessary and sufficient condition that f{x) he a solu- 
tion of the saltus equation s'f (x) = g {x) f {x) ^ where g{x) is a continuous 
function taking nowhere the value 1, is that f{x) be continuous^ and = where 
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Theobem Xin. // no interval exists throughout which the continuous 
function g{x) is or 1, then all the solutions of the saltus equation s]{x) 
=g{x)f{x) may he obtained by making f{x) an arbitrary non-negative^ upper- 
semi-continuous function in the set of points where g{x) =1 and giving it the 
value elsewhere* 

Section 3. The Saltus Equation s'/ (x) =: g (x) s'f {x) ^ where g{x) is a 

Continuous Function. 

(a) // g{^)4^0y 1, then f{x) is continuous at ^. For an interval (a, fi) 
with ^ as interior point exists, snch that g{x)^0, 1 for a<rr </?. Since s'/ix) 
is in an everywhere dense set, it follows from our saltus equation that 
s'f{x)=0 is an everywhere dense subset of (a, /8). We now see that s'f{x) pos- 
sesses in (a, ^) the properties sufficient, according to Theorem VIII, to make 
it a solution of the saltus equation Sp{x) =F{x). Hence s{s'ffX) =s'f{x); i. 6., 
s'/ix) =s'f{x) in (a, j3). In particular, 5j'(0=5/(0> from which we would 
conclude, contrary to our assumption, that ^(^) =1, unless 5/(£) =0. Accord- 
ingly f{x) is continuous at f. 

(b) // g{^) =0 and ^ is not an interior point of an interval where g{x) is 
constantly 0, then f{x) is continuous at ^. For since s/i^) =0, it follows that 
s'f{x) is continuous at ^. As every neighborhood of ^ contains points where 
g(x) ^ 0, 1, we conclude from (a) that every neighborhood of { contains points 
where s'f{x) =0. Hence s'f{^) =0, and f{x) is continuous at ^. 

(c) // g{x) =0 throughout the interior of an interval (a, /3), then f{x) is 
continuously bounded for a<x<fi (Theorem V). 

(d) If g{^) =1, then f(x) is pointwise discontinuous at f (Theorem VI), 
Just as in the preceding section, the necessary conditions (a), (b), (c) 

and (d) upon a solution f{x) of our present saltus equation are sufficient to 
characterize it completely. For suppose f{x) satisfies these conditions. In 
the first place, let g{^)^Ojl; then f{x) is continuous at f and hence 5/(0 =0- 
Since s'f{x) is upper-semi-continuous and non-negative, we have s'/{^)<s'f{^). 
Therefore s'/{^)=0 and the equation s/ (x) = g (x) s'^ (x) is satisfied for a?=f. 
In the second place, let g{^) =0 and let furthermore | be such that it is not an 
interior point of an interval where g{x) is constantly 0; then f{x) is con- 
tinuous at ^. Hence s'f{^) =0, and therefore 5j'(f ) =0, and s'/i^) =5^(0^/(0- 
That (c) and (d) are sufficient conditions follows from Theorems V and VI, 
respectively. We thus have 

* The notion here employed of an upper-semi-eontinuous function defined in an arbitrary linear 
point-set requires no further explanation. 
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=§(j:)s^^(r)^ wnken f{JrS is € fifrem ccmtimmo'M fvmctio^^ is idemticol wxtik tik€ 
set of fwmctioms Ihvi «re p&imtmii>t iiaccmtimuifus ai tver^ poimi wrktre j7<x) =1, 
eamtimmeudjf howmitfi im Of imi^trior af ererw imi^rval wrk^rt piJt) if comFt'€tmt]yf 
mmi ebnHkere ra«#ui««m£.* 

Lber <rf «tt9r»q[iicsKies of Tbeomn XIV deserre speeiml loefitkiii: 

XV. If i3k.f comiimvo^f f^tmctiom p{s) if 1 mowrhcrt amd 
ihrowghoui »« imierr^^ ihnt 1h4 saiit^^ €gyafiom sV iT)=ff{x)sl{jr) kof omip 
tie tririml solviifm f is ) =C'Omiimm<^mf fvmcfum. 

Thbosxm XVL If ike comiimycms fmmctiom gix) i$ m^vkere =1^ ike sei 
of salmtiams of ike itoi^vs eqiMiiom $"ix)=§ix)s'.{x\ is iiemiie^ wrUk tke s€i 
of comiimMOueiijf houmded f%tmriioms ihai ore comiimvous wrkert p{r)^0, 

Thschzm XVH. If tkert is mo imierral ikrouok<*^t trftirJb ike comiimmoms 
fmmdtiam §{x) isQ or X, ikem oO ike solMiiotks of ike soiiws eqwaiioms s7{m) 
=i§{r)s]{x) ore cii^imeii by assifmimf orbHrorji rolmes io /(x) ai tke pfiimis 
where §{x)=l omi wt^mkimf f{j) comtimm^fus elsewhere. 

Appemdix, 

A. Tbe eoeficieats is iht smhus egnmtions ecmsidered in this paper kare 
•o far been exdnsiTelT eonf inuous fiz]irtioii£. Witboizt attemptiiig: a compre- 
kcBore treatment for the ease of diBcontiniioiis coefficients, we shall now giTe 
a t ii e oi e ui relating to the saltiis equation s'^{i)=f{x)s]{x) for a disem* 
tinn<»nB f . 

Thbokkm XVJLIX. // ike zeros of ^<x) form (o# w^^ost) o noa-rei^Mil 
#eft im every imierr^^ ikem ike sei of soluivons of ike salius eqmotiom 
sy{x)=^§{x)s]{x) is identical uitk ike set of poimiurise disc^miimMOUS fmmctioms 
that mre comiimmous where g{x)^l^ 

For anee s]{x) is nj^^r-Bemi-eontinnoiifi, it is continnoBS in a residnal 
aet,| henee Sj'ix) =0 in a residual set. Therefore, aeoording to the equation 
sy{x)=f{x)s'f{x)^ the product g{x)s]{x) is equal to zero in a residnal seL 
Bj hjpotheais, the zeros of ^ (x) eonstitnte a noD-residnal set in every interval ; 



*A fart «f ike ooaAemt <tf T^MOonm XIV naj ht deriwd m ioUow: Tmidmm the niltaBaf mmA 
tt» Bfit'iM 9*\i0^:=:f{mi9\{ru v« oMaia the e^vatioEB •"V(jr)=:^(r)«"rir). Bat aeeordiaf to 

9*"fVm\^^9"f{r^. Th e r e f wt? either «"f(jr)^0 or f(jp)=l. la •imilar iasluaB, us 
4tml wiA tiK MJtoB egvstiiM <rf SeetiOB £. 
f Asoerdnig to neajor, as " evAiMicf«l»2e ** Kt <= set of fnt ctttegonr) is the sum of m 

; aad m " r et id m ^l " wet, tbe eomplcBientary irt of aa ezbaoatiUe aet. Bee 
, Ber. 7, VoL 1 ri9i5» , pp. 12t-l£S. 
tfttr^farrwaiytr. Hofaeen, " Hk TlteofT <tf Faaetiens of a Beal VariaUe" (1S07) , p. 24fi. 
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consequently, the zeros of $'f{x) constitute a non-exhaustible set in every 
interval. The zeros of s'f{x) are therefore everywhere dense. Since addi- 
tionally s'f{x) is upper-semi-continuous, we conclude from Theorem VIII that 
sy{x) =s{s'fjX) =s'f{x)j which shows according to Theorem VII that / must be 
pointwise discontinuous. Furthermore, we now have two possibilities: (1) 
Either s'f{x)=Oy and then / is continuous at x. Or (2) 5j(a?):^0, and then 
g{x)=sy{x)/s',{x)=l. 

We have thus shown that / must necessarily be pointwise discontinuous, 
and continuous where g(x)^l. But these conditions are also sufficient. For 
from the pointwise discontinuity of /, it follows that s'/ix) =s'f{x)^ and hence 
our saltus equation is satisfied where g (x) =1 ; and from the continuity of / at 
other points, it follows that the saltus equation is also satisfied elsewhere. 

One of the consequences of Theorem XVIII is 

Theorem XIX. The only solutions of the saltus equation sy{x)=^g{x)s'/^x\ 
where g{x) is a given function taking the value 1 nowhere and the value in 
a non-residual set in every interval^ are continuous functions. 

B. Although we have assumed throughout the paper that f{x) is single- 
valued and bounded at every point, it may be readily seen that the dropping 
of the former assumption would necessitate hardly any change in our presen- 
tation, while the dropping of the latter would require only slight modification 
of the results and proofs. The extension of the treatment to functions of 
more than one variable is not difficult, but we shall not enter upon it here. 
We shall also not deal with the corresponding saltus equations that arise when 
the /-saltus, the e-saltus, the 2;-saltus, etc.,* are employed instead of the 
ordinary saltus. 

C. In conclusion we call attention to the simple saltus equation 8'f{x) 
=g{x)f where g{x) is an arbitrary discontinuous function. We have not 
succeeded in obtaining a satisfactory characterization of its solutions. 

* Annals of Mathemaiios, loo, oit,, pp. 148 and 149. 



Investigations on the Plane Quartic. 

By Tsbesa Cohen. 



^ 1. Introduction. 
The plane quartic {axy is taken in the form 

+ 12ma?oaia?2 + 12na?o^ia^ + 4coa?o^+ 6a;} + 462^^2 + 6/a^a;J + 4ci^^^ 

It will be convenient first to mention briefly certain well-known forms con- 
nected with it that will be made use of in this article. 

Of these several arise from the polar forms, (aa;)'(at/), (aa;)*(ay)*, 
(oLx) {ay)\ Since of each of these there is an oo^, the placing of one, two, or 
three conditions on the curves they represent results, respectively, in a locus 
for the pole, in a set of points, and in an invariant condition to be satisfied by 
the quartic. 

Upon the polar line the only condition that can be imposed is its identical 
vanishing. This, as is well known, means that the quartic has a double point 
and requires the vanishing of the discriminant, an A^''* 

The polar conic may be made to break up into two lines. The locus of 
poles of such degenerate conies is the Hessian J7, an A^x^. To make these two 
lines coincide requires two additional conditions and gives for the quartic an 
invariant, shown by Dr. Thomson t to be an A*^. 

From the polar cubic more can be obtained. The locus of poles of polar 
cubics having a double point is the Steinerian S, an A^x^K The cubic has also 
the invariants 8 and T, of degrees 4 and 6, respectively, which give rise to the 
cbvariants of the quartic /f?»-4V and T^A^x\ From the relation connecting 
the discriminant of the cubic with these two invariants we have 

2s64iS^+r, 

a very useful form for calculating coefiicients of the Steinerian whenever that 
may be necessary. To require that the polar cubic have a cusp is two condi- 
tions, giving rise to a set of twenty-four points with cuspidal polar cubics. 
The number of these points is determined by the fact that they are common 

^The notation A*eoi^ is used to represent a comitant form of degree % in the coefficients of the 
quartic, / in m, and h in f . 

t Amkbioan Joubnal of Mathsmatics, Vol. XXXVIII (1916), p. 249. 
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points of S and T ; therefore they are cusps of the Steinerian. There are also 
twenty-one points whose polar cubics have two double points and therefore 
break up into a line and a conic ; these are the double points of the Steinerian. 
The line parts of these cubics will hereafter be referred to simply as " the 
twenty-one lines/^ Each of these lines meets the quartic so that the four 
tangents at the intersections are all on a point, which point is the corresponding 
point ; t. e.y the pole of the cubic of which the line forms a part. If one of these 
lines be taken as x^^O and the corresponding point as (1, 0, 0) then in {axY 

6(j=m=n=Co=0. 

The quartic also has certain contravariants obtained by imposing a con- 
dition on the four points in which a line cuts it. The locus of lines cutting 
the quartic in a self-apolar set is 5=(5iJ)*=-4*^*. The locus of lines cutting 
in harmonic pairs is f^(<^)®^4*^®. 

§ 2. The Undulation. 

If a line cuts the quartic in four consecutive points, the quartic is said to 
have an undulation. The invariant vanishing in this case is given by Salmon 
as an A^. The undulation tangent is evidently a line of both s and t^ and it is 
that special case of the twenty-one lines occurring when one of the lines is on 
its corresponding point. This corresponding point is the undulation itself, 
which is therefore a double point of S. Suppose the undulation to be at 
(0, 1, 0) with the tangent Xq. Then 

6 = 62 = / = Ci=:0. 

The undulation is also a point of the Hessian, for its polar conic is 

ha^ + 2 60^0^1 + 2 mXqX^ = ^0 ( hx^ + 26o^i + 2mXf^ ) , 

a pair of lines. Let the double point of this conic be taken as (0, 0, 1), which 
therefore becomes the corresponding point on the Steinerian. Then 

m=0. 
The polar cubic of (0, 1, 0) is 

aixl + 3 Aa^o?! -\-^l7^x^ + 3 h^^ +Znx^ . 
This is made up of Xq and a conic; its two double points are (0, V«, V— 6©) 
and (0, Vn, — V— 60); they are the two points of the Hessian corresponding 
to the double point of the Steinerian and are harmonic to the undulation point 
and to the Steinerian point corresponding to the undulation considered as a 
Hessian point. The terms in H not containing x^ are 

Therefore x^^ is a triple tangent to the Hessian. 
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The cuspidal tangent of each cubic is on the pole of the other, and the pair of 
them make up the tangents to the Hessian at its double point. Then 

S^—alc^a^+a^i—hoiO^Co+baig^) + +Xia^{—hatCoCi+bc^^) 

+ higher powers in Xi , 
and 

TsSafcJiro^+^^i ' 46afco+ +^^ • ^haic^+ higher powers in Xi. 

Therefore 8 touches x^ and T has rvi as a flex line at (1, 0, 0) and (0, 0, 1). 
Also 

2sBa?i[ajSa^ • 6^bal4c^i+ +xlf4 • G^halalcl 

+a?i{4^ • 16h^alct+ +0^^ • lefe^ajcj} + higher powers in a>i], 

showing that Xi divides out only once, but that (1, 0, 0) and (0, 0, 1) are more 
than ordinary singularities. 

The Hessian also has a double point when 

Ci=n=0. 

The symmetry shows that (0, 0, 1) is also a double point, as can be verified 
from the coefficients. Then (0, 1, 0) as a Hessian point has (0, 0, 1) as the 
corresponding Steinerian point, and vice versa. The polar conies of (0, 1, 0) 
and (0, 0, 1) are, respectively, 

ha^+2bQXf^+bQ(^ and ^a^+2Co^o^+^i'^. 

If the harmonic conjugate of Xq as to the first pair of lines is taken as Xi and 
that as to the second as x^ , then 

This shows that Xq is one of the twenty-one lines. To find the degree of the 
invariant vanishing in this case is one of the objects of this investigation. 
With the above reference scheme 

SssXioi — bcgl+ai\ai{cgh^—chP) +^o^ — bcaig+a^{—bcgh—bcJ^)\ 
, ., + lower powers in a^t, 

Tmrnx^xi . 2b(^l^+xl\xt ' —3c^h^P+2x^^{—:ib(^aJ^l+6b(^aiP) 

+a;J(6Va|+46*C5^+126c*fcZ*)( + lower powers in re,. 

Therefore these two curves touch at (0, 0, 1) along the line x^ and similarly 
at (0, 1, 0) along the line x^. Then 

2=a^a^o . 4Vc'P+ai\a^^' —12bc'hH'+x^, • 86c?*?(— 36c*a,W+66c*aiP) 

+0^1 • 46c»i«(6VaJ— 126*c^+126c*fcP)} + lower powers in x^. 

Therefore S has a singularity at (0, 0, 1), and, symmetrically, at (0, 1, 0), 
which is something more than merely a cusp. It may be a tac-node. 



Catasz Imvegiipatwv nrn tibr Plmme Qumtic, 1S6 



J^bgmt liirBe cbbk maks x^ Ti» lotalixx off ^itbts in irbicdi Ibe Hessian buit 
aoqidxv m dfmble poinL. ![lifsref ore its discTiminaiit. an A^ must be made up 
maofSy cif liie tiiVBe iorariaids arxanhpd xoifaeiiL 



i4. The Ihmsrimmmmt cff (^)\ 
T9ia ^J HiiM tM r-iMit {g^ )^ s on the tine % if 

Tte point of cxmiact tb fsrec Ij 

Snoe (D, 0, 1) is taleen as anj one of tbe pointiB in whicii x^, cuts tiie gnartic. 
Ilos pcnnt of 0imtacst will be an (axj''ifwi=0 (if ci^^^O, the qiiaiticircnild have 
aa nndalatian). Bui ibis aajs that (D, D. 1 ) is a point of the Steineriaii. 
TberafiXR tbe foartr-cagbt infeexBeetians of iojT)^ and {^)\ wiosAi CMmsidered as 
a pomt eBime is of cxrder twelpe. are tbe aame as those of (ary axid L. This 
oaii be airtwita ii tj a t ad by Imding tbe point egnation of {b^)\ Tbe tine egnatian 
of (Bjr)^]S ^—27/*. Bnt ^ fomiBd for («£>^ is — 125-r-^»(ttar)^ ^dusre ^* is 
tbe imraijaut A g^^ven bj Baboon^ and i formed for (^)^ is 

Siarafoire tbe Bne equation of (^)* is 

l—12S-\'A^{uxyy—27lT^ (ajr/ - (««'>• (ta")*(o'x) (o"t)]» 

a^ iriD beeome a double line of s omlj if 

all otber eoaiditians tisoi this placing more than one restriction on tbe qnartic. 
Tbe pomla in wbicb s^ meets tbe qnartie are (0, 0, 1), (0, i^ 1), (0, oik, 1), 

(0^ i/k, 1), where P=— ^ and c/-rii^l=0. The tangents to the qnartic at 

tibeae £onr peinls are, reapoctivelT, 

c^ =0, 

ZmkXe—ZCiXi'tiCjkXt =0, 

SmukXt—Ze^-i-Zc^Jcx, =0, 

aad ffafqr evidentij have tbe eommon pomt (<:i, 0, — a). Let «=0, bo Hmt 
tin enmDoi poiirt becomes (1, 0, 0). Binoe aman; fbe coefficients eqnated to 
an* axe ^, m, /, Hien (0, 1, 0) is a point of the HesBian irith (0, 0, 1) as ite 
verrmpmidaBg BtconcnaD point Since liie tangent to the Steinenaa at any 
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point is the polar line as to the quartic of the corresponding Hessian point, 
the tangent to the Steinerian at (0, 0, 1) is a^i, which is the tangent to (ax)^ 
at the same point. Then since no distinction was made among the fonr 
points in which Xq cuts the quartic by assigning the particular coordinates 
(0, 0, 1) to one of them, when one of the twenty-one lines is a line of (s^)*, 
the quartic and Steinerian touch four times on this line, the four tangents 
going through the corresponding point. Also since the tangent to the Hessian 
at (0, 1, 0) is X2J the tangents at the four Hessian points corresponding to 
these Steinerian points are also on that corresponding point. 
Xq will also be a line of {s^)* if 

i. 6., if Xq is a stationary line of the quartic. But this leads to nothing new. 
Therefore {s^)^ has a double line only when one of the twenty-one lines is on 
{s^)^f and its discriminant, an A^j expresses this condition. 

§5. The Discriminant of {t^y. 
The contra variant {t^y i& on the line Xq if 

6=6,=/=0. 
Then 

(«O*=2^o0i • 2bocl+ lower powers in ^o- 

Xq becomes a double line either if &o=0, which says that the quartic has a 
double point at (0, 1, 0) with Xq as a tangent there, or if Ci=0, which says 
that the quartic has an undulation. 
{t^y iH also on Xq when 

Then 

{t^y=2^^^i — hcn+2^f^2 — bcm+ lower powers in ^o- 

For a?o to b® «^ double line requires either that 6=0 or c=0, which repeats 
the undulation condition, or that m=n=0, which is the condition on the 
quartic under which the Hessian had two double points and for which the 
invariant of unknown degree vanishes. Then one of the twenty- one lines is a 
line of {t^y. 

{t^y also has Xq as a line when &=/=c=0, but this leads to nothing new. 
Therefore the discriminant of (<0^ ^^ ^^y must be made up of the discrimi- 
nant of the quartic, an ^'^, the undulation condition, an A^^ and the unknown 
invariant. 
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^6. The Twenty-One Lines. 

The twenty-one lines * are given by an A'x^\ where i is as yet unknown. 
That it can be determined is due to the fact that these lines are part of the 
common lines of two curves, all of whose common lines are known. These 
curves are the Cayleyan, an ^^*^", and an A^^^^\ which is the locus of lines 
cutting the quartic so that three of the tangents at the intersections are on a 
point.t The common lines of these curves are are: } (1) the twenty-one lines 
counted sixteen times, since they are quadruple lines of both curves; (2) the 
twenty-four stationary lines, given by an A^a^*^ counted twice because they are 
double lines of -4^*^**; (3) the forty-eight lines of {s^y at its intersections 
with the quartic. Since the polar points of these lines are on {olx)^^ they are 
lines of the curve (s^y{sa) {s'^y{s'a) {s''^y{s''a) {s'"^y{s'''a), an ^«^^*, and 
are obtained by the elimination of f from -4®^^*, (5^)*^-4^fS and {^x) as an 
^~a?«. The eliminant of ^*«^^, A''^, and {^x) is an A'^x'^^ which must be 
made up of the common lines together with such invariants as express the fact 
that they become indeterminate. The only such invariant is the discriminant 
of the quartic, for if the quartic has a double point It divides out at least once 
from each of these curves. 

^668^432^ (^<^1)16 . (^24^24)2 . ^60^48 . (^27)*^ 

.-. 558 = 16t+108+27*, 16t+27fc=450. 

This equation shows that i must be a multiple of 9, and it can be satisfied only 
by $=18. Therefore the twenty-one lines are given by an A^^a^^. 

§7. The Invariant of Unknown Degree. 

The degree of the form giving the twenty-one lines being known, we can 
force one of them to lie on either (s^)^ or {t^y. The condition so obtained 
will contain the undulation condition, however, for the tangent at an undulation 
is a special case of one of the twenty-one lines, and is a line of both s and t. 
Suppose the A^^x^ factored into its component lines, the coordinates of each of 

* A curre on these lines is 

A*|'-sb2(«£)«(m) («'!)• («'a) (»"^) •(«"«) («'"€)'(«'"a)-3(«^)*(«'«'(«'a) («"^)'(«"a) (a'"« «.(«"'a) « 

+ i(««M«'«*(«"«*(«'"a)*. 

t Akxbioan Joubnal of Mathematics, Vol. XXXIX (1917), p. 227. 

(Let dt=m=/=:0, so that a^o is a line of the Cayleyan. Let n = 0, so that a, is the tangent to 
the Hessian at (0, 1, 0) . The tangent to the Steinerian can not be chosen as the other reference line 
because the stationary lines are known to be among the common lines of the two curves and the Steinerian 
is tangent to them. Instead, let (1, 0, 0) be determined by the intersection of 0, with the polar line of 
(0, 0, 1). Then Co=0. The coefficient of ^** in A"^* becomes — Y ^'cftoV* If 6 = 0, a?o is a stationary 
line of the quartic. If c=0, the quartic and Z meet at (0, 0, 1) and d^o is a line of («{)^ If &o=0, w^ is 
one of the twenty-one lines. If Ci = 0, an invariant condition is imposed on the quartic. 

25 
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these substituted in (5^)*, the twenty-one resulting terms multiplied together, 
and the coefficients of the A^^a^^ substituted for symmetric functions of these 
coordinates. The result is an 

This leads to nothing new. But the same process applied to {t^y gives the 
degree of the required invariant. For we obtain A^^'^'^^^'^=A^'^ from which 
the undulation condition must divide out at least once. Therefore the invariant 
in question may be either of degree 111 or 51. The first of these will not fit 
into the discriminant of the Hessian, but the second would give 

while for the discriminant of {t^y we should have 

^226^(^27)2. (^fl0)2.^51^ 

Therefore we have an invariant of degree 51, the vanishing of which expresses 
the fact that the Hessian has two double points, that {t^y has a double line, 
and that one of the twenty-one lines is a line of {t^y. It also has another 
meaning, as will appear later. 

§8. Certain other Invariants. 

The degree of the form giving the twenty-one lines being known, that for 
the twenty-one corresponding points can be calculated from the fact that each 
point is the polar point of the corresponding line as to both {s^y and {t^y. 
Suppose, as before, the A^^x^^ factored into its component lines, the coordinates 
substituted for >; in (5^) (5>7)', and the symmetric functions of these coordinates 
in the product of the resulting terms replaced by the coefficients of A^a^^. The 
result gives the twenty-one points together with such invariants as express 
that the polar point becomes indeterminate (t. e., that one of the lines be a 
double line of s). Then 

A 18 • 8+2 • 21 r21 _. J 64 . J 42«1 

Similarly from (t^y we obtain 

^18.6+8.21t21--^«0 , ^61 , ^*«t«l^ 

Therefore the twenty-one points are given by an A*^^^^* Suppose one of them 
to be on (aa;)*, and therefore on its own polar cubic. Then, as before, con- 
sidering A*^^^^ broken up into its component points, the coordinates substituted 

*Thi8 degree fits in with the form A**(" for the line equation of Z. For the cuBps are obtained 
from the eliminant of 8, T, and (im) as an A^^\ Then from the Pltlcker formula 
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in {ax)\ and their symmetric functions replaced in the product of the result- 
ing termSy we obtain an ^****+*^=:^^®. Out of this the condition for an 
undulation, when the point is on the line part of its polar cubic, must divide 
out at least once. If it is no more than once, we have left an A^ to express 
that the point is on the conic part of its polar cubic. To substantiate this 
degree we must find some case into which the undulation condition does not 
enter. We had before that the point is (1, 0, 0) and its corresponding line 
Xq if ho=m=n=Co=0. To put the point on the quartic requires that a=0. 
The undulation case is excluded because our choice of coordinates for the 
point and line implies that they are not incident. We can still choose (0, 1, 0) 
and (0, 0, 1) on Xq. Let us take them as the double points of the polar cubic 
of (1, 0, 0), so that g=h=0. Then in {s^y the coefficients of ^J, ^|, ^J^^, ^^^J 
vanish, showing that Xi and x^ are lines of s with contact (1, 0, 0), so that 
(1, 0, 0) is a double point of (s^)^* It is known that the double lines of 
{axy are given by an A^^a^; therefore the double points of (s^)* are given by 
an -4"^. One of them can lie on (oa?)* only in our present case or when 
{oLxy has a double point, for them {s^)*^ has that same double point with the 
same tangents. Then by the method of considering the A^^ factored into 
its component parts we have as the condition that one of these points be 

on {€LX) an A^'^'^^=^A^^=A^^ • A^^ 

This establishes the degree of the A^^. 

The totality of polar cubics of the twenty-one points given by the A^^^^ is 
given by an A^x^. Suppose this factored into its components cubics (^ixYj 
and then each of these factored into its component line and conic {yp^) * {h^Y. 
Then the condition that the line touch the conic is of second degree in both y^ 
and hi , therefore of second degree in /9,. Therefore the invariant expressing the 
condition that there be a polar cubic made up of a conic and a line touching it 
is an A^'^=A^^. This result can be substantiated in other ways. If, as 
usual, we take the line as Xq and the corresponding point as (1, 0, 0) so that 

then the conic will touch Xq at (0, 1, 0) if 

Then 8 goes through (1, 0, 0) while T has a double point there, so that 2 has 
two cusps and a double point coming together and acquires a triple point, 
since a{ is the highest power of x^ appearing in its equation. Since two of the 

*AxL examination of the coefficients of {9^)* shows that an undulation is not a double point of it. 
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intersections of S and T have come together, the A^^ must be a factor of the 
tact-invariant of these two curves. We have seen (§3) that in case of the 
vanishing of either the A*^ or the -4" that S and T touch at two distinct 
points, and these three cases seem to be the only ones in which two intersec- 
tions of these curves come together. Their tact-invariant is found from the 
formula given by Salmon to be of degree 4-6(6+8—3) +6-4(4 + 12—3) =576. 
Then 

Also, inspection of their coefficients shows that both H and S touch Xq at 
(0, 1, 0). As will be seen later, two intersections of S and H can come 
together only when two of S and T do. When the -4" vanishes H has two 
double points on 8; when the A*^ vanishes, H has a double point which is also 
a double point of S. The tact-invariant of S and H is of degree 4 -6(6+8—3) 
+3.4(4 + 12— 3) =420. 

^420^(^48)4. (^61)2. ^IM 

The twenty-one polar cubics being given by an A^af^y while the twenty- 
one line parts are given by an ^^V^, the twenty-one conic parts are given by 
an A^^x^. Since the discriminant of a conic is of third degree in its coefficients, 
the condition that one of these conies break up is an A^. But then the polar 
cubic consists of three lines, any two of which may be considered as the conic 
part, so that this degree is probably divided by three. Therefore the condi- 
tion that there be a polar cubic made up of three lines is an A^^. Then three 
of the double points of the Steinerian have come together, giving it a triple 
point.* 

§9. The Eliminant of S^ T, H. 

Under the reference scheme where 

6g=/=m=0, 

the coefficient of the highest term in x^ in both S and T is a power of (Cil+n^). 
Then both coefficients vanish if Ci=n=0, but this, as we have seen, means the 

* Professor Morley has pointed out to me that the degrees of these last two invariants can be substan- 
tiated by the work of Caporali (Memorie di Geometria, p. 171) on a web of plane curves. If i curves of 
the web are of a particular kind, then the invariant expressing that there be a curve of that kind in a 
net is of degree i in the coefficients of the three curves upon which the net is built up. From his results 
the invariants expressing that in a net of cubics there be a cubic with three double points or a cubic with 
two coincident double points are of degree 15 and 42, respectively, in the coordinates of the three cubies, 
But in the polar net each cubic is linear in the coefficients of the quartic. Therefore the invariants are 
are of degree 46 and 126 in the coefficients of the quartic. 
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YaniBhiiig of an A^. Therefore for the general quartic we obtain (0, 0, 1) as 
one of the ecMnmon points of S and T if we make 

/=ii=0. 

Bnt then the coefficient of x^ vanishes in S. Therefore to the twenty-fonr 
ensps of the Steinerian correspond those twenty-four points of the Hessian 
which make np its intersection with 5. 

It is known that the polar cnbic of a point on 5 can be reduced to the sum 
of the cnbes of three linear factors ; its Hessian is the product of these factors 
and is one of those four triangles whose sides pass through all the flexes of 
the cnbic If the cubic has a double point, there is only one such proper 
triangle, made up of the tangents at the double point and a line through the 
three remaining flexes (flex line) ; in case of a cusp even this degenerates to 
the cusp tangent counted twice and the line joining the cusp to the sole 
remaining flex. Here the polar cubic of (0, 0, 1 ) is 

and its Hessian is 

But x^ is the tangent to if at (0, 1, 0) and a^+gx^ is the tangent to S at the 
same point. Therefore the polar cubic of a cusp of the Steinerian has as its 
cusp tangent and its flex line the tangents to H and S^ respectively, at the 
corresponding point. The cubic can be thrown into the form 

which also shows up the tangent at the flex as the linear form in brackets. 
The polar cubic of (0, 1, 0) is 

and its Hessian is 

Then the tangent to ff at (0, 1, 0) passes through three flexes of the cubic, the 
three flex tangents pass through the corresponding Steinerian point and the 
binary Hessian of these three tangents picks up the six remaining flexes. 

The coeflScient of a{ in ff is — clg. Since we cannot have C|=0 without 
bringing on the vanishing of the A^^ and worse, let us make ^=0. Then we 
have made 8^ T, H have a common point at (0, 0, 1). The polar cubic of 
(0, 0, 1) becomes 
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If we let the intersection of stationary tangent and cusp tangent be (1, 0, 0), 
then ri 

But since we now have g=n=Coj the Steinerian point corresponding to 
(0, 0, 1) as a Hessian point is (1, 0, 0), which also becomes a cusp on the 
Steinerian. So to sum up, we have: (1) the cusp eo on the Steinerian corre- 
sponds to 62 on the Hessian; (2) the cusp 62 on the Steinerian corresponds to 

61 on the Hessian; (3) the tangent to the Hessian at 61 goes through Cq and at 

62 goes through ei; (4) the polar cubic of 62 has the tangent to the Hessian at 
61 as cusp tangent, the line ^o( = ^i^2) && ^^^ iu^^y ^^d & stationary tangent 
going through eo; (5) the polar cubic of 60 has an analogous set of lines; (6) 
S is tangent to Xq at ei and to rci at 62 . 

The real underlying significance of this state of affairs is not known; 
neither is the degree of the invariant representing it, but it can be guessed at. 
For the eliminant of Sy T, H is an A^. The only other condition under which 
these three curves have a common point is when the A^^ vanishes, but then 
they have four common points, for H has two double points on the other 
curves. Then presumably the A^^ divides four times out of the eliminant, leav- 
ing an A^^. The essential difference between the two cases seems to be this : 
To every 8T point (intersection of 8 and T) there is attached an 8H point with 
which it cannot coincide without more than one condition on the quartic. 
In order for 8^ J7, T to have a common point an 8T point must coincide with 
an 8n point. If then the corresponding 8H and 8T points also coincide, the 
A^^ vanishes. When there is no further coincidence, we have the other case. 

§ 10. The Eliminant of the Polar CubiCj Conic, and Line. 

Suppose we ask that the polar cubic, conic, and line of (0, 1, 0), which is 
not on the quartic, have a common point (0, 0, 1). Then 

62=/=Oi=0. 

The symmetry of this condition shows that the relation between (0, 1, 0) and 
(0, 0, 1) is a mutual one. Also x^ is a line of (tf )^ Therefore we might 
define (<^)^ as the locus of the joins of pairs of points so related that the 
polar curves of each pass through the other, the pair of points being the 
common harmonic pair of the two harmonic pairs of points in which their 
join cuts the quartic. 

In general the eliminant of the polar curves of rr, which are an Aa?yy an 
Aa^j^, and an Axj^, is an A^^a?^. Out of this (ojxY divides twice, leaving an 
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^*ar*. Before askiiig the memning of this latter curve* let us examine the 
eliminant of a cubic Aj^^ its polar conic Jxjr, ana its polar line Ai^y. It is 
an A^x^j from which the cubic divides out twice. The remainder, an A^j^^ 
gives the nine stationary lines. Therefore the A^j^^ is for the quartic the 
loens of points lying on the stationary lines of their polar cnbics, also the 
locns of flexes of polar cnbics the tangent at which lies on the pole. 

Salmon gives as the equation of the nine stationary lines of the cubic. 

5SU^H—H*—Ue, 

iHiere 8 is the invariant of degree 4, r is the cubic itself, H is its Hessian 

and is a certain A*i^. For a polar cubic of the quartic the first three pass 

over readily enough into the eovariant Sj the quartic itself, and its Uessian, 

but is not so easily transferred. So we will substitute for it another A^2^j 

expressible in terms of S, 17, H^ and 0, which gives the locus of a point whose 

polar conic as to the cubic is on its polar line as to the Hessian. Then it is 

easily shown that 

A^z^=SSU^H—H*+9Uer, 

where S is the eovariant S of the quartic, U the quartic itself, H its Hessian, 
and 0' the locus of those points whose polar conies as to the quartic are on 
their polar lines as to the Hessian. 

The form of the A^j?^ shows that all of its intersections with (asY are 
used up at the flexes of the quartic. The twenty-four points are also part of 
its intersection with H, but there are eighty-four more, lying on 0'. Now we 
saw that (0, 1, 0) is a point of the A^o^ if 

6,=/=Ci=0. 

To make it a point of H also requires that 

ifi=0.* 

But there are only forty-two such points, for they are the points where £f , 
(tl^Y and the Cayleyan all touch.f Then the intersections of H and 0^ must 
eome together by twos, and, indeed, it is readily shown that the two curves 
touch at their common points. 

It is also easily shown that the forty-two inflexions of the Steinerian are 
at the points corresponding to these Hessian points. 

^Or BTmme^ieally, (0, 0, 1) is a point ot H if ii=0. 
fProe. Kat. Ae. Sei., \iA. in (1917), p. 4tf. 
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§ 11. The Polar Conic of Two Points. 

The eliminant of the polar curves of the quartio connects up with the 
polar conic of two points in the following way. The polar conic of x and y as 
to the quartic is (ax) (ay) (a^)*. Any point on the line xy may be represented 
parametrically as x+Xy. This line meets the conic in two points whose param- 
eters yl are given by 



{ax) (ay) (arr+Xy)*= (arr)»(ay) +2X(arr)*(ay)*+X(aa;) (ay)»=0. 

If we ask that these points become indeterminate, we ask that the coefficients of 
X all vanish. Then x and y are a pair of points such that the polar curves of 
each are on the other, so that we can define the A^x^^ of the last section as the 
locus of pairs of points whose polar conic is not only degenerate but contains 
their join, and {t^y as the locus of this join. If x and y be taken as (0, 1, 0) 
and (0, 0, 1), then, as we have seen, 

b2=f=Ci=0. 

The polar conic of the two points is 

lxi+2mX(fi0i+2nXoX2=Xo{lxQ-\-2ma>i+2nx2). 

To make the double point at one of the points requires that 

m=0 (orn=0). 

But this makes (0, 1,0) one of the forty-two points on H where it touches {t^y. 
In general for a given y we have a whole locus of points x^ the polo- 
Hessian of y to be exact, such that the polar conic of x and t/ is a pair of lines. 
We have seen that for one of these lines to be xyj x and y must lie on an A^a^. 
If we ask instead that the double point be at a;, then rr is a point of the Hessian 
and y a point of the Steinerian. For the polar conic of (0,1,0) and (0, 0, 1) is 

la^ + 2mXoa>i + 2nx^ + 6,a;i + 2fxiX2 + CjO^ , 

and this becomes two lines on (0, 1, 0) if 

being, in fact, the tangents at the double point of the polar cubic of the 
Steinerian point. To ask both that xy be one of the lines and that the double 
point be at x picks out, as we have seen, the forty-two inflexions of the 
Steinerian, and the forty-two points where the Hessian touches the Cayleyan 
and (tl^y. 

Making a fresh start, let us ask that the polar conic of (0,1,0) and (0,0,1) 
be the square of the line. If we take (1, 0, 0) as a point of this line, then 

Z=m=n=0, 6,Ci— f =0. 
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B«ft then we find fbmt tht eoefficients of xi mud j^ in S vmnish. Therefore the 
pair of piHBtB ^diooe polar conie is a repeated line lie on 5. But we already 
hare a eorrapondeiiee of the points of S, for the polo-Hessian of a point of 5 
la made up oi three lEDes, the intersectiiHis of which are on S. With the above 



(1, 0, 0) was anj point of the repeated line. Liet ns take it as one of the 
interaeetions with S by making 

Then the polo-Hessian of (0, 1, 0) beeomes 

+^{hfh-htf-V^) +XA{hc^k-blc^-bJh)]. 
The doable points are (1, 0, 0), (0, 0, 1), and 

Then the polar eonie of (0,1,0) and (1,0,0) beeomes o^jr^+^Ax^^+bo^, 
that of (0, 1, 0) and (0, 0, 1) is b^+2fx^Xt+c^3i, and that of (0, 1, 0) and y 
is fl^ . Therefore the polar conic of a point on S and any vertex of its polo- 
Hessian triangle is the square of the opi>osite side.* 

If, now, we also ask that the repeated line be on (0, 1, 0) we have 

b,=f=0. 

Then (0, 1, 0) is one of the twenty-fonr intersections of S and H. Therefore 
the polar conic of an SH point and its corresponding ST point is the square 
of a line on the 8H point (the tangent to H there) . 

If, finally, we ask that the polar conic of (0, 1, 0) and (0, 0, 1) be ;]:{, 
we have ^_^ i, _/_^ _a 

But then the A^ vanishes. Therefore we have a new definition for the A^ ; it 
is the invariant expressing the condition that there be a pair of points such 
that their polar conic as to the quartic is the square of the line joining them, 

^12. SalmoH's Connex. 

Salmon has shown that with any plane curve {axy there is associated an 
^•^(»-^)y«-i^ which when x is a point on the curve picks out the remaining 

* We might expect this sort of (3, 1) correspondence from the following considerations: The line 
equation of (aa) (ay) {az)* is an AVy*^. If the conic is the square of a line, the line equation Tanishts 
ideBticallj. Equating each coefficient to nro, we have six equations from which we can eliminate the six 
quantities y,*, y^t, y^t$ Vx** yofi, jft*, giving an A"«". This must he «•. 

26 
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intersections of the tangent at x with the curve. This connex is expressible 
in terms of polars of the Hessian of the curve itself and the Hessians of the 
polar curves of x as to (at/)". In case of the quartic the connex is an 
A^x*y^^l5{hx)^{hyy—9{hix) (feij/)*, where {hyy is the Hessian of the quartic 
and {hiyy is the Hessian of the polar cubic of x. Explicitly 

A^xy=j:xt[yl ' 6{agh—aP—alg—alh+2aia^l) 

t 
+St/oyi '4t{ahQg+ahn—2alm—albo—ain+2aiatm—aigh'}-aiP) 

2 

+liy\(ahg—hal+abon—2ah2l+afh—am^'}-2aia2h2—alf—aibog 

— aihn+2ailm) 
+^1^2 {(iboCQ+2ab2g + 2acih—4:afl—antn—2alci—2alb2 

— 4taiaJ — aiCoh—a^bog—aigm — a2hn+2ailn'}-2atlnt)] 

8 

+Tta^[yl • 8{abog+ahn — 2alm — albo — afn+2aia2m — aigh+aJP) 
+yoyi ' 2{abg—ba2+7abon—2ab2l+afh—7am^+2aiaJb2—a\f 
+5aJ)og—12a2bol—7aihn+12a2hm+2ailm—6gh^+6hP) 

+^0^2 ' (7aboCQ+2ab2g+2aCih—4tafl—7amn—2a\ci—2alb2 

+4aia2/ — TaiCofe — 7a2bog + 17 a^m + 17 ajkn — lOa^n 

—10a2lm—12ghl+12V) 
+y\ ' 3 {abn+abof+baig — 2a6atn — 2ba^+2a2b2h—ajh — b^gh 

—hn^+2hlm) 
+yiy2{(ibco+5aboCi—ba2g+3ab2n—9afm+2aiboCo+7aib2g 

—5aiCih—4ta2bon—10a2b2l+lla2fh—3cJi^—2aJl—3bogl 

—2aimn+4a2m^—3ghm+3hln+6Pm) 
+y| (2ac&o+ ^62^0 — 2caih — Sacim — 2a2&o^o — 02^25^ +5a2Ciit 

+^aiCom—2aiCil+^aJg—^a2fl—3Cf^l — 4ain*+2a2wn 

—3glm+6l^n)] 

8 2 

+Srro^J[St^ • 3 {abg—bal+3abon—2ab2l+afh—3am^+2aiaJb2—a\f 

+ aibog—4:a2bol—3aihn + iajfcm + 2a^m— 2g}i?+ 2 W*) 

+yoyi * ^{abn+ab4 +baig—2ab2ifn—2baJ,-\'2ajb2li+4LarJ:)Qn 

—aifh—bQgh—4:aim^—4:boP—5h^n+10hlm) 
2 

+2yoy2 • 3 {abco+aboCi—ba2g—ab2n—afm+2aibQCQ+3aib2g 

—aiCih+4:a2bon—2a2b2l+3a2fh—3coh*—2aJl—7bogl 

— 2aimn—4:a2fn^+5ghm — hln+6Pm) 
+y2{abc—ab2Ci—ba2Co+2caibo—3ch^'\'^aib2Co+4:a2boCi—6aiCim 

—6boC^—3a2fm—3b2gl+3cQhm+3cihl+6fgh—3fP—3gm^ 

—6hn^+12lmn)] 
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8 

+Jloo^iX2[yo ' 3 {3aboCQ+2abig + 2acih—4:afl—3amn—2alci—2alb2 
+4taiaJ — 3aiCoh — 3a2&o5^ + 5ai^tn+5a2/m — 2ailn — 2a2lm 

2 

+Syoyi ' 3 {ahcQ+3aboCi^ba2g+abin—5afm+6aihoCo+5aih2g 
— 3aiCih+4a2bon—6a2bil+7a2fh — lcjk^—2aifl — 13&a^i 
— Goimn — 4a2m* + ^ghm + hln + lOZ^wi ) 

2 

+SyJ '3(abc^+2baxCo—abJ—3bgl'{-^ajbJ—2bQCQh—A:ajb2m 
+bbfgh — CiA* — 2ajm — 2b^m — fhl+AXm^) 

+yiy2{abc+%abtC^+2ba2CQ+2ca^Q—9ap—3bg^—3c}h*+16aJ)2CQ 
+16aa6o^i — 12aiCim — 12aJ)2n — %ajn — &ajm — ISb^gn 
—12b^l—lScJkm—12cJil-{-3Qfgh+^gm^+&hn^+2Umny\. 

' This connex may be considered either as a conic or a quartic, depending 
on whether rr or y is the given point. If the curve has a double point the 
conic vanishes, but the quartic does not. Let 

a = ai=a2=0, 
so that (1, 0, 0) is a double point, and let this be taken as the point y. Then 

k»a;y=S4»i '3(—2gh^+2h1^) ^a^^^x^ • 3(— 4^W+4?) 

2 

+Sa?o^ • 3(—bQgh—h^n-\-2Mm) 

2 

+TkX^X2 • 3{—Cq1i^ — 2bQgl — ghm+^l^m) 
+Jljil{bgh—bI^—blg—bohn + ^bM) 

2 

+Jla^Xi{—boCoh+4:bigh—4tbogm + 2bJn — 462^* — 3hmn+6lm^) 
+alxi{—3b^n—3cohm+6fgh—6fl^—3gm^—3hn^+12lmn). 

Obviously this curve has a double point at (1, 0, 0) with the same tangents as 
the quartic. Therefore six of the sixteen intersections of the two curves are 
used up here. To find the others let us take (0, 1, 0) on {axy^ so that &=0- 
Then in order that (0, 1, 0) may also be on A^x*y^ we must have 

boibog+hn — 2lm) =0. 

If &o=0, the intersection is the contact of a tangent from the double point; 
there are six such. If 60 =^ 0, let us take another intersection which is not one 
of these contacts as (0, 0, 1). Then 

c=0, bog+hn — 2Zm=0, Coh+g^n — 2Zn=0. 
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These last two equations say that the tangents at the double point, given by 
ha:^i+2lXiX2+go(i=0^ are apolar to the three points in which Xq cuts the polar 
cubic of the double point, these three points being given by 

But this is true when Xq is the flex line of the polar cubic. This result can be 
verified by starting out merely with a=ai=a2=0 and throwing the polar cubic 
of (1,0,0), 

3hX(^-\'6lXffii>iX2-}'3gxQ0(i-\'b(fi(^'\-3mx{x^-\-3nXi(x^'}'C^ 

into the canonical form by 

h=g=m=n=0. 

Then Xq is the flex line. It meets -4Vy^ ^ points given by 

—l^{hx\+4:b20iix2+6fa^ai+4:CiXiai+cxD =0, 

evidently the same points as those in which Xq meets the quartic. Therefore 
the four remaining intersections of A^x^y^ and (axy are on the flex line of the 
polar cubic of the double point. 

This result can be verified algebraically. For 

^•a?V= (gh—P) {6hx^+12lo(^X2+6gai(xi+^h(fiOffli+12nix^iX2i 
+12nXffi0iQ(i+4:C^ffli+hxi+4:h^iX^+6fa^(xi+^CiXia^ 
— [3hxoa^'\-6lXffl>iX^+3gX(fli+hopci+3ma^x^+3nXixl+c 
[4:{gh—P)Xo+ {bog-i-hn — 2lm)Xi'}-{C(fi+gm—2ln)x2] 
= {gh—P) {axy— {axy (ay) • flex line. 

The polar cubic picks up the six intersections at the double point and those at 
the six contacts of tangents from the double point; the flex line gives the 
remainder. 

The flex line can be obtained by a sort of limit process from the polar 
lines of (ax)* and {hxy. Instead of at once taking (1, 0, 0) as a double point, 
let us make Xq the polar line of (1, 0, 0) so that ai=as=0. Then if y is 
(1,0,0), 

3 (ay)* • {hx) {hyy+ {hyy • {ax) (ay)« 

=a[4:{gh—P)Xo+{bog+hn—2lm)Xi+{cJi+gm—2ln)(Cf]. 

If we divide this by {ay)*=a and then let a=0 so as to get a double point, we 
have the flex line. 
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AVj^ IB iK»t the caoiy enrre irhieh picks iip the six points of eontaet from 
jf when If is a doable point. So does (fcf )^(Ay), for wboi the double point is 
taken as (1, 0, 0), 

-i-i^' {—b^h—'2l^—Sk'n^6kim) 

+Sr.*i • KM— *tP— fe^— *6i*« -r 66sW+ 26,;«i— 3/»»+3Jkw*) 

-\-Zz„a^ • f (— 36^7— 2taC,^-r56sy*— 3c,**— 26,^»i— 26,/n 
— 26/-r3/W-««i») 

— 6e,W+18/^»-rl8Ziiiii) 

-l-Ha^x, - 1 (hc,^t—2hgm—2blH—b'^^-^2bJb^—2b^h+4bJl 

-i-ib^n—2b„mft—2b^m —Zfhm-\-Zm*) 
t 
-hSa^ - i (— ct,^— 36^11 -i-4t^—4fei,C6»i+ 26/^7 +56 J^ 

—2bjgm—^km—2b^—2Jb^n +3fhn+6niFn ) , 

and the eoeffieaent of sf Tanish^ for b=b^—0. That it passes through the 
intersectioiiB of (ax)* and (ax)'(ay) is shovn bj 

3{1txy{ky) = l6k4>i-^12Ui^fCjXt+€g2?^+4b^^+12mx^,Xt+12nx,^ja!i 

+4ci^+ 6Tj+4fe,x^+6/2^a|+4c,a:,2^ +ca^] 

[4(pfc— P)a:s+ (6„y+*ii— ai»i)jc,+ icJt+gm—2ln)Xt] 

-I- [31urvt;+6/«^x,+3pxj2|+6p«;+3ma5«,+3i»x,a?+c,i;] 

K - —10(gh—P) -\-lasXi{—f>bug—5hn+10lm) 

+Iai{—bg—b^+2bJr—fh'\-m*) 

+TiXt(—b/;u-2b,g—2cih+4fl+mn)] 

= (sx)' ' flex line — (flut)*(ay)| — JVy*+Xp- flex line!, 

where bf — A's^t^ is meant the result of forming A'z^^ for y^ll» 0, 0) 

wheo otnlj a}=:az=0, diriding bjr a, and then letting a=0. Any fnrthor 
pniaull of this relation, however, when the qnartie has no double point, seenis 
merely to lead to Gayley's indentity 

3{ax)*- (ka;)(*y)»— (■a;)»(«y) •^Vy*+(«x)(«y)»-^Vy* 

-3(ay)*(Jbr)*(ky)^. 
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Note 1. 

The developments of H and S are given by Salmon only for a special 
quartic. Those for the general quartic may be calculated by means of 
a differential operator from the leading coeflScients, which in case of 8 is 
obtained directly from the invariant S of the cubic as given in the Higher 
Plane Curves. The general expression for the Hessian is 

8 

HxKagh — aP—a]g — alh+2aia2l) 

6 

+Jlx^i • 2{ahQg+ahn — 2alm — albo—a\n + 2aia2m — aigh+aiP) 

+Jlxip(^{abg-—bal+^abon—2ah2l+afh—4^am^+2aia2b2—a]f-{'2aibog—6a2bJ. 
—4:ajin+6(i2hm+2ailm—3gh^+3hl^) 

8 

+Ila:o^% • 2{2abQCQ+ab2g+acih—2afl—2amn—alci—a2b2+2aia2f—2aiCQh 
— 2a2bog +^aigm+Aa2hn—2ailn — 2a2lm — 3ghl+3P) 

8 

+Sa^ • 2{abn + abof+baig — 2ab2m—2ba2l + 2a2b2h+2aibon — a^fh—b^gh 
—2a^m^—2bJ.^—3h%+&hlm) 

6 

+Sa;o^a?2 • 2(a&Co+2a6ot?i — baiQ — 3a/m+2ai6o^o+4fli6«5^— 2aiCife+2a,6oW 
— ^ajbji'\'baJh—3cQh^—2aJl—QbQgl — 2aimn — 2a2ni^+3ghm+6Pm) 

+xla^ai{abc-\'2ab2Ci+2ba2Co+2caibQ—3af—3bg^—3ch^+10aib2Co+10a2bQCi 
— 6aiCim — 6a2&2^ — 660^0^ — Sajn — 6a2fni — 6bogn—6b2gl — Scohm — Gcihl 
+ 18fgh+18lmn). 

The full development for 8 is 

8 

JlxKaboCol — abogn — acohm+agm^+ahn^ — almn — a^^aiboCo+alcom+albon 
+ (iJ>oSI^ + (h<^oh^ — aiCohl — ajb^l — a\n^ + aiajmn — a\m^ + a-^hn + a2ghm 
—3a^lm—3a2hln + 2aiPn + 2a^m—g^h^ + 2ghf—l^) 

8 

+ Sa^i (a&(?aZ— a6^n— feaia^Co— afcgCofc + afeo^iZ + 6a|n— afeo/^r + feai,9* + 2a62flrm 
— aci^m — ba^gl — ab^n + 2afhn — aflm + aj&j^o — flfi^j^o^i + ^^0/ + (^ifij^ 
+ aXc^m +Oia2&2W — 2a\b2m — aJ)QcJi + a2b2gh + agCife* — 2a\fn + aiojm 
+2ai6(^n — 3aJ)2gl — axCjd-\-2aJb2l^ — 2ajbjin+aifgh — bQg^h—3aJhl 
+ 2ai/P — 2aigm^ — ajkmn + bQgl^'\-ailmn + 2a2lni^—gh^n + 2ghlm 

8 

+^La^^i{abcQni+abcJi—abfg—abn^—abQb2CQ—baia2Cx+ab\g—ab2Ci^ 
— ba^CQh+abJn—abJl-\-baign—ba2gm+ab2mn+bajin+afh'{'bg^h 

—afm^—bgl^ + af fej^i— afftl + ^60^0+ ^i^a'^a/ + o^-ibtcji + a^Qb2g + ajb^Cyh 
—aiboCom—QiboCil—alf— blg^—aib2gm—a2bofl + 2a2&2%n + 2ai6on'— Sajftj^n 
— Sagbontn — ajhn — 2ajhm — b^ghn — 2&2^W+4«i/^w*+46oflr?w — Oim^n 
+2a^nf—bJ?n+2b2l^+fgh^—fhl^—ghm^—h^n^+4:hlmn—3J^m^) 
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+lla^iX2 (abcl—bcoia^ — dbcig—ach^h + ha\ci+ ca]b^ — 2afeoCo/+ baiC^g 
+ cajbji + 2afeoOiW + 2a62CoW— feagCo?— cajfeo^ + ohjg + acjh — 2a\n^ 
— 2acim^—afl + 2afmn—alcif — a^^f—aih^c^ — ajbiCQh-\'2ajDQCQn—ar^fCj' 
+2a2&o^oW — a2&o^i^+^i^2/*+2aiCo/fe+2a26o/^— 6oC(^fe— aifeg^w — 2a^Cyhn 
— 2ajb^m — a^Cihm — 4aiCom*+5aiOi/m— iaafco^^+SagMw— 60^0^+262^*^ 
+2cigh^+ajgm+a2fhn — 2hog^m — 2coh^n — 3ajln — Saiflm+^hogln 
—2b2gP+4:Cohlm—2cihP+2aimn^+2a2m}n—4:fghl—3ghmn+4tfP 
+^glm^+4:hln^—7Pmn) . 

The leading coefl5cient of T may be obtained from Salmon's expression 
for the invariant T of the cubic, but the coefficients are too tedious to compute 
in general. For the coefficients of s and t see Amebican Joubnal of Mathe- 
matics, Vol. XXXIZ (1917), p. 232. 

Note 2. 

Certain invariants of the quartic have a well-defined geometrical meaning. 
The two simplest invariants, the -4* and A\ have apolarity meanings and may 
be included in the list by courtesy. Then comes the -4^^ of Professor Coble,* 
which is the condition that the quartic be reducible to the sum of the fourth 
powers of the six lines of a complete quadrilateral, also that the covariant 8 
become two conies ; the discriminant, A^ ; the A*^ of Dr. Thomsen, expressing 
that there be a polar conic which is the square of a line ; an A^ of Professor 
Morley's expressing the condition that the quartic pass through the vertices of 
a pentagon; the undulation condition, A^. In this list certain gaps are filled 
in by the A^j the condition that a polar cubic be made up of three lines, and 
the A^\ the condition that the polar conic of two points be the square of 
their join. 

There should also be an A^ under which the Steinerian has the stationary 
lines of the quartic as double lines. For the Steinerian in lines, an A^^^^y and 
the Cayleyan, an A^^^^^j touch on the stationary lines.f Then the terms of the 
Steinerian containing only the first power of (s^)* or {t^y should be the same 
as those of the Cayleyan, multiplied by an A^ to bring them up to the proper 
degree. If this A^ vanishes, then 2 has the stationary lines as double lines. 

♦ Amebican Journal of BiATHSHATics, Vol. XXXI (1909) , p. 357. 
tProc. Nat. Ac. Sci., Vol. Ill (1917), p. 449. 



On Surfaces Containing Two Pencils of Cubic Curves* 

By C. H. Sisam. 



1. In a recent article in the Amebicak Journal of Mathematics^ Vol. 
XLlj p. 49, the author has discussed the surfaces generated by an algebraic 
system of cubic curves that do not constitute a pencil. In this article he 
studies the surfaces which contain two or more pencils of cubic curves. 

2. Let m be the order of a given surface F which is generated by two 

pencils Si and 2^ of cubics which intersect in k variable points. We shall 

show that 

mA;<18. 

Any surface of order Jcx such that kx>m contains all the curves of St , and 

hence has 2^ as a component, if it contains 3a?+l generic curves of Si. Hence 

it contains F if it contains 3kx+l generic points on each of 3a?+l generic 

curves of Si, that is, if it satisfies at most, {3x+l) {3kx+l) independent 

linear conditions. Then this number can not be less than the actual number 

of conditions that a surface of order kx must satisfy in order to contain F as 

a component, that is 

^^^^1 N ('^ir^M^ x> i^+M {Jcx-m+3)l 
i3x+l){3kx+l)>^^jj^^ 3,(^^_^), , 

or 

3k{18—mk)Qi^+{3km''—12km+18k+lS)x—{m^—6m^+llfn—6)>0. 

Since this inequality holds for all integer values of x such that rrA;>m, we must 
have 18— mA;>0. 

We have supposed, in the above proof, that F lies in three dimensions. 
But the theorem still holds if F belongs to r>3 dimensions, since such a sur- 
face can be projected, without changing m or A;, into one belonging to three 
dimensions. 

Case I. The Cubics of Both Given Systems abe Rational. 

3. In this case the surface F is rational since it contains two pencils of 
rational curves. The entities Si and 2^ , whose elements are the curves of the 
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two systems, are also rational since each defines a rational involution of order 
A; on a generic cnrve of the other pencil. 

k=l. 

4. Let the pencils Si and 2^2 be put in (1, 1) correspondence with pencils 
of lines in a plane 11 having vertices at Pi and Pg respectively. Then the sur- 
face F and the plane 11 are in (1, 1) correspondence in such a way that corre- 
sponding points are at the intersections of corresponding curves. Let ft be 
the order of the curves in 11 that correspond to the hyperplarie sections of F. 
Since these curves have points of multiplicity fi—S at P and P[ we have 
2{u—3)<ii OT (i<6. 

5. The system of sextic curves in 11 which have triple points at P and P' 
define parametrically a surface F which is of the given type. Any other such 
surface is a projection of this one, since any linear system of curves of order 
II having {(i — 3) -fold points at P and P' is contained in the linear system of 
sextics. We conclude that if the curves of Si and Ss are rational and k=ly 
the surface is of order 18, belongs to an Sis,* and is defined parametrically by 
the sextics in a plane which have two basis triple points or it is a projection 
{not necessarily from external points) of such a surface. 

6. If F belongs to Si^ , the genus of a generic hyperplane section is equal 
to 4, that is, to the genus of a generic sextic with two triple points. It con- 
tains no cubic curves other than those of the two given systems. 

k=2. 

7. Let F be birationally transformed into the plane 11 in such a way that 
the cubics of S2 correspond to the lines through P\ Then the cubics of Si 
correspond to rational curves of order v which have a {v — 2) -fold point at P'. 
By a suitable birational transformation the order of the curves of this pencil 
can be reduced to 2. Let, then, v=2 and let Pi, P2, Ps, P4 be the basis 
points of this pencil of conies. To the hyperplane sections of F correspond 
curves of order (i which have a (fi — 3) -fold point at P' and multiplicities p< at 
P<, (*=1, 2, 3, 4) such that 2f£— (pi-f pj+ps+p*) =3. By a suitable birational 
transformation, such a system of curves can be reduced to one of the following 

three types : 

(1) f£=4 pi=2 p2=pa=p4=l. 

(2) (1=3 pi=0 p2=:p8=p4=l. 

(3) (1 = 3 pi = 2 p2 = l, P8 = p4 = 0. 

* The symbol 8r denotes a space of r dimensions. 

27 
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8. The surfaces defined parametrically by systems of types (2) and (3) 
are projections of special cases of surfaces of type (1) such that the latter 
surface has one or more double points. Hence, if the cubics of 2i and S2 ^re 
rational and A; = 2, the surface is of order 8, belongs to an S^ and is defined 
parametrically by the quartics in a plane which have a double and four simple 
basis points^ or it is a projection of such a surface. 

9. If F belongs to Sj , its generic hyperplane sections are of genus 2. 
It contains four pairs of pencils of cubics such that cubics of opposite systems 
intersect in two points. One pencil of such a pair is defined by the pencil of 
conies through the double and three simple basis points. The other pencil is 
defined by the lines through the remaining basis points. It contains no other 

cubic curves. 

k=3. 

10. As in the preceding case, this surface can be transformed into a 
plane 11 in such a way that the cubics of S2 correspond to the lines through P' 
and the cubics of Si to the cubics which have a basis double point Pi and five 
basis simple points P2 , Ps >••••> -Pa • To the hyperplane sections of F corre- 
spond curves of order fi which have a {(i— 3) -fold point at P' and multi- 
plicities p^ at Pi J (t=l, 2, 3, ,6) such that 3f£— (2px4-p»+p8+p4+p6+p6)=3. 

If the order mof F exceeds three, these curves can be transformed into quartics 

which have a double point at Pi and pass simply through Pt , Ps, t P» and P'. 

If m < 3 the surface is a projection of one with one or more singular points 
defined by a system of the above type. Hence, if the cubics of 2i and S, are 
rational and if A; =3, the surface is of order 6, it belongs to an 8^ and is defined 
parametrically by the quartics in a plane which have a double and six simple 
basis pointSj or it is a projection of such a surface. 

11. There are thirty-two pencils of cubic curves on such a surface Fi 
defined by the pencils of curves of order t<3 in n which have an (t — l)-fold 
point at Pi and pass through 2i— 1 simple basis points. The curves of each 
pencil intersect those of one other pencil in three points. The 8^ defined by 
the curves of such a pair of pencils constitute the two systems of 8^ on an 
hyperquadric in 8^ which has a double line and contains F. 

There are twelve other cubic curves on F. Six are defined by the conies 
through five simple basis points and the rest by the cubics which have a node 
at one simple basis point and pass through all the other basis points. 

k>i. 

12. If Aj=4 and if w=4, the surface F can be transformed into n in 
such a way that the curves Sj correspond to the lines through P'^ the curves 
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2i to quartics with a basis double point Pi and seven basis simple points 
P, , Pg ,,..., Pg , and that the plane sections of F correspond to quartics which 
have a double point at Pi and pass through P^^P^j . . . ., Pg and P' Such a 
linear system defines a quartic F with a double line. 

We have seen (Art. 2) that if /c>4, then m<3. Hence, if A;>4, the sur- 
face F is a quartic with a double line, or a cubiCj a quadric or a plane. 

Case II. The Cubics of Si are Rational; Those of Sg, Elliptic. 

k = l. 

13. The pencil Ss is rational since it is in (1, 1) correspondence with a 
generic curve of Si. Similarly, Si is elliptic. Let the pencil Si be put in 
(1, 1) correspondence with the pencil of rectilinear generators of a ruled 
quintic surface ^ belonging to 8^ and let the pencil S2 be put in (1, 1) corre- 
spondence with a pencil S' of quartics on ^ having three basis points Pi, Pg, Pg. 
Then F and ^ are in (1, 1) correspondence in such a way that corresponding 
points are at the intersections of corresponding curves. 

14. Denote by pi , pg , pg the multiplicities at Pi^ P^y Pg of the curves en ^ 
which correspond to the hyperplane sections of F. The curves of this linear 
system intersect the rectilinear generators in three points and the quartics of 
S' in 3+P1+P2+P8 points. Their order 6+pi+p2+pg is found by counting 
their intersections with an hyperplane containing a quartic of S' and a 
generator. These curves are cut from ^ by a linear system of quintic hyper- 
surfaces fl* which have contact of second order with ^ at Pi , P, and Pg , and 
contain as basis curves (a), the generators through Pi, Pj, Pg counted 
respectively 3— pi, 3— pg, 3 — pg times, (b) a quintic curve C^ which intersects 
the generators twice and (c), five generators of ^. For, since C^ is elliptic, in 
a linear system of seventy-four dimensions * of H^ that do not contain ^, there 
exists a linear system of thirty-one dimensions of W which contain C^ and 
have contact of second order at Pi , Pg and Pg . The curves corresponding to 
the hyperplane sections of F intersect these W in 3(pi-fp2+p8) points at 
Pi, Pg, Pg; in 2(pi-t-pg-{-p8)— 3 points on C^ and in thirty-three other points. 
These curves are of genus 3 (at least) since F is neither ruled nor rational,! 
hence each curve of the system lies on such an H^. The residual intersection 
does not intersect a generic generator. Hence it degenerates into the 
generators through Pi, Pg, Ps counted 3— pi, 3— pg and 3 — pg times and five 
generators. 

*Gf. the Author, Ahebican Joubnal of Mathematics, Vol. XLI, p, 51. 
t Cf . CastelnuoTO-EnriqueB, Mathemaiiache Annalen, Vol. XLVIII, p. 308. 
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The linear system of curves on ^ which corresponds to the hyperplane 
sections of F is thus contained in (or coincides with) a linear system L of 
curves of order 15 and genus 7, having triple points at Pi, P,, Pa which is cut 
from ^ by a linear system of W which contain C^ and five fixed generators, 
and have contact of second order with ^ at Pi , Pj , Pj . It follows that : the 
surface F is of order 18, it belongs to a space of eleven dimensions and its 
generic hyperplane sections are of genus 7, or it is a projection of such a 
surface. 

15. Let the correspondence between S^ and the generators of ^ be set up 
in such a way that the gl defined on a given generic cubic C of Z2 corresponds 
to the gl defined on the quartic corresponding to C by the hypercubics having 
second order contact with ^ at Pi , P, , Ps . Then the linear system L is cut 
from ^ by this system of hypercubics, that is : the surface F can be birationally 
represented on a ruled quintic belonging to S^ in such a way that the curves 
corresponding to the hyperplane sections of F are cut from the quintic by 
cubic hypersurfaces which have second order contact with the quintic at the 
basis points of a pencil of quartic curves on it. 

16. Let F belong to ^n . Its parametric equations can be reduced to 
the form 

a?o=l Xi=v a?2 =v* aJg =v* 

x^=f{u) Xi=vp{u) Xfi=:v^p{u) a?7 =t;*p(w) 
^8=P'(w) Xg=vp'{u) irio=t;V(w) a?u=t;V(w), 

wherein ip{u) is the Weierstrassian p-f unction. 

The residual section of F by an hyperplane which contains the planes of 
three cubics of S2 degenerates into three curves of 2i since it intersects a 
generic curve of S2 i^ three points and has no points in common with a generic 
curve of Si . Three such cubics of Si lie in the Si defined by the S^ of two of 
them, since every hypersurface that contains two of them contains the third. 

17. The order of any curve on F that intersects the curves of Si in a; 
points, and those of S2 in y points is 

n=3(a?+y), 

as may be seen by counting its intersections with a generic hyperplane which 
intersects F in three cubics of each system. It follows that the order of every 
curve on F is a multiple of three. Moreover, since there are no rational 
curves on F except those of Si, and since every curve C on F for which y=l 
is in (1, 1) correspondence with S2 and hence is rational, we conclude that 
there are no curves of order less than nine on the surface F belonging to Sn 
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except those of 2i and S^ • Curves of order 9 on F actually exist. Such a 
curve is defined by a generic cubic on ^, or by a generic quartic through 

P„P, or P.. 

ft = 2. 

18. The involution yj of order 2 defined by S^ on a generic cubic C of St 
is rational. For, if y\ is elliptic, it has no double points, so that no curve of 
Si has its two intersections with C coincident. But the involution defined by 
St on a generic curve of Si has two double points. Hence each of two fixed 
curves of St would degenerate into a curve counted twice. These degenerate 
curves are of genus 1 since they are in (1, 1) correspondence with Si* But 
this is impossible, since the curves of St are cubics. Then yl is rational. Si is 
rational, and F is rational since it contains a rational pencil of rational curves. 

19. The surface F can be transformed into a plane 11 in such a way that 
to Si corresponds a pencil of lines through P' and to 2^2 9 & pencil of cubics 
through P' and eight other points Pi , Pt , . . . . , Pj . The linear system of 
curves of order fi corresponding to the hyperplane sections of F can be reduced 
to a system which coincides with, or is contained in the complete linear system 
of quartics which pass through P' and have multiplicities pi at P^ such that 
either 

(1) pi=p2= =P8=lf 

or (2) pi=2, pt= =p7=l, p8=0. 

Hence, if a generic cubic of Si is rational, and of St elliptic, and if A; =2, then 
either 

(1) The surface is of order 7, it belongs to an 8^ and is defined para- 
metrically by the quartics in a plane through the nine basis points of a pencil 
of cubics J or it is a projection of such a surf ace j or (2) The surface is of 
order 5, it belongs to an S^ and is defined parametrically by the quartics in a 
plane with a double and seven simple basis points^ or it is a projection of such 
a surface. 

On the surface (1), there are in general eight other pencils of rational 
cubics which intersect the cubics of St in two points and 126 cubics which 
intersect the cubics of St once. On the surface (2) there are in general, sixty- 
three other pencils of rational cubics which intersect the cubics of St twice, 
and eighty-six cubics which intersect those of St once. 

k=3. 

20. As in the preceding case, the involution yl defined by the curves of 
Si on a generic curve of St is rational. For, if not, it has no double points, 
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while the involution defined by S2 on a generic curve of Si has six double 
points. Then six curves of S2 have as double component a curve of genus 1, 
which is impossible. 

It follows that F is rational. It can be represented on a plane n in such 
a way that Si corresponds to a pencil of lines through P', S2 to a pencil of 
cubics through P^ P29 . . . . , Pg and the hyperplane sections to a system of 
curves which coincide with, or are contained in the complete system of quartics 
which pass through P' and have multiplicities p^ at P< such that either 

(1) pi=p2= =P9=1> 

or (2) pi=2, p2=p3= =P8=1, P9=0. 

Hence, if a generic cubic of Si is rational and of S29 elliptic, and if A;=3, then 
either 

(1) The surface is of order 6, belongs to an 84^ and is defined para- 
metrically by the quartics through ten points of which nine are the basis points 
of a pencil of cubics^ or it is a projection of such a surface^ or (2) The surface 
is a quartic with a nodal line. It belongs to 8^. 

21. Each of these surfaces is the projection of one of the surfaces of 
Art. 19 from a point P on the surface. Each has a double line / which is the 
projection of the elliptic cubic through P. The cubics of Si are the projections 
of a pencil of quartics through P. On the surface (1), the cubics of Si have 
I as a locus of double points. The planes of the cubics of Si and Ss on this 
surface in 8^ generate a singular hyperquadric which has F as its complete 
intersection with an hypercubic. 

Case II. Thb Cubics op Both Systems abe Elliptic. 

k=l. 

22. We can write at once the parametric equations of a surface which 
clearly belongs to the required type. Let p{u) and P{v) be two Weierstrassian 
F-functions (having in general different moduli). Then the surface 

a?o=l Xi=iP{u) Xi=p'{u) 

X9=p{v) X4-p{u)p{v) Xs=P'{u)p{v) ^ (1) 

i»«=^'(v) Xy=p{u)p'(v) Xs=P'{u)p'{v) ^ 

is generated by two pencils of elliptic cubics u= const, and t;= const, such that 
cubics of opposite systems intersect in one point. 

23. Any two cubics of one system on (1) lie in an 8^ which contains a 
third cubic of the same system. The residual section of the surface by an 
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hyperplane that contains such an S^ is composed of three cubics of the opposite 
system. Hence, the order of this surface is 18 and, since cubics of the same 
system do not intersect, the genus of a generic hyperplane section is equal 
to 10.* It follows further that a curve on the surface which intersects the 
curves ti= const, in appoints and the curves t;= const, in y-points is of order 
n=3{x+y)sLS may be seen by counting the intersections of the curve with an 
hyperplane which intersects (1) in six cubics. K either x=lj y>0 or y=l, 
x>0 there is a (1, y) or (1, x) correspondence between the two systems of 
cubics, and hence a particular relation between the moduli. Hence, in general 
there are no curves of order less than 12 on the surface (1) except the cuhics 
u= const, and v= const. 

24. Let F be a given surface generated by two pencils Sj and Jit of 
elliptic cubic curves that intersect in one point. Let the moduli of the pencils 
on (1) be respectively equal to those of 2i and 2s ^i^d let the pencils ti= const, 
and Si and t;= const, and 2s be put in (1, 1) correspondence. Then the sur- 
faces (1) and F are in (1, 1) correspondence in such a way that corresponding 
points are at the intersection of corresponding curves. To an hyperplane 
section of F corresponds on (1) a curve C^^ which is of order 18 since it inter- 
sects the curves ii= const, and t;= const, in three points. 

25. In the 8^ defined by the surface (1), there exists a linear system of 
On* — 1 dimensions of hypersurfaces H* of order n which do not contain the 
surface (1) since such an H* can be made to contain Sn — 1 generic curves 
ti=const. and 3n — 1 generic points of an additional curve u=const. without 
containing (1). If n is sufiSciently large, there are, in such a linear system, at 
least Sn — 12 linearly independent H* which contain a given C^ and Sn— 4 
given generic cubics ii= const. The residual intersection of all these fl" with 
any g^ven generic cubic t;= const, is a fixed point P. Hence they all contain a 
fixed curve C on (1) which intersects the cubics 1;= const, in one point and the 
cubics 11= const, in a certain number y>0 of points. Their residual intersec- 
tions with (1) have no points in common with a generic curve t;= const, and 
break up into 3n — 3 — y curves of that pencil. The curve C is of order 
3(14-2^)- Its genus is unity since it intersects the curves i;=const. once. In 
general, y=0 (Art. 23). 

26. If y=0, the curve C is a cubic of ti= const, and the curves C^' corre- 
sponding to the hyperplane sections of F are defined on (1) by a linear system 
of fl" through 3n — 3 fixed cubics of each system. The complete linear system 
to which they belong is of dimension 9n'— 1— [3n(3n— 3) +3(3n— 3) ] =8. 

* Cf . Caitelnuovo-Enriquei, Annale d€ Matematiea, 8er. 3, Vol. VI, p. 171. 
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Let , 

be the parameters of the 6n— 6 basis cubies of the given system of H". The 
parameters w, u\ u" of the three intersections with any cubic t;= const, of a 
C^® corresponding to an hyperplane section of F satisfy the congruence 

Similarly, the parameters v, v\ v*' of its intersections with a cubic w=const. 

satisfy 

i;+i;'+t;"=— (vi+VgH- +^8*-*) mod (coiWa). 

Let the correspondence between F and (1) be set up in such a way that 
the g\ defined by the lines in the plane of one given cubic of each system on F 
is transformed into the g\ defined by the lines in the plane of the corresponding 
cubic on (1). Then each member of the above congruences is congruent to 
zero, and the complete linear system of eight dimensions, to which the curves 
C^^ belong is cut from (1) by a linear system of H* which degenerate into a 
fixed H*""^ containing the 6n — 6 cubies, together with the system of hyper- 
planes of S^. We conclude that in general^ y=0 and the surface F coincides 
with a surface (1) or with a projection of such a surface. 

27. K y>0, the curves corresponding to the hyperplane sections of F 
are cut from (1) by a linear system of If* which contain 3n — 4 fixed cubies 
ti=const., 3n — 3 — y fixed cubies t;= const., and a fixed curve C of order 
3(l+y) and genus 1. The complete linear system L of curves cut from (1) 
by the jff* which contain the above curves is of dimension 

9n*— 1— [3 {l+y)n+ (3n— 4) {3n—y) + (3n— 3— y)3] =8— y. 

Since the dimension of this system can not be less than 3, we have y <5. 

The curve C intersects the curves of the system L in 3+5y points. In 
fact, by varying the basis curves w= const, we can obtain a pencil of curves C 
(no two of which intersect) each of which, with fixed curves ii=const. and 
t;= const., forms the system of basis curves of a linear system of H"^ that 
define L. Each curve C intersects an H" of a system which does not contain 
it in 3n(l+y) points of which 3n{l+y)—by — 3 lie on the basis cubies and 
5i/+3 on a curve of L. It follows that the order of the system L and hence 
of the surface F, is 

t»=18n— (5y +3) — 3 (6n— 7— y) =18— 2y. 

Let p be the genus of a generic curve of L. The virtual genus of the 
residual section of (1) by an H* of a linear system which defines L is 



f—?(»— 1*'— *-l-lS«— vis— •»^ — l=?«^-l 
or |s = 10— •- 

Heacft* ir 5 > y > Ol *i^ f»rf *«r?f F i^ **• :T£€r IS — ••. ij<? hwf<rfi^mt st<^tioms 
•re ^f fem%i 10 — w **fi i: hfi-jm^s t^ m sfi^ :' S — ir *i«irik*i>n;|f» or it is a 

2S. If F behmcs to mn 5.(ir>o » k-: it bie pnojecied fn>m an 5,^ which 
does Bot iateneet it onto a surface F belonging to 5^ . Denote the projeciious 
d St ^^ ^ Vr ^ ^^ ^- If ^^ iBro!;2tion ^\ defined on a generic curve C 
of ^ br the esrres <rf ^ is elliptic^ the lines joining corr^ponding points 
aiTekq>e a cnrre of class 3. if it is rational, they constitute a pencil with 
Tertex on C Since at most one cubic of S. can be coplanar with t'*— H>ther- 
wise a generic cubic of Z' would have four points in common with this plane — 
the surface F' bel<mgs to one of the following types : 

a. The emves of ^ and S^ lie in pairs in the tangent planes of a 
developable of class 4 and genns 1/ This developable can not reduce to a cone 
since it can not have a double plane. 

p. The planes of each system envelope a cone of class 3 and genus 1« 

y. The planes of L^ generate an axial pencil : those of ]^ envelope a cone 
of dass 3 and genus L 

i. The planes of each system generate an axial penciL 

f. The curves of £^ and S^ lie in pairs in the tangent planes to a quadrie 
cone. 

29. Cases a, p and y do not exist. In case gu the residual section of F* 
by a plane of the developable is elliptic since it is interseoteil by the our>*es of 
El and S, in one variable point. It is a cubic since the order of F* does not 
exceed 9 (Art. 2). Denote this system of cubics by SJ* Two generic oubios 
of S^ intersect in one variable point since, of the three intersections of eaoh 
with the plane of the other, only two lie on the curves of El and Ei . Hence 
F' contains a pencil of rational curves* on which the pencil E| (or E^) 
defines an elliptic involution. This is impossible. 

In case fij let Pi and P^ be the vertices of the cones. The planes of three 
curves of E^ pass through P^. The system of lines joining corresponding 
points of the involution on each of these cubics degenerates into a pencil 
counted three times. Then these curves degenerate and intersect a generic 



*^<iti* ^ 



* Cf. the Author, Ahcbican JoimxAi. of Matbkmatics, Vol. XLI. 
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curve of Si in coincident points. But this is impossible since the involution 
on a generic curve of Si has no double points. 

In case y, let (i be the multiplicity on F' of the axis I of the pencil of 
planes of 21 . Then the order of F' is fi+3. A generic curve C of I!^ inter- 
sects L The residual section in its plane is of order fi and has a (fi — l)-fold 
point on L Hence it is rational. The curves of S2 define an elliptic involution 
on this rational curve, which is impossible. We now conclude that Jl[ and 2^ 
are both rational. 

30. In case 8^ we denote the axes of the pencils by /i and l^ and suppose, 
first, that they do not intersect. Then li {or I2) is a simple line on the surface 
since a generic point of it is a simple point on just one curve of S^ (or Ti[). 
Hence F' is a quartic with two skew simple lines. Since li and If do not inter- 
sect, and the cubics of Si and S2 are elliptic, the quartic F is not the projection 
of a surface of the same order belonging to more than three dimensions ; f or, 
the genus of a generic plane section is less than 2 only if the surface is a ruled 
quartic of genus 1. 

31. li li and I2 intersect, all the curves of both systems pass through 
their intersection. Let (i be the multiplicity of li and l^ on F\ Then one 
curve of each system degenerates into the axis of the other system counted 11 
times, together with a residual curve of order S—fi. Thus f£<3 and w=3 
+(i<6. The intersection of li and I2 is a (/[£+l)-fold point on the surface. 
The linear system of quadrics which contain li and l^ defines a birational 
transformation of F' into a sextic surface Fi belonging to S4 and of SI and Si 
into pencils of cubics on Fi , all of which pass through a fixed point P which is 
a double point on Fi . The planes of these two pencils of cubics constitute the 
two systems of planes on an hyperquadric EP with a double point at P. The 
surface Fi lies on (at least) six linearly independent hypercubics of which at 
most five have H^ as a component. Hence, it forms the complete intersection 
of EP with an hypercubic. The surface F' is the projection of Fi from a 
point on ff. 

32. In case f, all the cubics of both systems pass through the vertex of 
the cone which is a double point on F^ The order of F' is 6 since a residual 
curve in the plane of two coplanar cubics would have to be a component of a 
curve of each system. Three of the intersections of coplanar cubics lie on a 
generator of the quadric cone. The other six lie on a nodal sextic which forms 
the intersection of a cubic and a quadric surface. The linear system of cubio 
surfaces which contain this nodal sextic define a birational transformation of 
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F' into a surface of the type of F^ of Art. 31. The surface F' is the pro- 
jection of the surface Fi from a point not lying on the hyperquadric. 

33. Every surface F belonging to S^ is of the type Fi since it lies on, at 
most, one hyperquadric, and its projection from a point not on this hyper- 
quadric is a sextic F' of the type of Art. 32. Since no surface Fi is a projec- 
tion of a surface of the same order belonging to Sst we conclude that, if 
generic cubics of Si and £2 ^^^ elliptic and if A; = 2, then 

(1) // the cuhics of both systems do not all pass through a fixed point P, 
the surface is a quartic^ belongs to 8^ and has two skew simple lines. 

(2) If the cubics of both systems pass through a fixed point P, the sur- 
face is the complete intersection of a cubic hypersurface in 8^ with a quadric 
hypersurface which has a double point at P, or it is a projection of such a 
surface. 

34. Neither of these surfaces contains, in general, any other pencils of 

cubics. In fact, their geometric genus is in general unity so that they do not 

contain a pencil of rational cubics. If the surface (1) contains an additional 

pencil of elliptic cubics, it contains an additional simple line, if the surface (2) 

belonging to 8^ contained such a pencil, the planes of the cubics would lie on 

the hyperquadric. 

k=3. 

35. If'F belongs to an 8^ (^>3) let it be projected from an 8^^ that 
does not intersect it into a surface F' belonging to 8^. The lines of section, of 
the plane of a cubic C of Jl[ by the the planes of £2 constitute a pencil since 
through a generic point of C there passes just one such line. Hence, either 
the planes of Sj (and, similarly, of Si) constitute an axial pencil or the curves 
of the two systems lie in pairs in the tangent planes to a quadric cone. 

36. Let the two systems of planes constitute two pencils whose axes li 
and It do not intersect. Then neither li nor I2 lies on F' so that F' is a cubic. 
Since a generic curve of Si (or S2) is elliptic, this cubic can not have a nodal 
line and is not the projection of a surface of the same order belonging to 8^ . 

37. If the axes of the pencils intersect, or if the curves lie in pairs in the 
tangent planes to a quadric cone, we see as in Arts. 31 and 32, that F' is the 
projection of a surface Fi belonging to 8^ which forms the complete intersec- 
tion of a cubic hypersurface with a quadric hypersurface having a double point 
which does not lie on the cubic. 

38. It follows as in Art. 33, that if generic cubics of Si and St are 
elliptic and if A =3, then 
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(!) If the planes of the cuhics of both systems do not all pass through 
the same fixed pointy the surface is a cubic which can not have a double line. 

(2) // the planes of the cubics of both systems pass through the same 
fixed point, the surface is the complete intersection of a cubic hypersurface in 
8^ with a quadric hypersurface which has a double point not lying on the cubic^ 
or it is a projection of such a surface. 

As in Art. 34, it is seen that the surface (2) does not in general contain 
any other pencils of cubic curves. 

39. The results of the foregoing discussion are summarized in the 
following table. In this table Pi and Pi denote respectively the genus of a 
generic curve of Si and ^2 , A; is the number of variable intersections of curves 
of opposite systems ; m is the maximum order of a surface F containing Sx 
and ^2 ; p is the maximum genus of an hyperplane section of F; r is the maxi- 
mum number of dimensions to which F belongs, and s is the number of distinct 
or consecutive pencils of cubic curves necessarily existing on the surface F of 
maximum order. The numbers p^ and Pa are respectively the geometric and 
arithmetic genus of F except in the last two cases, where they are the maximum 
values of those numbers. 
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Modular Invariants of a Quadratic Form for a Prime 

Power Modulus. 

By J. E. McAtbb.* 



Introduction. 

We consider a quadratic form q in n variables whose coefficients are 
integers taken modulo P^, where P is an odd prime. Two such forms are said 
to be equivalent modulo P^ if they become identically congruent under a linear 
homogeneous transformation whose coefficients are congruent to integers 
modulo P^ and their determinant is congruent to unity. All the forms equiva- 
lent to q are said to form a class. A single- valued function ^ of the coefficients 
of q is an invariant of q if it has the same value for all forms of the same 
class. In case the values taken by ^ are integers which may be reduced 
modulo P^y the invariant is called modular. We obtain a complete invariantive 
classification of w-ary quadratic forms modulo P^ and construct modular 
invariants which completely characterize the classes. Professor Dickson t had 
treated the problem for the case %=1, when the fundamental invariants are 
the determinant D of g, the rank r modulo P of D, and A^ , to which the in- 
variant Ar^{D) of §4 reduces for X=l. 

In his investigation of the number of sets of solutions of the congruence 
q^c (mod P^), C. Jordan t obtained from g by a seriatim process of reduction 
the canonical form 

P'^{A,a^^+ .... +Ay.) +P'«(J,+ia;!+i+ .... +A,a^,) +P'«() + ...., 

but gave no explicit method to deduce a priori from q the number of terms in 

each parenthesis or the values of 6^6% This is accomplished by the 

present invariants. 

The second part of the paper is devoted to the polynomial modular 
invariants of a binary quadratic form modulo P^, in particular to the deter- 
mination of a fundamental system of such invariants modulo 4. 

* Dr. McAtee died at Urbana, 111., Dec. 2, 1018. The proof-sheets were compared with both the 
final and an initial draft of the thesis. In § 7, an inadequate proof of Theorem 1 has been replaced by 
the present shorter proof, while the easy proofs of some other facts have been omitted. The proof of 
formula (3) of § 1 has been suppressed, as it was entirely similar to that cited. L. E. Dickson. 

t Madison Colloquium Lectures, 1913, Ch. 1; Trana. Amer, Math. Soc., Vol. ^ (1009), p. 123. 

t Jour, de Math., (2) , Vol. XVII (1872) , pp. 368-402. Cf . Bachmann, " Die Arith. der (iuadratischen 
Formen" (1898) , p. 434. 
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I. Invariants op the n-ABY Quadbatic Fobm Modulo P^. 
1. Canonical Forms and Classes. — Consider the form 

n 



(1) 



where the a<^ are integers taken modulo P\ where P is an odd prime. If 

every a^y is divisible by P^, the form (1) is said to constitute the class Cq. In 

the contrary case, let Ci be the exponent of the highest power of P that divides 

every a<y , and write , 

q^^P^^JlAiPx^x,, D=\Aim. (2) 

First, let the determinant D be prime to P. Since there exists a primitive 
root of P\ it follows as in the Madison Colloquium Lectures, pp. 6, 7, that q^ 
can be transformed into p,. f^^. , . , +0^.^+0x1] (3) 

by a linear transformation with integral coefficients of determinant unity 
modulo P\ 

Second, let D be divisible by P, and fi its rank modulo P. As on p. 9 of 
the Lectures cited, we may assume that 

M, = Mi?>|^0 (mod P) (t, ;=1 , . . . ., n), 

and show * that q^ can be transformed into 



where 






B'^h 






a) 



JO) JO) JO) 

•**ril • • • • -^^rxfi •**ri» 



^r? 



(i=ri+l, , w) 



JO) JO) JO) 

Ziyi • • • ••^/fi -^/li 

is congruent to an integer modulo P^ and is divisible by P. Repetitions of 

this process give ^ » 

P*^[ t A^^x,x^+ S 5<;>2?^J, (4) 

where 

J O) JO) JO) 

-^11 • • • •-^Iri -^ly 



B^h 



JO) JO) JO) 



J^7^ 



J0> JO) JO) 

-^a • • • "^ifi -^ii 

is congruent to an integer modulo P^ and is divisible by P. If now all the 
P^B^^ are zero modulo P^, we have q^ replaced by 

P** 5: ^^^a;,a?y . 



<.i-i 



*Uiiiig P^iB/msO (mod PX) in place of B/m^O (mod P) 
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r 

In the contrary case let e^ denote the highest power of P that divides all the 
P^B^^ (6i<6,<X). Then we have (4) expressed in the form 

P*^ S Afx,4t.+P'^ S A^^xfl., (5) 

where at least one of the A^^ is prime to P. The question now arises as to 
whether a different choice of M^ might not lead to a set of B^^ that would give 
a different e, . To answer this we note that, since M^^ is prime to P and hence 
is congruent to a power p"* of a primitive root p of P^, we can transform (5) 
into M 

P''[ir;+....+<_i+pX]+^'' S A^^x,x^. 

By applying a transformation of the type 



we obtain one of the forms 



^rx = 9 *^r,, ^n = 9^^'nJ 



P'^[a;J+ .... +<] +P^«g (g free oi x^, . . . .,x^), j 

hP% {qp free oi x^, ,x,^). J 



(7) 



P^[a^+....+<-i+p<]+P 
If we had chosen M'^ instead of M^^ , we would have obtained from (2) one of 

P'^ [yf + . . . . +yj.] H-P'V (S' free of y^ ,...., y,J , 

P'^[y!+ .... +y;.-i+pyjj +P*''s; («; free of y,, . . . ., y^). 

Since • a^+ +< and yj+ +yj,-i+pyj, 

are not equivalent modulo P, it is evident that if we obtain (62) by the use of 
M^^ we must obtain (7i) by the use of M^^. Similarly, if we obtain (6s) by the 
use M^^ we must obtain (7t) by the use of M[^. For definiteness, suppose that 
we obtain (61) and (7i) and that e^Ke'^. Then the forms 

P^(a1+....+0+P^'g and P^'(yJ+. . . • +y;,) 
are transformable into each other modulo P^'% whenever the forms 

0^4- +<+P*g and yf+ +y* 

are transformable into each other modulo P', where i=ej— 61 and k=e%—ei. 
Let the second of these be transformed into the first by 

T: yi^llCifl. (modP'). 

i-i 

Employing partial derivatives with respect to x^ , we have 



Si 



(modP'). 



* L. E. Dickson, The Madiion CoUoquium Lectures, 1918, p. 8. 
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The inverse of 8 gives y, (i=l, ....,^1) congruent to linear homogeneous 
functions of x^ . . . ., x^^ modulo P'. Hence, if (61) and (7i) are equivalent 
modulo P^, P*g=0 (mod P') for all integral values of aj^^+i, . . . ., x^. Since 
at least one of the coefficients in q is prime to P, this implies that k>lj i. e., 
that 62^62. Similarly, eg can not be less than eg. Therefore, the choice of 
the principal minor of l^^^l that is prime to P is immaterial so far as the 
value of Cj is concerned. Consider now the two forms 

Q=xl+ .... +<+jP'g, Q'=yl+ .... +yl,+P'q\ 

Let Q and Q' be equivalent modulo P^"** and let 

n 

T: 1/i^ S CijXf (mod P'^"'») (t=l, , «) 

transform Q' into Q modulo P^~\ where |cylgfeO (mod P). Then we have 



S: 






'rx 



(modP^-'Of 



which shows that |c<^| (i, j = l, . . . ., fj) is prime to P, The inverse of 8 gives 
yi > . . • • f J/rt expressed as linear homogeneous functions of rci , . . . . , a?^, , 
yrx+i > . . • - , y» - Moreover, the coefficients of t/^^+i , . . . . , y^ia these functions 
are divisible by P'. Hence T is expressible in the form 

y,^'±c,^x^+P^ S c;,.yy (mod P^-^0 (<=!, . . • ., ^i), 

n 

yi^^CijX^ (mod P^"*») (t=ri4-l, . . . ., n). 
Subjecting Q' to this transformation, we have 

Since, by hypothesis, T transforms Q' into Q modulo P^"*', the terms in 
involving rrj , ^ x^^ must vanish modulo P^"'', and we have 

^^xl+ +< (mod P^-^0- 

From this we see that the equivalence of (61) and (7i) modulo P^ implies the 
equivalence of P**g and P^'q'. Similarly, for the equivalence of (62) and (72). 
This shows that in the method of reduction of a quadratic form to the canonical 
form (8) or (9) modulo P^, it is immaterial whether we effect it by employing 
principal minors or by a seriatim process as was done by Jordan in a similar 
case.* This seriatim process is given in the argument leading up to (3). 

^Journal de MatMmatiqu€9, Ser. 2, Vol. XVII (1872), pp. 308-875. 
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Repetitions of the arguments leading to (5) and (6) show that there exists a 
linear homogeneous transformation of determinant unity modulo P^ under 
which, when jP^^'a^yl is divisible by P, the form (1) becomes 

if ri+U+ +^t<>*> or 

+ . . . . +P^^[a^^^^_^^^^^,+ .... +ai^^+p-h:^y->>^Dai] (9) 

if ri+r2+ .... +r4=w, where m<=0 or 1 [i=l, . . . ., A; in (8); t=l, . . . ., k — 1 
in {9)]y D=\aij\ and r, is the rank modulo P of the determinant 

M</M {h}=^i+r%+ +r^i+l, , n). 

A\f =P~^'B\]~'^^ y where the 5^/""^^ are found from the -4^/"^^ in the same way 
that the B^^ were found from -4^^^ in (4). Therefore, when not all the a^^ are 
zero modulo P\ we have the canonical forms (3), (8), (9), and from the work 
above it is evident that two forms are equivalent modulo P^, if and only if 
they have the same canonical form. Since (3) is a special case of (9) with 
fc=l, i. e., ri=n, we need consider only the canonical forms (8), (9) and the 
vanishing form where ai^=0 (mod P^) (i, i=l, . . . ., n). Moreover, since two 
forms are equivalent modulo P^ if and only if they have the same canonical 
form, we have the classes Co and Ce^miRj^j defined by a canonical form of type 

(8) with n>Rf,=ri+ .... +rj^; Ceim^nDj defined by a canonical form of type 

(9) with n=Rj^y for t = l, . . . ., ft; y = l, . . . ., k — 1; ei<>l. 

2. Elementary Exponents and Ranks. — Consider the symmetric deter- 
minant 2)= |a,.y| (i, j=l, . . . ., w), where the elements are integers. If P** is 
the highest power of P that divides all the i-rowed minors of I>, then a< is 
unchanged when D is pre-multiplied or post-multiplied by an w-th order deter- 
minant whose elements are integers and whose value is unity.* Frobenius 
called the P** (c<=a< — Oi^u Ci=ai) the elementary invariants of D with respect 
to P. We shall call the e^ the elementary exponents of D with respect to P, 
or simply the elementary exponents of D. Note for later use that f e^ is a 
monotonically increasing function of t. Let P'* be the highest power of P that 
divides all the a^^ and consider the case when 6i < /I. Let the rank modulo P of 

* Stephen Smith, Phil. Trans., Vol. GLI, § 12, p. 311. Bachmann's Zahleniheorie, Vol. IV. Froheniue, 
Berlin Siizungsheriohte (1894), Pt. I, p. 31. These properties hold if D is not symmetric, but our interest 
lies in the theorem as given. 

t Frobenius, loo, oit. Also seen from this section. 
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the determinant | ^,y | = | P~**a„ | be r^ < fi < n. Then there exists * a prin- 
cipal minor M^^ of | Ai^ \ of order r^ that is prime to P. By multiplying D by 
properly chosen unit determinants we may assume that 

M,,| =M,,^0 (mod P) (i, i = l, . . . ., r,). 

Consider the unit n-rowed determinant d^^^= |diP| in which each element 
is zero except _ 

d<l> = l when s=t, <i,.,^-^l^^±lilL (mod P^) (i=l, . . . ., r,), 

where A^f denotes the cof actor of Ai^ in Mr, . If we pre-multiply D by d^^^ we 
have, upon denoting the resulting elements by b^^j 



6i%+i-ai...+i--V^' S^„4„^0 (mod P^), 
6i:>r.+i-o*.r.+i- -^^ 2 ^«3„ (mod P^) («;:#: 1) . 



Hence 



f, <-i 



6i!U=Ot.n+i (mod P^) (l<ft<rO, 

where MJ*^ denotes the determinant formed from M^^ by replacing its first row 
or column by the corresponding elements of the A;-th row or column of 

\Aif\ (i, j = l, , n). All other elements of D are unchanged. K we now 

pre-multiply this resulting determinant by d^^^= |^if^|, where 5, < = 1, , n, 

and every element is zero except 

dS' = l when s=:t; d^i,,,^-A^i^ (t = l, . . . ., r,), 

we have 

6i?,.+i=&5.+i^0 (mod P^), &JS!V,+i=at.,.+i (A;=3, 4 , r^), 

b^X+i^W- UKn+iMr-A.r.+iM<^i-A,,r,^M^n (mod P) (*>r,). 

All other elements are again unchanged. Continuing this process, we ulti- 
mately obtain from D a determinant having its first fi elements in the {ri+iyth 
row zero modulo P^ and the A;-th element of this row {k>ri) is 

All • • • --^ifi Aiif 



pe^BO^^ 



ri+r 



Ar{l .... Af^n Af,^ig 



P^^ilf-^(modP^). 



* L. £, Dickson, Annals of Mathematics, Ser. 2, Vol. XV (1918), pp. 27, 28. 
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-Bi%^+i is divisible by P(ri<A;<w), since r^ is the rank modulo P of the deter- 
minant \Ai^\ (t, y = l, , w). All the elements of D in any other row are 

unchanged. Operating similarly upon the (ri+2)-th, . .. ., w-th row of this 
determinant and then post-multiplying by a properly chosen unit determinant, 
we ultimately obtain from D 

(modP^), A=l ), B=l ), 

\a.a .... a,,., / \P''5<^.^i P'«5<!> / 

where is a matrix all of whose elements are zero. 

Here B^^ (i, ^' = ri+l, . . . ., w) is divisible by P. To determine the 
highest power of P that divides all the P^^B^\ let P*'* denote the highest power 
of P that divides all the (fi+l) -rowed minors of D. Then P^* is the highest 
power of P that divides all the (ri-fl) -rowed minors of D^^\ Then evidently 
P*'*-'^'^ is the highest power of P that divides all the P'^B^P of D''\ Let 
es=6| — fiCi. Then eg is the (ri+l)-th elementary exponent of D. We shall 
call fi the first elementary rank of D with respect to P. Consider the case 
when 62 <X. Let fg be the rank modulo P of the determinant 

|p-.(e.^e,)5(i,| (i,y=r,+l, n). 

Since there is a principal minor of this determinant of order r^ that is prime 
to P, we may operate on this determinant as we did on D above. Moreover, 
considering this determinant as it stands in D^^\ we see that this operation 
would leave the first r^ rows and columns of D^^^ unaltered. Hence we would 
have 



Z)«>= 



A 

J5"> 
C 



(modP^), 






), c. (-: 

/ \ P'«. 




Let P*'« be the highest power of P that divides all the (fi+rj+l) -rowed 
minors of D. Then ej— fjei — r2e2=es is the highest power of P that divides 
all the P**B^^ of Z)^*\ Evidently we may continue this process until all the 
new elements are zero modulo P\ or until Sr<=w. At any stage, say the <-th, 
61 and r^ are determined by the preceding. In fact 

e,=ej — S r<e<, 

where e\ is ihe highest power of P that divides all the (ri+r2+ . . . . +r,_i+l)- 
rowed minors of D, and r, is an integer such that E=r^ei'^ +"^^1^1 is the 
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exponent of the highest power of P that divides all the (ri+r2+ +^i)- 

rowed minors of D while all the (ri+ . . . . +r,+l) -rowed minors are divisible 
by a higher power of P than P^+*». We shall refer to these r< as the 
elementary ranks of D with respect to P. 

Definition. The determinant D shall be said to be of rank B modulo P^ 
if the R'th elementary exponent of D with respect to P is less than ^y while 
the (2J+l)-th elementary exponent of D is >/l. 

From this definition it follows that the rank of D modulo P^ is an 
invariant under multiplication of D by unit determinants and that under such 
multiplication D becomes 

A 

B''' 0....0 0.... 



!)<*>= 



(modP^), 




B'''=l 

where Bi=ri+ +r<, and Bj, is the rank of D modulo P\ The ^i, e,, . . . . , 6;^ 

are the distinct elementary exponents of D that are less than X arranged in the 
order of increasing magnitude. From these considerations it follows that if 
the rank modulo P^ of a symmetric determinant D is 2Z>0y there exists a 
principal minor Mr of D of order B whose rank modulo P^ is B, and such that 
the highest power of P that divides all the ii-rowed minors of D is exactly the 
power of P that is contained in M^y or, more precisely, whose elementary 
exponents are those of D that are less than X and whose elementary ranks are 
precisely those of D. In fact, the M^^ formed by taking the first B^, rows and 
columns of D^''^ is congruent modulo P^ to such a principal minor of D of 
order B^ . From the form of D^*^ also follows the fact that the elementary 
exponent is a monotonically increasing function of the order of the minors. 

3. Criteria for the Classes Ce^ntiBj, and CeiVn^nD. — ^It follows from §^ 1 
and 2 that the determinant D of a, quadratic f orm, the e,. , r^ of 2> and the rank 

Bt=ri+ +rj, of D modulo P^ are invariants. However, these invariants 

do not completely characterize the classes. We seek criteria for the deter- 
mination of the m,- of (8) and (9) ^1. Consider the modular form q^ given 
by (1) and let not all the a^^ be zero modulo P\ Under transformations of 
the type used in ^1, q^ becomes 

SP*' !l A^^x^i, «.= 2ro (10) 
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where Ci < eg <••••< ^* ^re the distinct elementary exponents of D with 
respect to P that are less than >l, and the r^ are the elementary ranks of D 
with respect to P. The determinants | A\f \ are prime to Pj and R^ is the rank 
modulo P^ of D. 

Consider first the case Ri^Kn. Let ^^=riei+ .... +r,ei and denote the 
minor |P'^-4,5^| of the determinant of (10) by Mr^. Then q^ belongs to the 

olass CeimiRj^ with mi=0 or 1, according as (P"^»Af/2^)«=l or —1 (mod P^), 
where (i=^{P^) =P^""^(P— 1). By §§ 1, 2, M^^ is congruent modulo P^ to an 
JBi-rowed principal minor of D such that P'^^Mr^ is prime to P. Let now Mr 
denote any such principal minor of D. Then, since q^ has one and but one of 
the canonical forms, we conclude that q^ belongs to the class Ce^miR^ with 

Wi=0 or 1 according as {P^^^Mr^^^I or —1 (mod P^). Consider next the 

minor pe,^(i) __pe,^(i)^ q 



Mr = 



11 



P"^S>,....P"JJS>«. 

P''A^^,,n.^,.. . .P'*A^Un, 



(M?M)*=(- 



'V « ( I ^J," I ) « (P-*'a/fi.)*=l or —1 (mod P'^) . 



PM^Ux+i ^"^^. 

ifj;, is an iZj-rowed principal minor of the determinant of (10) and is con- 
gruent modulo P^ to an iSj-rowed principal minor of D. Moreover, by %% 1, 2, 
q^ belongs to the class Ceitn^Rt with nit=0 or 1 according as 

A^> 

Let now Mr^ denote any iJj-rowed principal minor of D having an i2i-rowed 
principal minor Mr^ such that P~^*Mr^ and P^^^Mr^ are prime to P. Then, in 
view of ^^ 1, 2, and the fact that q^ has one and but one of the canonical forms, 
q^ belongs to the class Ceim^R^ with ^2=0 or 1 according as 

(P-^^M^,)^(P-^-3f«,)*sl or —1 (mod P^). 

In general let Mr^ be any /2,-rowed principal minor of D having an B,.i-rowed 
principal minor Mr^^ , which in turn has an jB^2-rowed principal minor Mr^_^ 
and so on to Mr^ which has an i2i-rowed principal minor Mr^ such that 
P^^^Mr^ (i=l, . . . ., 5) is prime to P. Then by a transformation of deter- 
minant unity which merely permutes the rr^ of (1) we have the principal minors 
Mr^ occupying the first Ri rows and columns of Z>, etc. Then from the form 
of Z)^*^ of § 2 we have that q^ belongs to the class CeimiR,^ with m,=0 or 1 

according as « . 

n (P-^^M» )?^1 or -1 (mod P^). (11) 
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For the case Ri^=nj D together with (11) for 5=1, . . . ., k — 1 furnish 
criteria. At the first consideration one would probably be surprised that D 
may be zero modulo P^ and still q^ belong to class Ce^mjnD. In fact D may be 
divisible by a much higher power of P than P^ and still q^ belong to class 
CCim^nD^ since it is not the power of P that divides the minors of D that deter- 
mine the number of terms in the canonical form, but the elementary exponents 
of D. This phenomenon is what gave rise to the definition of the rank of D 
modulo P^ of § 2. The rank of D modulo P^ shall be called the rank of the 
form q^ modulo P^. Two forms q^ and q'^ of rank n are equivalent if and 

only if / / //••! T't 7i\ 

•^ e^=e<, r<=r<, my=w^ (t=l, ....,*; j=l, , ft — 1) 

and p-^*+*»D^p-^'*+*'»Z)' (mod P^) as is seen by §§ 1, 2. 

4. Invariantive Criteria for the Classes. — Consider the modular quad- 
ratic form (1), and let 6i<e2< . . . . <e;^ be the distinct elementary exponents 
of D with respect to P. Let Z>, e^, r,- and m< be a consistent set of values that 
define a class Ce^m.-A^ or Ce^m^nD according as the rank Rj^ modulo P^ of D is 

less than or equal to n. For abbreviation set 

i-i _ i-i _ 

i i 

B<=Sr., J&\=Sr.6. (t=l, . . . ., Ji). 

Thus 2{j^ and Ej, are the ranks modulo P^ of D and Z), respectively. 
Consider the function * 

AnAD)^iP'''-''r. i (P-*'Mg,>)T+ (P-*^MS^^>)-f [l-(P-*'Jlf J^>)''] 

+ .... + {P-^M^^J^ny-{P-^M^^^^^ (modP^), (12) 

where M^^ ranges over the principal minors of D of order 9}i = ^i , and M^^ 
ranges over the principal minors of D of order R[>ffii. Since P** divides all 
the a^y of D, it is evident that there is no term of Ar^{D) that has as factor P 
with a negative exponent. Ar^{D) is zero modulo P^, unless 6i=6x and unless 
at least one of the P^^My^^ is prime to P (since P>3). This implies that 
AsJiD)^0 (mod P^) unless the rank modulo P of the determinant [P^'^a^^l is Fj. 
In fact, if ri<ri, ndne of the P^^M^^ are prime to P, while if ri>ri, at least one 

* In case ik = l and X > 1, ^^^(^) is to have aUo the final factor of (15). 
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of the P^^'^M^^ is prime to P and the final factor is zero by Fermat's theorem. 
Thus the value of A^^{D) is zero modulo P^y unless g. belongs to a class 
Ce^m^fij^ or Ceim^nD with Ci=ei and ri=ri, and by (11), §3, its value modulo 
P^ is 1 or — 1 according as mi=0 or 1. 
Consider next the function 

An,(D) = {P^^'Y\A^{M^^) (P-^MS!)hA^SilS:) (P-*«M?>)« [l-(P-*«Afi'>r] 
+ ,...+^5.(^fc>Xi^^ie)^nj^ (modP^), (13) 

where MJK^ ranges over the principal minors of D of order 9it j ^^^ ^£^, ranges 
over the principal minors of D of orders 22s > 9is . That the principal minors 
are divisible by the power of P indicated in (13) follows from the fact that 
the elementary exponents of D increase monotonically with the order of the 
minors to which they correspond. In fact, by hypothesis, every minor of 
order Ri of D is divisible by P'^'^ while every minor of order Ri+1 is divisible 
by P^^^-^^ Let « be the (fii+2)-th elementary exponent of D. Then every 
minor of D of order iJi+2 is divisible by P''^«i+««+*. From the fact that £>c, 
we see that every minor of D of order jKi+2 is divisible by P'i«'+*««. Continu- 
ing this we have that every minor of D of order -Bi+ri=9i2 is divisible by 
pr^e^T^^p9, If jj^n^ Qf tj^^ P'^M^ are prime to P, Ar^{D) =0 (mod P^). Its 
value is also zero modulo P^ unless ri=ri, 6i=ei and 62=6, from the fact that 
each term carries an A^^ function as factor and from the first factor. Thus 
A^{D) is zero modulo P^ unless at least one of the M^ is such that P'^^'M^ is 
prime to P and at the same time contains a principal minor Mf^^ such that 
P'^M^^ is prime to P. Let all these conditions be satisfied and take this 
P'^Myt^=P^^^M^ as the M^^ of §§ 1 and 2. Then we have that q^ is equiva- 
lent modulo P^ to a form whose determinant is D^^^ of § 2. If r^Kr^j all the 
JRj-rowed minors of D^^^ are divisible by a higher power of P than P*« , and 
hence none of the P^^'M^^ of D are prime to P. Therefore, r^^r^. If rj>r,, 
at least one of the iZx-rowed principal minors of D^^^ that contains M^^ as its 
leading fii-rowed principal minor is such that P'^'^Mr,^ is prime to P, and 
A^{D) is zero modulo P^ from its final factor by Fermat's Theorem. Hence 
A^(D)^0 (mod P^) unless q^ belongs to a class Ce^m^lZK, or Ce^w^nZ) with 
61=61, 62=62, ri=rij r,=r2, and by (11) its value is 1 or —1 modulo P^ 
according as m2=0 or 1. Similarly, we have that the function (i=l, . . . . , k—1) 

A^,{D)^ {P^^-^*Y iff ^^^ (M ?> ) (P-«*M4\> )T 

(modP^), (14) 
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where M^^ ranges over the principal minors of D of order 9ft,. , and M^^^ ranges 
over the principal minors of D of order 1?< > 9l< , has the value zero nnless q^ 
belongs to a class CeiniiRj, or to a class Ce^mjnD with 6^=6^, r^=r^^ and that 
for such forms its value is 1 or — 1 modulo P^ according as m,=0 or 1. 
When Rk<nj we have 



w 



where M^^ ranges over the principal minors of D of order St^ , M]l\ ranges 
over those of order fii>9fljfe, d)^^^i ranges over the minors of D of order iJ^+l , 
and e^+i is the (i?|.+l)-th elementary exponent of D. In case 6t+i>>l, define 
p-(ff**'*4i)^g^)^^ tQ be zero modulo P^. Then Ar^{D) has the value zero unless 

e^zzie^, ^<=^< (* = 1> > ^) ai^d e^+i^^, whence R^=Ri,=Rj^. Hence 

-4s^(Z))^0 (mod P^) unless g^ belongs to a class Ceimfii, with c<=e,- and 
r^=r< (t=l, . . . ., A;), and for such forms its value is 1 or — 1 according as 
m4=0 or 1. When ^t=w we have 

^^(Z)) = (P*'»-**)^(P-^*JDril— [(P"^'"'^— P"^*"*S)^"'J''i*^^^ 

'"' (modP^), (16) 

where P^ is the highest power of P that divides p-^»*'»/)— p-^»*'»5. In case 
g>X, define P-^(P-^**'*jD—P-^****5) to be zero modulo P\ Then the value 

of A^{D) is zero modulo P^ unless c<=e<, ^<=^i (*=!> > ^) ai^d 

p-ff»*'»/)=p-y»*'»^ (mod P^). The function is also zero unless P-^'^D is prime 
to P, t. e., unless the rank modulo P^ of Z) is iJ^. Hence -4»(I?) is zero modulo 
P^ unless g^ belongs to a class Ce^m^nD with ei=eij ri=ri (i=l, ....,&) and 
its value is 1 modulo P^ for all such forms. 

Finally, define P'^^a^ to be zero modulo P^ when e^ > X. Then 

/^n[l-(P-»a,,)''] (mod P^) (t, ; = !, . . . ., n; t<;) (17) 

has the value zero modulo P^ unless q^ belongs to the class C'o and the value 1 
for such a form. The functions A^^{D)j A^(D) and I are modular invariants 
that completely characterize the classes of modular quadratic forms modulo P\ 
5. Characteristic Modular Invariants. — ^An invariant ^ that has the 
value 1 for all forms of one class, and the value zero for forms of any other 
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class is called a characteristic invariant. In case such a ^ is a modular 
invariant it is called a characteristic modular invariant. For example, / is a 
characteristic invariant for the class Co . 

Let e,-, fj, m,. (i=l, . . . ., i) be a set of consistent values that define the 

class Cejafi^ . Among the integers 1, , Jk a certain number s^ of them will 

correspond to m's that are zero. The remaining s^ of them will correspond to 
m's that are unity. Call the first set a^ , and the second , a, , and consider the 
function 

^]^...-2^n[(.li.(Z)))*+^i.(Z))]n[M5,W (modP^), (18) 

where i ranges over a^ , and j ranges over a^ . This function has the value 1 * 
for all forms of class Ce^iB^ and the value zero for all other forms. Hence 
-^^fixu ^ ^ characteristic modular invariant of g. . 

Next let e^, ?< (t=l, , ifc), m^ (y=lf > ^ — 1) Mid Z> be a consistent 

set of values of these quantities that define the class Ce^n^nD^ thus Ri,=n. 

Separate the integers 1, , k — 1 into sets ai and (t, composed of s^ and s^ 

elements, respectively, such that those of a^ correspond to the m's that are zero, 
while those of a, correspond to the m's that are unity. Then the function 

^-.-.= 2^n[M5Xl>)f+^5/I>)]n[(^5,(I>» (modP), (19) 

where i ranges over a^ and j ranges over ex, , has the value 1 for all forms of 
class CeJn^nD and the value zero for all other forms. 

Hence the characteristic invariants -4s^,,r,> -4«ir,a,> ^^^ ^ completely 
characterize the classes of modular quadratic forms modulo P^ . 

For the case X=l, Ab^{D) and ^s^.^r, become, respectively, the invariants 
Ar and 7,^^ given by Professor Dickson in his Madison Colloquium lectures, 
pp. 11, 13. The function A^^^^ is for this case a characteristic invariant of 
his class C^, while I in this case is replaced by the simple form 7=11(1 — a^/), 
as g^ven loc. cit.j p. 11. These are the only ones that enter in this case, since 
the only set of integers e^ m^ , r^ are 0, fi , mi . Thus, for this case the 
invariants given above are all polynomial modular invariants. This may also 
happen for the case >1>1, but would obviously be a very special case. 

6. Number of Linearly Independent Modular Invariants of g,. — For 
convenience denote the classes of modular quadratic forms modulo P^ by 
Co , Ci , Cfy .... and the corresponding characteristic invariants by 

* In eMe either #i or #• i* i^n empty eet, the corresponding product factors of (18) is defined to be 
unitj. Similarly in (10). 

30 
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lof Iij Ify - - * ' . Since any modular invariant / of q^ takes certain values 
^0 > ^1 > ^j I • • • • ^or the respective classes C© , Ci , Ct , .... we have 

I^VoIo+ViIi+vj2+ (mod P^). 

Hence, any modular invariant is congruent to a linear homogeneous 
function of the characteristic invariants. Moreover, the number of linearly 
independent modular invariants of the quadratic form q^ modulo P^ equals the 
number of classes. 

II. Polynomial Modular Invablints of a Binabt Quadratic Form. 
7. Invariants for a Prime Power Modulus P^. — Consider the form 

f=a^+aixy+a^, (1) 

where the a^ are integers taken modulo P\ The transformations * 

R: x=x' + Ty\ y=y\ 

S : x=x'y y=ky% {k prime to P) 

Q: x=y\ y=—x\ 

generate the group of all linear homogeneous transformations whose deter- 
minant is prime to P and coefficients are integers modulo P^. Transformations 
iZy 8^ Q give the respective replacements 

a;=ao, a[=a^+2aoT, a'^zzzo^+OiT+aoV. (2) 

ao=aoj a[=kai, af=k^at» (3) 

^o=fl»> ^1= — %f aJ=ao. (4) 

Theorem 1. The form f has the absolute invariant modulo P^ 

H= n (af— 1) f£=^(P^) ^P^-'iP—l). 

Evidently replacements (3) and (4) leave H unaltered. It remains to 
show that H is unaltered by replacement (2). This is evident if ao is prime 
to P, since then af— 1=0 (mod P^). Hence let Oo be divisible by P. Then a[ 
is of the form ai+Pq and, by induction* on X, 

(ai+Pg)''^"'=af"' (mod P^), 

whence al^'Esaf . Hence H'^^A {a'/—l)f where 

A={aS-l){ai-l). 

Thus H't^H if either ao or ai is prime to P. In the contrary case, (h=(^t+PQ 
and a^'^^ai as before, whence H'^H in all cases. 

*Cf. C. JordAn, "Traits des Subftitations/' p. 93. 
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The same method leads to 

Theorem 2. The form f has the absolute invariants modulo 2^ 

I=ai=at'\ Q=aiaiai. 
8. Futidameutal System of Invariants Modulo 4. 
Theobsm 3. Necessary and sufficient conditions that 

a+pi+yT^+ST^^O (mod 4) 
for all integral values of T are 

a^O, 2i3=2y=/3+y+3=0 (mod 4). 
The general invariants of ^ 7 become 

ff=n(aj-l), /=a?, Q=ala\ai. 

A useful combination of these invariants is 

8=P—Q—l+l=c^-\'a\—ala\—ala\—ciioi. 

Theorem 4. The form f has the absolute invariants * 

iST— ai+a;+2a^,, 

J aB2ao+ 2a, + a^ + a^\ + a^a^ + a^oi + a^^a^ + a^a\a^ , 
E =aoat+a^+aoa,(ai+a;+a;) 
ssaiot+aooj+ajat— aJaJ+iioaiOi+aoaiat+oJa^al (mod 4). 

The following identical congruences are of use in simplifying the dis- 
cussion given below for the general invariant. 

17- (a^+c^) ((H+aJ) -0, F= (oo+aj) (a,+a\) =0, L- (ao+a5) {a^+a\) «0, 

g,=3C=aSaJ(^+aSa?al+a5aM, Ct=3g=aJafa,+aJafa,+aSa;aJ, 
If =000105+ (^oj + OoOiO, + aJaJot^^QaBEO, 
3r —OgOioJ + ojojc^ + Ooafo, + Ooa?a,=4QsO. 

In view of the identical congruence oc^^a?^ (mod 4), we may assume that 
the exponent of each o< in an invariant of / does not exceed 3. Hence, we may 
denote any invariant ^ by 

t 
4>= S Aifl\ai, Aii=a^+^iflo-\'Yifll+^ifl\, (5) 

where a<^ , etc., are constants. The difference 

^— (Aix+ Avfit+ Anfh-^ Auaia^)XJ 
has ^u«B^is^^ti^^tt^O. 

*K,J and 19 were diseovered by carrying through for special cases the discussion made below for 
finding the general inTariant; they were verified to be invariant with respect to the generators R, 8, Q. 
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Hence, we may assume that in the initial ^ these quantities are zero modulo 4. 
Similarly, by considering in turn 

4>- [/3oi+ (yoi-i3oi)ao] L- («oi-yoi+^oi)^, 1>-olioK- [fiio+ (yio-fto)ao] F, 
we may assume that 

Then by employing in turn 

we may take 

At no step have any of the quantities previously taken to be zero been dis- 
turbed. 

Subjecting the simplified ^ to replacement (2) we get 

where 

p=2Aioao+2Ai^aQ+2Aoiaoa2+2Ai2aoa^+{Aoi+2Aogao+2AffiQ+2A9fiao 

+2A9iao+2Aoia2+2Ao^aoa^+2Ai2at+2Ai2aoa2+2Ai^+2Afsfloat 

+2Anaoat+2A9^at+3Anal)ai+ {An+SA2zal)a\, 
y^Aoiao+Ao^al+AQ^al+SAoiaQal+SAo^ala^+Ai^a^+iAf^+SAotat+A^aQ 

+3A(aaQ+A^+A2^al+3Aiiaoal+3Aigat+3A2iala^+3AiMao+Anal)al 

+ {A^+A^+A9ial)a\, 
5 =3Aosalai+ (-4o8+^28+3^28ao)a;. 

By Theorem 3, necessary and sufScient conditions that ^' — ^^0 for all 
integral values of T are 2/?=2y=j3+y+SsO. From the form of ^m, A^ 
and A^g we see that 

2{A^+A^ao)^0, 2(^tt+^2tao)-0, 2{A^+Aioao)^0. (6) 

From 2fi=2{Aoi+An)ai+2{Afa+A2z)aia2, we have 

2Moi+AO=0, 2Mo.+-4«)=0. (7) 

Next, 

2y^2{Aoi+Ao2+A^)ao+2lA^+A^+A^+A^+aJ,A^+A^+Ao,+An+An)}(h- 
Hence, in view of (7), and (6), 

2Max+Joi+^ot)ao-0, 2Mat+^a.)(l+ao)-0: (8) 
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Making use of the above relations, fi+y+immO gives 

+ [A^+2A^a^+2At^o+2A»a^+2A^^+Anai+'iA^+at{2A^+2An) 
+3Aofqi]ai+[Aag+Af^+Anao+SAf^t^+Af^al+3Anao+^»('i 

+at(SA^+3Au+3Anal) +3Au<hfii]a\ 
+ [An+Au+An+Ao,+Au+3Aaal+A^l+3Ana\]a\^0. 

Denote this congruence by p+gai+roJ+^aJsO. Hence p^2q^2rmmq+r+smmO. 
From p^O we have 

2^1000+ 2u4u«o+^oiflo+-4oto5+-4o8aJ=0, 2^oi«o™0, 




2A,^+2A^ao+A^al+Ao^ao^0. ' ^ ^ 

From 2g=0 we have 

2 (^oi+^,ao) =0, 2^o«— 0. (10) 

By (7) we have 2^ss— 0. Hence At^alai^Anolol • Hence we may take ohhO 
by replacing ^ by ^+0^8^ and 7^28=0 by subtracting y^Q- A^alal is now in a 
form that can be combined with Afgalal. Hence we may assume A^mmO. 
Similarly, by combining Af^c^ with AoiOl we may take ^ot^O. It is readily 
verified that the above reductions do not disturb the quantities that we have 
previously taken to be zero. A like remark applies to the reductions that 
follow. 

Since iioi— ^n we have, from (10), that 2iloi'0. Take Aoi=0 by com- 
bining Aoiat^sAoiol with AQ^al. From (7) we now have that 2A^^0. Hence 
Atiala^^Afidial and we may take 021^0 by considering ^+0^8. We now have 
Afidiai^Sfialalai and may combine it with ^tt^i^t ^^^ take A^i^^O. From (10) 
and (6) we have 2^x2^0. Hence, combining A^aial^Ai^alal with An(i\olf we 
may take ^^^O. The above conditions now become 

2^02 +2^82 (l+ao)=0, 2Aioao+ A^al^O, 

-4oi^S^Qj^3^j2^-^2l^^-"28^^"> ^ (^22 I •"21^0/ ^^« 

From 2r"0 we have 2 (Ao^+A^+A^aQ) sO, whence 2-4oj"»0, From g+r+5««0 
we have 

2A^ao+2A^ao+2A^o+A^+An+A^al+An+A^tal+2AHat'^0. • (12) 

Hence 2An^0. We may take ats^O by considering ^+atJ3. By combining 
A^aial^Snolol\ai with A^alal we have A^wmO. By the final condition (11), 

(12) now becomes 

A^+A^-A^al+2A^ao^O. (13) 

From (11) we have 

2ao2^2(i3o2+«(»)-2yo«=25io+ao2+i9oi+rot+«oi-0. (U) 



(11) 
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From (13) we obtain the additional conditions 

a^^2(i3a2+/?22)=2(a3o+«8o)+i8(«+ya2+«o2=0. (15) 

From (14) and (15) we have 

aat^2yo2=2«io+lffo2+yo2+«o2^2(/?o2+i3«)^2(«,o+a«>+8«,)=0. (16) 
We now have 

♦=aoo+i3o(>«o+yooao+3ooOo+i3(ttaoal+y(«a5a|+iX 

+ PfQCL^al + Ytf^ala\ + hv,ala\ + ^fs^^aX + hti0^a\a\ +0Lvfl\ + K^o^iA , 

where the Greek letter constants satisfy relations (16). Let ^ become ^' 
nnder the replacement (4). Then ^— ^'=p+ga2+ra5+saj, where 

P = /3ooao + Y^al + h^A + Kala^ + 2 o^a\ + iso^X + i^M^o^! + Yv^aWx + 5»Ooo! , 

3 = — i^oo— i3o2aJ— ^20^1— ^»aoOi , 

^ = /3o2ao+i«ao— yoo+i3jBaoa?+i„aSaJ— yjo^i , 

Then pasO gives /3oo— yoo^^oo^O and 

2^10=2 (i3»+yM+^M)=25josO, 2a3o+/?,oOo+yioOo+(iio+^+^)«o=0, 

whence 2aio= 2 j3ao— 25jo" 2^20 = 0- 

Hence AfQ^iNi^al. Take ^^o^O by combining 2iV2oaoaia2^so^o^ with 
JioaoOi. Also take aso=0 by considering ^—ol^. The remaining condition 
from p=0 is.jio^^ao- Hence ^ has the term ^o(^o^+^o^i) ^0. Thus ^ is con- 
gruent to an expression with ^qb^sq^O. From 2rs0 we have 2(j9tt+^)™0. 
From g + r+5^0 we have 

^02^0— (^02 + *0«)«0 + i«oS+[i3aao— (i32« + *22)Oo + *22ao]a!=0, 

whence 2i3o,EB2«„=2/?„=25M=0. 

From the first two of these, together with 2yoi=0 and i^oi+yot+iof^O, 
from (16), (since 2Sio=0), we have -4o2=0. From 2/?82^2it2=0 we have 

^^a,a\a\+^d^\€\^ {Pn+h^)aWA^ (/?«+«a.)C, 

and hence ^aaoo+ (i^M+SM)^- From this we have 

Thbobsm 5. Any modular invariant of a binary quadratic form whose 
coefficients are integers modulo ^ is a linear function of the invariants 
J, Jff, g, J, K, E. 

The binary form is congruent to a multiple of a square of a linear form 
if and only if I^K^E^O (mod 4). 



The Ten Nodes of the Rational Sextic and of the Cayley 

Symmetroid.^ 

By Abthub B. CoBLB.f 



Introduction. 

The general rational plane sextio with ten nodes occupies a unique posi* 
tion among all rational plane curves in that it is the rational curve of lowest 
order which can not be transformed by ternary Cremona transformation into 
a straight line, that is to say its order can not be reduced by such transforma- 
tion. It may, however, be transformed into other rational sextics, and this 
can be accomplished by Cremona transformations of infinitely many distinct 
types. One of the principal results of this paper is that the sextic and all of 
its sextic transforms are comprised under precisely 2^.31.51 projectively 
distinct types 

The intimate relation between the ten nodes of a rational plane sextie 
and the ten nodes of that quartic surface known as the Cayley symmetroid has 
been pointed out by J. B. Conner, t It is not surprising therefore to find that 
a similar fact is true of the symmetroid under regular Cremona transforma- 
tion in space. 

The methods of investigation here employed have been set forth in an 
earlier series of papers by the writer. ^ Some of the points of view may be 
recapitulated briefly as follows. We shall be interested in a Cremona trans- 
formation C only in so far as it disturbs projective relations so that for our 
purposes CsetcCtc" where tc, tc" are arbitrary projectivities. If C has the 
singular points, or F-points, pi , • • • • 9 Pp 9 ^^^ C"^ the F-points ^i , • • • • 9 9p 
then C transforms curves of order Xo and multiplicities x^ at p^ into curves of 
order Xq and multiplicities x'f at q^ (t, j=i, . . . ., p) where x' is determined in 
terms of x by the linear transformation, L(C), 

(1) I^iC): Xo=mXo—}l\Zir^if ^'i=S^o—^iZi(iifl>i. 

* Read by title at the meeting of the Chicago Section of the American Mathematical Sooietj, 
April, 1019. 

t This investigation has been carried on under the auspices of the Carnegie Institution of Wash- 
ington, D. C. 

t " The Rational Sextic Curve and the Cajley Symmetroid,** this Journal, Vol. XXXVII (1915), p. 20. 

§ " Point Sets and Cremona Groups/' Part II, Tran: Am^r. Mt^th. £foo.. Vol. XVII (1916), p. 946} 
referred to hereafter as P. S. II. 

31 
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In (1) the coefficients are m, the order of C; r^^ the order of F-point p,; 5y, 
the order of the F-point g^; and a,y, the number of times the fundamental 
curve, or F-curve, of p, passes through gy. 

The product CC of two Cremona transformations can be unique only 
when the position of the F-points p\ of C with respect to the F-points q^ of 
C"^ is definitely specified. In order to limit the possibilities which arise in 
this connection we require that the points p^ shall be in a set of n points P\ 
and the points q^ in a set of n points Q\ such that the further pairs Pp+i , 
5p+i J * ' ' 'J Pnj Qn ^re pairs of ordinary corresponding points of C. This 
amplifies the linear transformation L{C) by the equations 

(2) x\ = -{-l)Xi (Z=p+1, . . . ., n), 

and the two sets PI , Ql are called congruent under C. In forming the product 
CC" we require that the points of P'^ shall coincide in some order with the 
points of Ql . This possibility of reordering the points of a set — a non-pro- 
jective operation for n>4 — is accounted for by adjoining to the linear trans- 
formations L{C) those additional ones constituting a g^i which permute the 
variables x^ . . . . , rr„ . Thus the operations involved in passing from a set 
PI to all sets Ql congruent in some order to PI — operations which constitute a 
group G^^i — are reflected by simple isomorphism in the transformations L{C) 
of the group ^r^ 2 g^^^rated by g^^i and the transformation L{C) determined by 
a single quadratic transformation C, since the general Cremona transforma- 
tion is a product of properly ordered quadratic transformations. Obviously 
when a set PI is in question this general transformation is restricted to have 
p<n F-points.* 

We are concerned here with the set Pfo of the nodes of a rational plane 
sextic and can state at once the theorem 

(3) A sextic S with nodes Plo can he transformed into a sextic S with nodes 

Qio by ternary Cremona transformation if and only if the sets P\o and 
Q\o are congruent. 

For if S is transformed by C into 8 the p F-points of C must be all within 
Plo else the order of the transform is greater than 6. Hence p<10. If p<10 
the nodes of 8 in Plo which are ordinary points of C pass into nodes of 5 in 
the congruent set Qlo. 

The arithmetic group g^2 simply isomorphic with G^^ has integer 
coefficients. We shall prove in ^ 1 that there is only a finite number of pro«^ 
jectively distinct sets Qlo congruent to the set Pfo when Plo is the set of nodes 
of 8y and that, for all the operations of Gio^t whose isomorphic elements in 

* TheM remarks are amplified in P. S. II, § I. 
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5^10.2 have coefficients congruent modulo 2 to those of the identity, the set Q\o is 
projective to Pfo and therefore may be made to coincide with PJo by a subse- 
quent projectivity. These elements form an invariant subgroup ^10,2 of gio^f 
whose factor group ^SN* is finite and of order 10! 2'*. 31. 51. 

An important problem is now apparent. Since gio^t is infinite and discon- 
tinuous (P. S. II, §4 (18)) and ^10,2 is of finite index under gio^ there follows 
that an infinite discontinuous Cremona group G^io.2 exists which transforms 
the sextic 8 into itself. G^io.2 also will contain an invariant subgroup G^^i 
which consists of those elements of 6?io,2 for which every point of S is fixed. 

It may be and probably is true that Gio,2 is merely the identical transforma- 
tion, but in any case the factor group of Gio^ 2 under G^io. s ^iU he represented 
by a discontinuous group of elements of the form 

of + fe 
ct+d ' 

where t is the parameter on the rational curve S. From certain geometrical 
considerations it seems reasonable to think that this discontinuous group is of 
genus 4, and that the ten nodes of S can be expressed by means of Biemannian 
modular functions of genus 4. 

The ten nodes PJo of the Cayley symmetroid S, discussed in Part II, 
behave under regular f Cremona transformations in space much like the ten 
nodes of 8 under ternary transformation. One novelty introduced in § 4 is 
the dilation of the regular group in a space 8^ into a subgroup of the regular 
group in a higher space 8i,+i . 

PART I. 

The Ten Nodes Pfo of the Sextic 8. 

§1. The Equivalence of the f -curves of PIq under ffio.2- 

The first theorem which we shall use is 

(4) The group O102 which leaves the sextic 8 unaltered is generated by the 
involutions conjugate under (7x0.2 io the Bertini involution. 

We recall that the Bertini involution is defined as follows. Given eight 
points Pij . . . . , Ps in the plane, the 00^ sextics with nodes at these points have 
the property that the 00' sextics of the system on a point x pass also through 
another point y, the copoint of x in the involution B. Obviously every sextic 

* The factor groups g^^j^ for the group g^ ^ have been identified with known groups in the author's 
paper entitled "Theta Modular Groups Determined by Point Sets/' this Journal, Vol. XL (1918), p. 317; 
cited hereafter as T. M. Groups. This paper emphasizes the geometric possibilities of the particular 
cases ^2p+2, p • I^ is o^ interest to find that other cases also have geometric applications. 

t Cf . P. S. II, § 4, or § 4 of this paper for the definition. 
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of the system is a fixed curve, and every additional node of such a sextic is a 
fixed point of the involution whence it leaves the sextic 8 with nodes at 

Pi f J Psf P9f Pio unaltered. By permutation of the points of P\q all the 

(V) Bertini involutions attached to the set Pfo &re obtained. Moreover, if C 
is any Cremona transformation with F-points at Flo , then CBC"^ also leaves 
S unaltered. For C transforms 8 into a sextic 8' with nodes at Qloy B leaves 
8' unaltered, and C^^ transforms 8' back into 8. Hence the conjugate set of 
involutions described in (4) all belong to 6^io,s. The proof that they generate 
^10,1 wiii appear later. Meanwhile two objects conjugate under (7io,t ^iU be 
called equivalent, and this relation of equivalence will be denoted by the 
symbol h. 

The /-curves of the set P\o are the transforms by Cremona transformation 
of the sets of directions about the points. Instead of the general Cremona 
transformation we may make repeated use of the quadratic transformation 
^/lit/a ^^^^ F-points at P/, y P/. » P/, • Beginning then with the set of directions 
about Pi , it becomes under the g^ i of permutations of the points, a set of 
directions about any one of the ten points. Applying Ai^ to the set of direc- 
tions at pi it becomes the line on gsSt? ai^d under g^x this becomes any line g^g^. 
Applying A^n to the line p^p^ it becomes a conic on 9ig29s9496 • Proceeding in 
this way the totality of /-curves of the set P% is obtained. We shall denote 
by its signature J fr{i\^i iJs . . . m ;&•), an /-curve of order r with multiple points 

of orders ki^ , XC|o at the points Pi , , pio > respectively. A systematic 

derivation of the types of /-curves is carried out in the following table (5) : 
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New types of /-curves as they are obtained are starred, and these new 
types are in turn subjected to transformation. However, as the process goes 
on, the new types obtained are equivalent under (7io^a to earlier types and 
these need not be transformed afresh. 

In order to prove the equivalences (1^), (2^), (3^) listed in the table (5), 
and at the same time to verify that the two further equivalences 

(4^) f% (HWAW*) ■■/• (hWAH**) , 

are valid we begin with the equivalence, 

(6) Uii) ^Ui^fMPMsi) 

which is derived at once from a Bertini involution* If the two members of 
this equivalence be transformed by C then the two transforms are themselves 
equivalent under the transform of the Bertini involution by C, whence accord- 
ing to (4) they are equivalent under (?io,f Transforming (6) by ^<^,f ^iui^t 
Aifj^ and Ai^^^ successively we get 

(7) A(;ii.)-/.(t''«t;y^^^^^ 
(1^) /i (ijiitiJi) ^fiiiiiJMiPJlii) • 

(4^) ft ( tViiJti Jje) —/t iJiidMJiJBj^ir) f 

(5^) fiWdddJiidiis) ^fAijdtJtjJtitflin)' 

If now we transform (4^) by A^j^^ and -4^^^ we get 

(2') f^ii^jiiMJd^JiJl) — /•(/liJiiJJJ?), 

(3') hi^idJditJ^Jijijl) WiCiJJJJJeJriJt), 

whence all the equivalences used in limiting the table (5) have been establiahad. 

A glance at the list of equivalences established shows that the signatures 
of equivalent /-curves are congruent modulo 2, and further that no two of 
the non-equivalent /-curves in the first column of table (5) have signatures 
which are congruent modulo 2. This is to be expected since the signatures, 

fniPi^f Pt"f 9 Pii^)f of the /-curves of PJo ^nse from the columns other 

than the first of the matrices of the linear transformations L'of (1) and (2), 
and the transformation L which correspond to the Bertini involutions (and 
therefore also to the conjugates of the Bertini involutions) are congruent to 
the identity modulo 2. Thus we have proved that 

(8) Under the group generated hy the conjugate set of involutions which con- 
tains a Bertini involution, the infinite number of f -curves of P|« divide 
into 527=2<^^(2^+l)— 1(P==5) sets such that th% infinite number im 
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any one set are equivalent and that the f-curves from different sets are 
not equivalent. Equivalent f-curves have signatures congruent modulo 2. 
As types of these sets we may take the (\®) of form fo{i)f the (2) of 
form fiiiiii), the C^) of form ^(iiW**^), the CS) of form /sCt^WsM?), 
and the CS) of form /iCtfVgMs^eVs^i^)- 

Since all /-curves with signatures congruent modulo 2 are equivalent 
under the conjugates of a Bertini involution, there follows that the subgroup 
g{2) of 5^10^2 which is congruent modulo 2 to the identity is generated by these 
conjugates. Now the index of ^(2) under ^10,2 is the order of the finite group 
of permutations, ^{S,\ I of the above 527 sets. The order of this group has 
been determined in ** T. M. Groups." In fact the signatures of the /-curves 
reduce modulo 2 to the coefficients of the forms 61, Cg of the table there given 
(p. 323 for v=x=2). They are permuted like the even characteristics of the 
theta functions for p=5 under the group (p. 337 loc. cit.) of order 

^=2^(2^—1) (2»— 1) (2«— 1) (2*— 1) (2^—1), 

which leaves one even theta characteristic unaltered. Now ^^(2) is simply 
isomorphic either with ffio.« or with a subgroup of it. In the first case (i 
divided by 10 1 (to account for the mere ordering of the set P%) will be the 
number of sextics projectively distinct from 8 and including S itself. In the 
second case this number will be a smaller factor of /£/10 1 Now assuming that 
fi is the proper index of 6^10,2 under Gio^^ then the index ft' of G^» 2 under Gg^^ 
(where these new groups are defined precisely as the groups 6^10,2 and Gio,2 
except that all Cremona transformations employed are to have Pio as an 
ordinary point • ) is fi/527, since Pio or /o(10) is to be unaltered. Then the 
number of projectively distinct sets Pi which can be obtained by Cremona 
transformation from the nine nodes of a sex tic is f^/527 divided by 9 ! But 
according to P. S. II (47) fi/9 1527=2*.960 is precisely this number of sets PJ. 
Hence [i is the index of Gio^ under (jio,2 ^^^ G^io.2 is generated by the conju- 
gates of the Bertini involution. We have thus completed the proof of (4) and 
have also proved that 

(9) A rational plane sextic with ten nodes can be transformed by Cremona 
transformation into precisely 2^.31.51 projectively distinct sextics. 
Under such transformation these projectively distinct types {with 

* It is proved in P. S. II, § 6, that the generators of G9. 1 &re conjugates of Bertini involutions 
whence aU the Cremona transformations with F-points at F** for which P** is congruent to itself will 
leave unaltered the 10-th node of a sextic with nodes at /"» . 
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ordered nodes) are permuted according to the finite group of odd and 
even theta characteristics for p=5, which leaves an even characteristic 
unaltered. The infinite discontinuous group (7io.2 of Cremona trans- 
formations which leaves S unaltered is simply isomorphic with the sub- 
group gio2 of 5^10,2 > which is congruent to the identity modulo 2. 

§ 2. The Discriminant Conditions for P\q . 

In P. S. II, § 8, the set P? was discussed in connection with the general 
plane quartic and the sixty-three factors of the discriminant of this quartic 
arose from the conditions that two points of PJ should coincide, that three 
should be on a line, and that six should be on a conic. In all these cases an 
/-curve passes through one more point of the set than is true in general. The 
conditions might be indicated thus : 

foihii) =0 /iCWs) =0, and ^(WsWe) =0. 

Similarly for the set PJ (P. S. Ill (1917), § 1), the same conditions give rise 
to the thirty-six factors of the discriminant of the cubic surface which is 
mapped from the plane by cubic curves on P| . We shall therefore continue 
to refer to such conditions as discriminant conditions for the setj even though 
for sets beyond P| the word discriminant does not have its usual meaning. 

For a general set Pfo the number of these discriminant conditions is 
infinite, but they all arise from any one — say /o(12)=0 — by Cremona trans- 
formation. On the other hand when Pfo is the special set of ten nodes of a 
sextic S and therefore subject to three conditions, the existence of one dis- 
criminant condition — a fourth condition on Pfo — taken together with the three 
conditions already implied by the existence of 8 entails the existence of 
infinitely many discriminant conditions. For example, reverting to the table 
(5) of §1, let us begin with the condition /o(l, 9)=0 which indicates the 
existence of a tacnode due to the coincidence in some direction of the nodes 
Ply pg. Transforming this by A^^ we get the condition /i(239)=o which 
expresses that the nodes P2j Ps3 Pg are on a line. Transforming this by Ai^ 
we get the condition /, (123459) =0, and this, transformed by Am gives rise to 
/4(123456^7*8*9)j=0. But according to the equivalence (1®) there is a trans- 
formation of (?io.2 which leaves the nodes of S unaltered and transforms 
/,(123456*728*) into ^(12345). Therefore if ^( 123456*7*8*9) =0 then also 
/j (123459) =0. Proceeding thus we find that the equivalences of /-curves 
under Oio^^^^V^Y the identity of corresponding discriminant conditions and 
we can prove at once by the foregoing methods the theorem : 
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(10) The number of discriminant conditions — infinite for the general point set 

PU — 15 finite for the Pjo of nodes of S^ a set subject to three conditions 
and containing nine absolute constants. Any two discriminant condi- 
tions whose signatures are congruent modulo 2 impose the same fourth 
condition on the ten nodes. The (%) conditions of type /o(hH)=0, 
the CS) of type A(hHH)=0, the (?) of type A(HhW6H)=0, the C?) 
of type /t(tlitV4HW8)=0, and the (JJ) of type /4(?ifW6W8t9ho)=0, 
496 =2^"^ (2' — 1) (p=5) in all, exhaust the number of independent 
discriminant conditions. The members of this finite set of conditions 
are permuted under Cremona transformation like the odd theta char- 
acteristics under the group of ^1 (9). 

In f aet these conditions eorrespond to the forms b^f c^ot the table cited 
above from T. M. Groups. 

From any equivalence there will follow a theorem concerning a special 
sextic 8. Thus from (4^) and (5^) of ^ 1 we have 

(11) // there emsts a cubic curve on seven nodes of 8 with a double point at 

one of the three remaining nodes {one condition on 8) then there wUl 
exist a cubic curve on the same seven nodes and with a double point at 
AHT one of the three remaining nodes. 

(12) // there exists a qtMrtic curve with triple point at one node of 8 and on 

the other nodes^ then there urill exist a quartic with a triple point at 
any one node and on the other nodes. 

Part of the content of theorem (10) has been stated by Miss Hilda 
Hudson,* and her method (Section 4, loc. cit.) of proving the equivalence of 
discriminant conditions is interesting. Unfortunately much of this paper is 
colored by the false assumption that the rational sextic with which she begins, 
and which has six nodes on a conic is a general rational sextic with nine abso- 
lute constants. Miss Hudson uses a space sextic of genus 4— ^the complete 
intersection of a quadric and a cubic surface — and assigns to it four actual 
nodes by making the cubic touch the quadric at four points, and projects it 
from an arbitrary point of space. Now if %, /ii are the binary parameters of 
the generators on the quadric, the sextic of genus 4 has the equation 
(a%)'(6fi)'=0 with fifteen constants. Of these six can be removed by pro- 
jectivities on A., fc whence the curve has nine absolute constants. These are in 

^''TheCrtiiMmaTraBsformatioiisof aCtrtaiaPlaat Sextic,'' Proceedings of the London Uaihe* 
mnii^eA BoeUty. Ser. 2, V«l. ZV (191t-17). p. 3Sft. 
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fact its Riemannian moduli since the curve is normal. The four node require- 
ment reduces the number of constants to 5, and projection from an arbitrary 
point introduces three more, so that the resulting rational sextic has but eight 
absolute constants and is subject to the further condition that six nodes are 
on a conic — a well-known condition on the nodes of any projection of the 
general space sextic of genus 4. The general rational plane sextic should be 
obtained as the projection of a general rational space sextic, and the latter 
sextic does not lie on a quadric. 

In the same volume of the Proceedings Mr. J. Hodgkinson * shows that 
there can be at most thirty rational sextics with nine properly assigned nodes* 
As a matter of fact this number is exactly twelve. 

In view of these misconceptions it may be worth while to develop in some 

detail the conditions on the nodes of a rational sextic.f Let then Pi , , p^ 

be eight general points of the plane with eight absolute constants. They are 
the base points of a pencil of cubics Cx='>nPi+^^t which meet again in a 9'th 
point P. This is of course a general pencil of cubics, and all of its members 
are nond^enerate and all are elliptic except for the twelve nodal cubies of the 

pencil with nodes at Di, , D^. The net of sextics, fiiCi+fhPiCt+fi/)tf 

has nodes at pi, , p^ and is merely the aggregate of pairs of the pencil C\ . 

Other sextics with these nodes exist. Such for example is the degenerate 

sextie /i(12) -/s(123' 8*) whose factors are known to exist and to be 

nniqne. Moreover, this sextic is not found in the above net since it is not a 
pair of cohies of the pencil Cx. Let then £ be any sextic, not included in the 
net, which has dooble points at p^, , p^. The web of sexties 



(13) 



»iC\^li^\Ct^lhPi^l^ 



eontaiBS M aextiei with nodes at pi, , p^. Yoir if another sextie TL' not 

contained in the system (13) should exist, the wjwtem of «^ sexties obtained 
by adjoinia^ £' would est the line /i(12) in x^ rariabte pain 9aA a peneil 

wodd hpre tlbe fixed factor Af 12) and the variable factor U{123^ 8^ em- 

traiy to the faet that this quiiAie is miiiQe. 

AQ tfce sextics of the web (13) on a point % poM through a seecMHl poiak 
jr, and x^ jr sdne p^rtaenf in the Beitini invofatioii B4 In faet, if Ct is tlie esise 
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of the pencil Cx on x^ then C\ and CtCf are two independent sextics on x ; let 
2 be a third. These sextics all meet at the intersections of Ci and Z. Let the 
elliptic parameters on Ci of pi, . . . .^ pshe Ui^ . . . ., Wg (with u+u'+u'^^^O as 
the linear condition) and let u^j Uy be those of x^ y. Then 

2(th+ +U8) +i/,+Wy=0. 

Hence re, y are on a line with the point u=2(ui+ . . . . +u^) and this is the 
tangential point of the four points u= — (wi+ . . . . +^8) + -^. If -^ is the 

zero half -period, this is the 9-th base point P; if -y is a proper half -period we 

we may call the points the three half -period points on Ci . Hence a construc- 
tion for B is as follows : At P, a base point of the pencil Cx , draw a tangent 
to the cubic C\ to meet the cubic Cx at Px , and from Px project the cubic into 
itself to obtain the pairs x^ y of B. One easily verifies that the locus of Px is a 

rational quartic on Pi , , Ps "^^th triple point at P whose tangents are those 

of cubics with flexes at P. The construction for y is indeterminate only when 
a; is at pi , or p2 , or . . . . , or pg . The sextic S^ with triple point at pi and 
nodes at Ps, . . . ., Ps exists and is unique (as is proved at once by reducing its 
order by a quadratic transformation) , and, if a; is at any point of 8^^ y is at pi , 
Hence B has eight six-fold F-points p.. with corresponding /-curve 8p^ and 
is of order 17. Evidently every sextic (13) and every cubic Cx is a fixed 
curve of B. 

We are interested primarily in the fixed points of B. These occur at the 
point P and at the three half -period points on C\ . The latter run over a locus 
N which has triple points at p^ with the same tangents as Sp^ since these three 
directions at p«. are self corresponding. Also N is of order 9 since a cubic Cx 
meets it in three points outside the eight points Pi . The fixed point P and 
the fixed point p» — a general point on N — are of different kinds. P is a fixed 
point with fixed directions, f. 6., a curve IT on P is transformed by B into a 
curve K' on P which touches K. This follows from the fact that P is a fixed 
point on every cubic of the pencil Cx . On the other hand p^ is a fixed point 
on but one cubic Cg of the pencil Cx and arises from the coincidence at po in 
the direction of the tangent Tg to Cg at pg of a copair a;, y of B. Hence this is 
one fixed direction on pg , and another is the direction T;^^ of ^ at po , t . 6., the 
direction to a neighboring fixed point. Any curve K on pg is transformed by 
B into a curve K' on pg such that the tangents to K and K' at pg are harmonic 
to Tg and T^^^ . 
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Every point x of the plane ia a double point of at least one sextic of the 
web, namely of the squared cubic, CI , on it. If a; is a double point of a second 
sextic S, and therefore of a pencil, then the net determined by CJ , C1C2 , and S 
on X have their remaining intersection y at x^ which may be at P if S is 
<7x(>l #= 1), but otherwise is a point pg on N. Conversely the net of sextics on 
P0 being fixed curves have as a common direction that of Tg which belongs to 
the coincident pair, and therefore a pencil of the net will have a node at pg 
with nodal tangents harmonic to Tg and to Tjf^. The pencil contains one 
cuspidal sextic with tangent Tjf^ and one squared cubic Cg with tangent Tg . 
Hence, disregarding nodes and cusps due to the sextics CI , and disregarding 
also the point P, we see that N is the locus of nodes of sextics of the web (13); 
or also the locus of cusps of sextics of the web ; or as an envelope is the locus 

of cusp tangents ; or finally is that 9-ic with triple points at Pi , , ps and 

on Di , , Z)i2 • For a double point of a cubic Cx is projected into itself 

from a point of Cx. An equation of N is the Jacobian, «7(<7i, Cj, S) =0. 

The curve N is of genus 4 and its canonical series gl is cut out by the web 
of adjoints (13). The series cut out by the pencil Cx, a glj has for residue 
with respect to gl the same g] . Thus N differs from the general curve of 
genus 4 in that the two series, gl , cut out on the norm curve by the two sets 
of generators of the quadric on the norm curve have coincided, i. e., its 
canonical adjoints (13) map N into a space sextic cut out on a quadric cone 
by a cubic surface. Since the quadric is a cone, N has but eight moduli, the 

absolute constants of pi , , pg . A tangent plane of the quadric cone does 

not count as a tritangent plane of the sextic since it is rather a reunion of a 
set of gl and a set of gl'. The 120 tritangent planes arise from the 120 
degenerate sextics, (?) of type fo{l)'S^y (l) of type /i(12) •/5(123*. . . .8*), 
(I) of type /t(12345)A(123456*7^*), and (S) of type /, (1*234567)- /a (2345678»). 
Since a gl has (r+l)(n+rp— r) (r+l)-fold points, gl has twelve double points 
which are at Di , . . . . , D^ . If po is a general point on N there is as we have 
seen, a pencil of sextics with a node at pg . This pencil cuts ^ in a ^4 with 
fourteen double points. Two of these double points arise from the two 
further intersections of the squared cubic Cg on pg. The remaining twelve 
are points pio cut out by sextics with a node at Pio since all sextics on Pio with 
a simple point at pio touch the cubic Cio at pio and not N. Hence in a pencil 

of sextics with nodes at Pi , , p9 there are precisely twelve rational sextics. 

In part this conclusion could be drawn as follows : If Pxo is the 10-th node of a 
sextic with nodes at Pi , . • • . , P9 then Pio lies both on N and on the 9-ic N' 
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formed like N with triple points at pi ,...., p7 , pj . Then N and N' meet in 
7x9 points at Pi , . . . . , p7 and in 2 X 3 points at Ps , Pq i whence Pio is one of 
the twelve remaining intersections. Thus there are at most twelve positions 
of Pio • It appears therefore that the three conditions that N be on p^ and Pio 
and that N' be on Pio are necessary and sufficient conditions that Pio be the 
nodes of a rational sextic. 

The relation between p^ and Pio gives rise to a symmetrical (12, 12) corre- 
spondence, T, on N. The valence of T is 3. For if Cs is a set of the ^J > ai^d 
Cs the residue of that set on Po , if JT is a canonical set in gl , and G a set of 
the g\ considered above, and if 8^ is the set of twelve positions of Pio when pg 
is given, then S^+C^ is the set of fourteen double points of the g\. Hence 
K-{ 2G^8^+C2* where now the equivalence refers to point groups on N. 
But G+2pg^K, and C^+Pa^Cs, and 2Cs=K whence Sj2+Sp^=2K+Cb. 
Hence if pg is any other point on N and 8[t its set of twelve additional nodes 
8^+3pg^8[2+Spgf or T has the valence y=3. Then according to the well- 
known formula a+j3+2py, T has 12+12+24=48 coincidences. These arise 
from those positions of pg where a rational sextic of the web has a tacnode, 
but also from the twelve points D^ . . . . , D12 . For if Cx has a node at D 
on N^ then CI meets N four times at D. Of this 4Z), the set 2D is eliminated 
in forming g\ , but 2D is left and i> is a double point of g\ . Thus D belongs 
to the set 8^^ which corresponds to D in T and is therefore a coincidence. 
Hence 

(14) There are thirty-six sextics with eight given nodes which have an addi- 
tional tacnode. 

Thus a sextic with a tacnode has only eight absolute constants. Miss 
Hudson's theorem that any rational sextic 8 for which a discriminant condi- 
tion vanishes can be transformed into a sextic with a tacnode shows that 8 
could have only eight absolute constants. For the tacnodal sextic can be 
transformed back into 8 hj a, series of quadratic involutions each with F-points 
and one fixed point at nodes of the sextic, and by a subsequent projectivity — 
a process which can introduce no new absolute constants. 

The discriminant conditions furnish irrational invariants of the general 
sextic 8. Symmetric combinations of those which lie within one of the five 
types of Theorem (10) furnish rational projective invariants of 8. Symmetric 
combinations of the whole set of 496 furnish invariants of 8 under Cremona 
transformation of 8 into 8\ 

m 

* Severi, '* Lezioni di Geometria Algebrica/' p. 160. 
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§3. The Group ^lo.i of S. 

Since O^^t ^ the group of all Cremona transformations which transform 
S into itself, the elements of Gi^^t ^^U either leave every point on S unaltered 
or transform the points of S among themselves according to a transformation 
on the parameter t of S of the form 

at+h 



(15) r= 



ct+d' 



The group y^^ of transformations (15) thus induced by Giot upon S will be 
simply isomorphic with G^^t if the group 610.1 of Cremona transformations 
for which every point of iS is fixed is merely the identity. Otherwise yio.i ia 
the factor group of Gjo 2 under Giof 

The (?io, I is generated by the conjugates of the Bertini involution under 

^10. t • If J? is the involution with F-points at the nodes pi , $ Psot S^ then 

we have just seen that B leaves the points pg and Pio unaltered and inter- 
changes the two branches of 8 at each of these nodes. Hence it (9^ tg and 
tioj tio Are the pairs of nodal jmrameters, the transformation (15) induced 
by B interchanges the parameters in each pair and is the involution whose 
fixed points are the Jacobian of the nodal pairs. These fixed points are cut 
out on S by the curve N outside of PJo • 

Two /-curves may meet at an F-point say p^ in PJo » but ordinarily they 
pass through p^ with different tangents, i. e., they have at p^ different points 
in common with the /-curve, /o(t)y which is made up of directions at p^. We 
say then they have no proper intersection at p^ . Two /-curves may be selected 
80 that they have any number of proper intersections. For as the order of 
the transformations of Gio^t increases, the multiplicity of the /-curves of the 
transformations at F-points also increases so that the number of proper inter- 
sections of these /-curves and /o(t) increases without limit. Any two /-curves 
without proper intersections are conjugate under 610. f For the first can be 
transformed into /o(10) by an operation of Giq^ which at the same time trans- 
forms the second into an /-curve on PI; and this finally by an operation of 
Gg^t which /o(10) unaltered can be transformed into /o(9). Also since every 
/-curve has precisely two proper intersections with 8 we have the theorem : 

(16) The group y,o.i of transformations (15) on 8 is generated by a conjugate 
set of involutions each determined hy a pair of fixed points which is 
the Jacobian of the pairs of proper intersections with 8 of any two 
f-curves which have no proper intersections with each other. 
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One may show in the same way that if ten /-curves are such that no two 
have proper intersections at P|o they define a Cremona transformation of 6rio, « . 
In fact the signatures of the /-curves furnish the columns of the matrix of L 
m(l). 

If we transform the involution 5 by L the /-curves /o(9) and /o(10) 

become /r,(l"" lO****) and A^(l*"» 10**««). It merely requires a multi- 

plication of three determinants to form the transform L^^BL^ and after 
evident reductions we find that the transformed form has coefficients 



(17) 



i»'=17 + 12(r,+rio)+4r,rio, 
r;.=5;=6 + 2(r8+rio)+6(a«-f-aao)+2(r9aao+rioa«), 

(i=#=*)a/<=2 + 2(ap+ayio+afi>+aao)+2(a^;io4-ay»aflo)i 
a«=3+4(a^-faao)+4a«aao. 



(18) // /r,(l*" 10*^) and fr^^{V^ 10*"") are two f-curves without 

proper intersections the conjugate of the Bertini involution deter^ 
mined as in (16) by the two when regarded as an element L of g^^t 
has the coefficients (17). 

The question as to whether Gio^2 contains elements other than the identity 
is related to the question as to whether the two proper intersections of distinct 
/-curves with 8 can coincide. For if C :^ 1 is an element of Gio^ 2 ^^^ leaves 
every point of 8 unaltered, it leaves the two directions of 8 at Pi unaltered, 
whence the /-curve which corresponds to p< under C must pass through Pi with 
these two directions (and in general others). Thus this /-curve and /o(p<) 
have the same pair of proper intersections with 8. 1 am inclined to think 
that distinct /-curves meet 8 in distinct pairs, but have no proof that this is 
true. 

PAET II. 

Thb Ten Nodes of xkE Symmetboid. 

^4. The Dilation of a Regular Cremona Group. 

A regular Cremona transformation in 81^ is by definition (P. S. 11, ^4) 

any product of involutions of the type yiyi=Ci (t=l,2, jh+l) where the 

products are formed with the (k+l) F-points within a given point set as 
described in the introduction. The regular group G^^ ^ attached to the point 
set P* , transforms spreads of order Xo and multiplicities a^ 9 • • • • i ^n ^^ ^i 



Sextie and of the Cayley Symmetroid. 



257 



to the group g,^ of linear transformations L with coefficients 
(P. S.II,§5 (23)) 



(19) 



{k—l)9i — ou — au 
(t— 1)5, —On— On 



(i— l)(j. — ttj— et^ 




— a 



This group ^,,t is generated by the permntation g,, of the n variables and the 
involution ^t i ^-i^i whose coefficients are (P. S. II, ^ 5) 



(20) 



k 


1 


1 


: —1 


k—1 





— 1 : 


: —1 


k—1 


— 1 


: 


: —1 


k-1 


— 1 


— 1 : 










• a • • 


: 

* * * < 


1 



Suppose then that the general element of G^^ i^ has been obtained by forming a 

proper sequence II of the products from ^«. and Ai ^^i. Consider a set of 

n+l points in an S^^iy i. e.j a set PnXl- ^ ^^^ space separate a set of I of 
the points PlX\ (call these for the moment the fixed F-points) and order the 
remaining n points of P^Xi ^^^^ respect to the points of Pjt . Then in Si^-^i form 

a product n' of elements from fl^u+o! ai^d Ai ,i, i+i. i+t+i in such a way 

that the last n points of P^Xi ai^^ permuted like the n points of P^ under g^ j , 
the first I remaining fixed. This requires that always in using an element A 
the first I of its F-points shall fall at the first I points of the set PlXl • We 
shall then say that the element 11' of ^j.^u^^i is the element 11 of G^^^ dilated 
into Si^^i . The element of g^^^^ i^^i which corresponds to the element 11' dilated 
from (19) has coefficients 



{k+l-l)(i+l -fi -n 


—I* 


— jh — P 


ijc-\-i-i)ti -n-^1 -11 : 


— M 


— Pi — P 


ik+i-i)ii -fi -fi-^i : 


— ^ 


— Pi — P 



(21) 



{k+l-l)ii 
{k+l-l)9. 



ft 



7< 

■ffi 



(*+«— 1)<J. — <i. —a, 



-fi+1 - 

— (T, — 



Pi • • • • — P« 
ttu . . • • •""<*!» 



— <X. 



— Oia 



—<tml 
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In order to prove this we have only to show that the general element (19) 
multiplied by Ai ^+1 when dilated according to the rule which is evident in 

(21) is the same as the dilated element (21) multiplied by A^ ,+i^ i+k+i- 

We shall omit the verification which depends merely on determinant multipli- 
cation. Hence 

(22) The regular Cremona group attached to a set PJ in Sj, when dilated into 

'S'ib+i furnishes a subgroup of the regular Cremona group in /S^+i 
attached to the set P^X\ which is simply isomorphic with the original 
group. The dilated group permutes the S/s in S^^i upon the I fixed 
F -points just as the original group permutes the points of S^ . 

In fact if the S/s be cut by an 8j^ , which does not cut their common S^^i , 
the original group appears in this Sj, . 

The following extension of P. S. II, §4 (17) is now evident. 

(23) The group G„jk contains subgroups simply isomorphic with O^i^^t when- 

ever n''^n and A;'<fc. 

We shall have occasion to use the dilations into 8^ of the Bertini involu- 
tion, and of the Geiser involution in 8% with triple F-points at pj , . . . . i Ps . 
The matrices of these dilated transformations are, respectively, 



(24) 



33 16 


—6 


—6 .... 


fi 


32 —15 


6 


6 .... 


—6 


12 — 6 


3 


2 .... 


—2 


12 6 


2 

• • • • 


3 .... 

• ••••••• 


—2 

• • • • 



12 —6—2—2 



15 -7 


—3—3 .. 


, . —3 


14 —6 


—3 —3 ... 


, . —3 


6 —3 


-2-1 ... 


. — 1 


6 -3 


— 1 — 2 ... 


. — 1 


6 —5 


1 1 ... 


. —2 



§5. The Transforms of the 8ymmetroid by Regular Cremona 

Transformation. 

The symmetroid 2 is the quartic surface obtained by equating to zero a 
symmetric determinant of order 4 whose elements are linear forms. The ten 
points at which the first minors all vanish form the set Pfo of nodes of 2. 
The enveloping cone of 2 from one of the nodes breaks up into two cones of 
the third order which meet in the nine lines to the other nodes. If this 
property appears at one node of a ten-nodal quartic surface, the surface is a 
symmetroid. 
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Let US call a set of eight points in space Pu . . . .y ps a half -period set if 
on the elliptic quartic through the eight, the parameters satisfy the condition 
Ui+ .... +iis^(o/2j where (j/2 is not the zero half-period when t;i+ .... +^4^0 
is the coplanar condition. Let us further call S+k points a half -period set if 
every set of eight in the set of 8 + A; points is itself a half -period set. Then a 
further property of S is that its set of nodes PJo is a half -period set.* 

From the property of the enveloping cone there follows : 

(25) // nine nodes of a symmetroid are given j the tenth is uniquely determined. 

(26) A symmetroid is transformed by regular Cremona transformations with 

p<10 F-points at PJo into a symmetroid E' whose nodes Pfo are con- 
gruent to PJo . 

For first if Pi, • • * •» Pq ^t^^ given, the line PiPio is determined as the 9-th 
base line of a pencil of cubic cones on the eight lines p^2 y • • • •» PiPio • 
Similarly the line pipiQ is determined and thereby also the node PiQ . Secondly 
a cubic transformation Aygg^ of the type a?Ja?<=C< (t=l, . . . ., 4) with P-points 
at Ply ' . . >i Pi transforms S into a quartic surface S' with nodes at a con- 
gruent set Q\q . Now ^u84 is the dilation of a ternary quadratic transforma- 
tion ^284 which sends nine base points of a pencil of cubics on p^p^Pi into a 
congruent set with a similar base point property whence ^1284 has the same 
effect on the nine base lines through Pi , and Z' is also a symmetroid. More- 
over, any regular transformation of the sort described in (26) is a product of 
such cubic transformations. 

It is our primary purpose to show that £ can be transformed by such 
regular transformation into only a finite number of projectively distinct sym- 
metroids, or since 

(27) There is hut one symmetroid with given nodeSy that from the set Pfo of 

nodes of S only a finite number of projectively distinct congruent sets 
Q\o can be derived. 

Li general there is an infinite number of sets Qlo congruent to but pro- 
jectively distinct from PJo (P. S. 11 (14), (18)), and these arise from PJo by 
the operations of the group 6^10, $• I^ ^or the set PJo of nodes of S this number 
is finite, there must be a subgroup ff^o^s of (7io.8» which transforms S into 
itself, of finite index under 6^10, s* We shall find that an important subgroup 

* Gayley, CoU. Math. Pap,, Vol. VII, p. 804; Vol. VIII, p. 26. 

33 
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G{2) of G^io.8 is generated by the conjugates under (tio.j of two types of invo- 
lutions, namely, the " Kantor involution " * and the dilated Bertini involution. 
Ill 5^10.8 there are the isomorphic subgroups ^10,8 and g{2). 

The Kantor involution K is that cut out on elliptic quartic curves on 
Pi 9 • • • • > P? by qnartic surfaces with nodes at Pi ,...., pr . It has for fixed 
points the 8-th node of such surfaces ; and these are the 8-th base point P of 
the net of quadrics on Px > • . • . , Pi — an isolated fixed point with fixed direc- 
tions — and the locus of the point pg which forms with pu . . . . , P7 a half- 
period set — the Cayley dianome sextic surface. Hence Pg , P9 , Pio , the further 
nodes of 2, are fixed points of jBT, and S is unaltered by K. This involution 
is the analog in space of the Bertini involution in the plane. 

In order to show that the dilated Bertini involution also leaves S unal- 
tered, two lemmas are useful. 

(28) The dilation from Pi of the Geiser involution with F-points Pt» > • • m Ps 

in S2 iSf in S^y the transformation (24) whose two sets of F-points 
Pif • • • • > Ps ^"^d Qiy • . . . , 28 ^^'^ projective only when they are half- 
period sets. If the two sets are thus restricted and coincide in the 
identical order ^ the dilated transformation is involutory. 

For the dilation of this involution is found listed in P. S. II, p. 376, as 
C{v){v=—1). It is shown there that C{—l)C{0)=Di or C{—1)=D^C(0) 
where C(0) is the Kantor involution determined by P2> • • • •> ^8- It is clear 
from the parametric equations of 2>i {loc. cit.) that its two sets of F-points 
are projective if they are half -period sets. In this case pi is a fixed point of 
C(0) and the two sets of F-points of C(— 1) are projective. If for C(— 1), 

PI and ^8 coincide then pi, , pg are ordinary points of [C(— 1)]* and 

C{ — 1) is involutory. 

(29) The dilation from pi of the Bertini involution unth F-points pj, . . . ., p^ 

in S2 iSf in /Sg, the transformation (24) whose two sets of F-points 

Ply ....,?»; (Ii9 f 99 «^^ projective only when these sets are half- 

period sets. If they are thus restricted and coincide in the identical 
order J the dilated transformation is involutory. 

For in P. S. II, p. 353, the Bertini involution (F^) is expressed as a 
product of three Geiser involutions (Z)g) and from the projectivity of the two 

*The Kantor involution appears first in two papers of 8. Kantor, "Theorie der periodischen 
cubiscben Transf ormationen im /2a>" this Journal, Vol. XIX (1807) , p. 1 ; and " Tbeorie der Transf orma- 
tionen im R^,** Ada Uathematica, Vol. XXI (1897), p.l, both of which deal with regular transformations 
in tit . A development of the properties of the involution is given by J. R. Conner, " Correspondences 
Determined by the Bitangents of a Quartic," this Journal, Vol. XXXVIII (1916), p. 165. 
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sets of seven F-points of the factors, the projectivity of any two correspond- 
ing sets of six points from the two sets of eight F-points of the product was 
derived. Because of the isomorphism between elements in 8^ and their dila- 
tions in 8^ the dilated Bertini involution can be expressed as a similar product 
of three dilated Geiser involutions. Hence by virtue of (28) we can conclude 
that the pair p^qi and any six further pairs of F-points are projective when 

Pi , , p9 is a half -period set. Hence the two sets of F-points of the dilated 

Bertini involution are projective when one is a half-period set, and if the two 
sets coincide the square of the transformation is the identity. 

We can now proceed with S very much as with the sextic 8 and will state 
first the analog of Theorem (4), ^ 1. 

(30) The groupj G^(2), of regular transformations in /Sj, generated by the 
conjugates of the Kantor and dilated Bertini involutions under Gio^^j 
is an invariant subgroup of O^^i which leaves I! unaltered. The 
isomorphic group ^ 5^(2), is that subgroup of gio^^ which is congruent to 
the identity modulo 2. 

Indeed we have already remarked that K leaves S unaltered. There 
follows directly from (29), (25) and (27) that B has the same property. 
That the conjugates of K^ B under Gio, s l^ave this property is proved as for 
the sextic. In order to prove that the involutions generate G{2) we indicate 
as before by the symbol ^ equivalence under 0{2). 

If Pfo is the set of nodes of 2 it determines a sequence of /-surfaces, the 
conjugates of the oo' directions about Pi , . . . . i I'lo nnder the operations of 
G^io.8' We construct like the Table (5) for the sextic the Table (31), dis- 
carding as new types those /-surfaces which are equivalent under G{2) to 
types found earlier. Non-equivalent new types are starred as they occur. 

In order to prove the equivalences listed in the table we shall prove first 
that the following list is valid. 

( 12^) /s ( 1*25»678910 ) =/g ( 1*2^5678910 ) . 

(13^) /,(12V678910)^/,(12»3*678910). 

(14^) A(12«3456)^A(134567*). 

(15^) /4(1'2*345678910) ^/4(12*3»45678910). 

We begin with the equivalences obtained from K and B, 

/o(i)=/,(i»y?. . . .iJ)=/e(iYJ|..... .;1), 
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and transform them Bnecesaively by A,f,^, ^luiAt -^tuiA' ^^^ -^'WJ. getting 
fAidJ,) •'MfidMVat) -MfiMddl-.-il), 
fti'iVJiiiit) —M'ijjjdl) —fMtidjMii'i',), 

/.('■"iyi- ■ ■ ■i,)-fM(.fh ■ ■ ■ -iiiMt) ^MiV, ■ ■ ■ •;.;!). 
Mfjiu- ■ ■ ■i,)—Mfiiif ■ . -iiHiiiiiV—MiiiJf ■ ■ -iiii)- 



In these transforms we 4nd (12"), (13'), {W), (15') as well as (I'), (2') 
and (9"). Also (2°) is transformed by A^u into (6"), whence (6») is valid. 
Since (8') is transformed by A^ into (13'), (8") also is valid. Again (7") ia 
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transformed by Ai^-j and the use of (13°) into (4°), and (4°) by -iirge into (14°). 
Also (3°) is transformed by Ai^m into one proved above. The equivalence (11°) 
is transformed by -4 1234 into (10°), and (10°) by ^1278 into (5°). Finally, by 
using (14°) we write (5°) as /,( 12*34567*8*9*10*) =/j( 134567*) and this is 
transformed by Ansa and the use of (13°) into (4°). According to the equiva- 
lences derived above from the conjugates of K and B we find that all /-surfaces 
whose signatures are congruent modulo 2 are equivalent under G{2) which 
completes the proof of (30). 

The factor group of ^(2) under 5^10,8 is the group gil]^ of transformations 
L reduced modulo 2. According to the table (T.M. Groups, p. 337, x=3, v=2) 
this group has the order ^=2^2"(2®— 1) (2*— 1) (2*— 1) (2*— 1). Also (i is 
the index of (?(2) under Gio,8- There may be elements in Giq^s other than 
those in G{2) which leave 2 unaltered. Consider the (i transforms of S under 
Gio^8- III these transforms we find that the /-surface /o(10) is transformed 
into 2® conjugates not equivalent under G{2). These are of the five types 
listed in the first column of Table (31), there being (\°), (If), (^5'), (7), CJ*) of 
the respective types. Hence, under the operations of Giq^s for which pio is an 
ordinary point, we would find only fi'==iJL/2^ transforms of S. Under the 
latter operations the /-surface /o(9) is transformed into 2* — 1 conjugates not 
equivalent under G(2), namely the (J), (S), (S), (?) of the first four types just 
mentioned. Hence under the operations of Gio^a for which both pg and Pio are 
ordinary points, we would get only /^"=fi7(2«— 1) =2^«(2*— 1) (2*— 1) (2^—1) 
transforms of 2, and these recur in sets of 8 1 obtained by permutation of 

Ply jPs. Thus we should get only ii"/8l=2.2^.36 projectively distinct 

sets of nodes Pi ,...., Ps • On the other hand we have proved (P. S. II, p. 377 
(46)) that when i^ is a half -period set, there are only 2^.36 projectively dis- 
tinct ^ets congruent in some order to P| . 

This indicates the existence of Cremona transformations not in G{2) 

which have their F-points at p^ , p8 alone and which transform S into 

itself. Indeed 

(32) The dilated Geiser involution with F-points at the nodes Pi, . . . ., Ps of 
I! transforms S into itself and interchanges the nodes p^ and PiQ . 

For let us first recall with Bohn * that when the first seven nodes of 2 are 
given, the other three lie on Cayley's dianome sextic surface with triple points 
at Ply . . . . , pr . Having chosen p^ on this surface, the other two nodes lie on 

*K.Rohn, "Die Flttohen vierter Ordnong/' etc., Jablonowski'schen Preisschrift, Leipzig (1886), 
Si », 10, 11. 
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Cayley's dianodal curve of order 18 with planar triple points at the eight 
nodes. As Bohn remarks, the ninth being chosen, the tenth is uniquely deter- 
mined if the quartic is to be a symmetroid. This follows immediately from 
(25). Thus there is on the dianodal curve an involution of pairs of nodes of 
symmetroids. Now this involution is effected by the Qeiser involution dilated 
from pi (and therefore also that the Geiser involution dilated from any other 
of the eight nodes). For since the eight nodes are a half -period set, the 
dilated transformation is involutory (28) when its two sets of eight F-points 
coincide. Moreover, the dilated transformation is regular and transforms 
symmetroids into symmetroids (26) and therefore leaves the dianodal curve 
unaltered. If p© , pg are a copair of the dilated involution on the curve, then 
from (22) the lines pipg, p^g form with p^29 • . . ., PiPs the base lines of a 
pencil of cubic cones. But this property is shared by the lines p^g and p^io 
when pg , pio are nodes of the same symmetroid. Hence pg is Pio and the 
theorem is proved. 

Consider now the reduced group g{l]s of fl^io.s- The dilated Geiser involu- 
tion reduced modulo 2 is 

-^12.. ..8^910 or x]=Xi+ (a:i+ +Xf) (i=0, 1, ,8), Xg=x^g^ a;Jo=a?9 

in the notation of T. M. Groups.* This is an element T (cf. p. 326, loc. cit.) 
which lies in the invariant ^2« of ^(o.^s* ^ ^^ element of Gio.s leaves 2 unal- 
tered, its conjugates have the same property whence those elements of ^^o^s 
conjugate to T under g^^zy also correspond to elements of (jio.s which leave 2 
unaltered. Now the factor group of g^^ under ^^o^^a is the simple group 
Ofic{p=^) of the odd and even thetas for p=4. Hence there are no further 
elements of Gig^^ which leave S unaltered since any such element reduced 
modulo 2 would furnish an invariant subgroup of ^^o^, larger than g^ whose 
factor group under g^i would be the factor group under G^c of an invariant 
subgroup of Gjic greater than the identity. But no such subgroup of Gtic exists. 
Hence the number fZ of transforms of S under G^o.s ^^ the order of Gffcy ^* ^-y 
Ji=2^\2^—1) (2«— 1) (2*— 1) (2«— 1) and allowing for the permutations of the 
nodes there are only fl/lO 1=2^.51 projectively distinct S's. Hence 

(33) Under regular Cremona transformation a symmetroid S can he trans- 
formed into precisely 2®. 51 projectively distinct 2"5. The subgroup 
^10.8 of GiQ^zf ^^ich leaves S unaltered is generated hy the conjugates 

*Cf. particularly the table, p. 337, for ir=3, f=2, and also (28) and (29) with references there 
given. 
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under Gio.a of the dilated Geiser involution and the Kantor involution."^ 
The corresponding elements of Qiqz «^^ characterized arithmetically 
by the fact that when reduced modulo 2 they yield either the identity 
or elements which transform the forms 621 &4 ^o,<^h into itself or into its 
paired form.i The invariant subgroup G{2) of (rio.s for which g(2) 
is congruent to the identity modulo 2 is generated by the conjugates 
of the Kantor and dilated Bertini involutions^ and has for factor group 
under Oio^z o>n abelian group of involutions of order 2®. Under Gio, $ 
the conjugates of S are permuted according to the group of odd and 
even thetas for p=^j the particular types corresponding to the base 
configurations, t 

We may note finally the behavior of the discriminant factors of the set 
PJo of nodes of S. Due to the equivalences under G{2) listed above we find 
that all of the discriminant conditions are equivalent to the following sets : 

(2) of type /o(tii2), Ci) of type ACWa*'*), (•) of type A(tjH ^7), and C^) of 

typ® fsiil'^lh- " -ig)} or 2(2® — 1) in all. But due to the equivalences under 
elements of Gio^s not in (t(2), these are paired into 2® — 1 pairs, (2°) of type 

foihy ^2), fs{i\ilh *io) and C^) of type /i(iiWj, AC^i^s ho). These two 

types of equivalence lead to the theorems 

(34) If two nodes of a symmetroid coincide^ the cubic cone with vertex at any 

any one of the remaining nodes and on the ten nodes has a double 
generator on the double node. 

(35) If four nodes of a symmetroid are in a plane there is a quadric cone with 

vertex at any one of the four nodes and on the remaining six nodes. 

When none of the discriminant conditions are satisfied they become 
irrational invariants of the symmetroid whose behavior under Gio^g can be 
described thus: 

(36) Under regular Cremona transformation the 2® — 1 independent discrimi- 

nant invariants of S are permuted like the points of an /S'2p-i(p=4) 
under the group of a null system in S^^i . 

This striking analogy with the 2®— 1 discriminant invariants of P? (or the 
ternary quartic for p=3 ; cf. P. S. II, § 8) is undoubtedly significant. 

Urban A, Illinois, May 15, 1919. 

* The dilated Bertini involution can be generated by dilated Geiser involutionB. 

t The f orms 6a are d^ii 4* ^it > d?ii-f-. .. .+(Pie, the forms 64 are d^fi -f . . . . + dp|4 and d?ii + * •• •+^it» 
paired forms taken together make up (Tii + •••• + ^iio (^i = 1> • • • • > 10) . 

X For these configurations cf . a paper of the author on " The Finite Geometry of the Theta Func- 
tions," Trans. Amer. Math. Soc, Vol. XIV (1913), p. 271. 



Functions of Matrices. 

By H. B. Phillips. 



1. It is the purpose of the present paper to study the functions repre- 
sented by polynomials or convergent series in a matrix or a finite number of 
matrices. As the work is concerned mainly with the roots of the matrices, the 
fundamental facts about the roots are first briefly developed.* 

By a matrix of the «-th order is meant a square array of w* elements an, , 

t, A?=ly 1, . , , ,f fly 

^21 ^^22 • • • • ^2n 



A = 



^nl ^»2 • • • • ^n» 



= llo«l|. 



The matrices considered in this paper will all be of the same order. 
The determinant 



A\ = 



%1 ^12 • • • • ^Jn 
^21 ^^ .... flju 



^»1 ^n2 • • . • ^ 



fin 



= a 



\h 



is called the determinant of A. When this determinant is zero, A is called 
singular. 

The sum of two matrices ^ = ||a^|| and jB=||&{ibll ^s the matrix 



A+B=\\a^+h^\\. 

More generally, if X and fi are numbers, ^JL'\'fiB=\\7^a^+iihi^\\ 
zero when and only when all its elements are zero. 

The product AB of -4 = ||a<jk|| and 5=116^11 is the matrix 

n 

AB=\\aij,\\y where a<j=Saf^6yt. 



A matrix is 



* The general theory of matrices is given in Bocher's " Introduction to Higher Algebra." A very 
complete bibliography of literatiure before 1907 is given in James Bymie Shaw's " Synopsis of Linear 
Associative Algebra/' published by the Carnegie Institution of Washington. 
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The products AB and BA are not in general equal. If these products are 
equal, A and B are called commutative. 

The products of three or more matrices are associative, that is, 

{AB)C = A{BC)=ABC. 

The determinant of a product of matrices is equal to the product of their 

determinants, for example, | ABC | = |^| • \B\ • |C|. 

The matrix 

10 

j_ 10 



1 



in which the elements a^ are all unity and the others zero, is called the unit 
matrix. It is easy to see that AI=IA=A. 

If the determinant of A is not zero, there is a matrix A"^ called the 
reciprocal of Aj such that AA''^=A'~^A=I. In this case, if AB = CDj 
B^A^^CDj i. e.y we can divide by a non-singular matrix. 

It is to be noticed that in both multiplication and division the operation 
can be performed on the right or on the left. B is multiplied on the left by 
A if the result is AB^ and on the right by A if the result is BA. Similarly, B 
is divided on the left by A if the result is A'^B and on the right if the result 
is BA'\ 

2. Identical Equations. — The matrices A,B, . . . ., P satisfy the equation 

A+B+ +P=0 

if their sum is a matrix ||cjft|| with elements cj^j all zero. Cay ley first observed 
that a matrix of the n-th order satisfies an algebraic equation of the n-th 
degree. This may be considered a consequence of the following theorem : 

Theobbm I. Let A = \\ait\\j B=\\bit\\, , P=||p^jtl| be a finite number of 

matrices of the n-th order and let cj<;t=?wa,*+/ii&<t+ . . . . +pp<jk, X, /u, ....,p 
being numerical parameters. If A% £', . . . ., P' are commutative with each 
other and satisfy the equation 

AA' + BB'+ .... +PP'=0, (1) 

they will also satisfy the n-th degree equation 

\a,,A' + b,^'+ .... +PaP'\=0, (2) 

obtained by replacing X, /^, . . . ., p in \(Jifi\ =0 by the matrices A'y B\ . . . ., P', 
respectively. 
34 
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This theorem enables us to replace a homogeneous linear equation with 
matrix coeflBcients by one of the w-th degree with numerical coeflScients. The 
latter equation will usually have solutions, however, that do not satisfy the 
former. 

To prove the theorem, let En, be the matrix of the n-th order with all its 

elements zero except that in the t-th row and fc-th column, which is unity. It 

is readily seen that 

E,^Ef,=E,,, ^A=0, I4^j. (3) 

The matrix A can be written „ 

and so (1) is equivalent to 

S E,,{a,^A'+b,,B'+ .... +PaP') =0. 

Multiplying this equation on the left by En , Ei^ , . . . . , Ei^ , respectively, and 
using (3), we get 

En{a^iA'+ .... +Pui") +E,^{a,2A'+ .... +P12/") + • • • • +E,,{auA'+ .... +PuP')=0, 
Eu{anA'+ .... +PnPl +E,,{a^A'+ .... +p,,P') + .... +E,,{a,,A'+ .... +p,,P')=0, 

^ f 

i?ii(««i^'+ .... +Pnit") +E,,{a^'+ .... +p,,n + .... +Eu{a,,A'+ .... +p»,PO=0. 

Since A'j B\ . . . . , P' are commutative, we can eliminate E^^ S^, . . . . , E^, 
by multiplying these equations (on the right) by the cofactors of the corre- 
sponding elements in the first column of the determinant 

|a,,4'+6,,B'+....+p,,P'| (4) 

and adding. The result is 

^n|aa^'+6a»'+ . . • . +Pa^'| =0. (5) 

If we expand (4) and combine terms, the result is a matrix. Equation 
(5) shows that all the elements in the first row of that matrix are zero. For, 
the product of £^u &^d any matrix Wol^W has as first row an, a^, . . . ., ai„. 

If then f^ulktill is zero, the elements axi,ai2, j olu m^st all be zero. 

Similarly, we could eliminate EnyEnj , E^^ and so get 

JE?„|att^'+6«B'+ .... +p«P| =0, 

showing that all the elements in the second row of the matrix represented by 
(4) are zero. By continuation of this argument we conclude finally that 

a^-4' + 6,,5'+....+p^P'|=0. 
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3. Characteristic Equation. — Let I be the tioit matrix, 
identity AI—IA=Oy Theorem I gives 

aiJ—Aj ajaZ, a^J 

djx^y ^22* — A J .... a^f^l 



Applied to the 



««lZ, O^nih 



• • • • ^nn^ -^ 



= 0. 



This is an equation of the n-th degree in A called the characteristic equation 
of A. Arranged in descending powers of A (with a change of sign if n is 
odd ) , it takes the form 

^{A) =^»+aiil"-'+ .... +aj=0. (6) 

Let Oif Otj .... I ^n he the roots of the equation 

Then ^{r) can be factored in the form 

^(r) = (r— ai) {r^a^) .... {r—aj. 

Since this is an identity in r, the coefficients of each power of r on the two 
sides of the equation are equal. It will then still hold when r is replaced by 
Ay and a^, . . . ., a, by aj^ . . . ., a J. Hence 

<I>{A) = {A— Oil) {A—a^I) .... (A—aJ). 



The numbers a^ a^^ . 
roots satisfy the equation 



. ., a^ are called roots of the matrix A. These 



«11— ^ «12 «1» 



««1 



a„2 • • • '^im ^ 



=0. 



This expresses that the determinant \A — rl\ is zero. The roots of A are 
therefore the values of r for which the determinant |ii— r/| is zero. 

A matrix of the n-th order may satisfy an equation of lower than the n-th 
degree. The equation of lowest degree satisfied by a given matrix will, bow- 
ever, be unique. For, if A satisfies two equations of the w-th degree, we can 
eliminate A^ from them and so find an equation of lower degree satisfied 

by A. Let 

M^) =A'^+c^A'^'+ .... +cj=0 

be the equation of lowest degree satisfied by A. This is sometimes called the 
reduced equation for A. It is clear that 
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is a factor of ^{r). For, by division, we get 

<p{r)=Q{rHir)+R{r), 

where Q{r) is the quotient, and fl(r), of degree less than r/i, is the remainder. 
Since this is an identity in r, we can replace r by ^ and so get 

<l>{A)=Q{A)yl.{A)+R{A). 

But ^{A) and '4^ (A) are both zero. If then R{r) were not identically zero, 
R{A) =0 would be an equation of lower than the m-th degree satisfied by A. 
Hence R{r) =0 and <p{r) =Q{r)^{r). 

This shows that all the roots of the reduced equation are roots of the 
characteristic equation. Conversely, all the roots of the characteristic equa- 
tion satisfy the reduced equation. For, since '4^{r) is a polynomial, we can 
factor '4^{r) — '4^{s) in the form 

^{r)-Ms) = {r-s)P{r,s), 

where P{rjS) is a polynomial in r and s. Since this is an identity we can 
replace s hj A and r by rl. Then, since -^{A) =0, 

^i.{r)I=(rI-A)P{rI,A). 

Equating determinants of the two sides, we get 

[Mr)r=\rI-A\'\P{rI,A)\. 

If now r is a root of A, \ rl — A \ =0, and so '^{r) =0 which was to be proved. 
4. Associated Roots. — Theorem II. If A, B^ . . . .^ P are commutative 
matrices with roots «i, e/gj • • -i fln; &i> &2> • • •> &n? ^t^-j those roots can be 
arranged tw sets «,•, &*> • • • •> Pi 9 i = l, 2, . . . ., n such that^ if f{a, &, . . . ,j p) 
is any polynomial in a^ b, . . . ., p, the roots of the matrix f{A, B, . . . ., P) are 

fia^y bi, , Pi)f t=l, 2, , n. 

This theorem is due to Frobenius.* The following proof is somewhat 
more direct than the one given by him. Let fi{Ay -B, . . . ., P), A (-4, 5, . . . ., P), 
etc., be polynomials and 

/M,5, ....,P) = SA,/,M,i?, .. .,P), (7) 

>^i, ^, ....,'*-* being arbitrary numbers. Since A, B, . . . ., P have character- 
istic equations of the «-th degree, there are only a finite number of linearly 
independent polynomials in those matrices. We may consider f/A, fi, . . . . , P), 
t = l, 2, . . . ., A; as those polynomials, and so by a proper choice of ?.i,^2> - - - -i^k 
make f{Aj Z?, . . . ., P) equal to any given polynomial in ^, 2?, . . . ., P. 

* Sitsungsberichte BerUner Akademie (1896), p. 002. 
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By Taylor's theorem, 

f{A, B, , P)—f(ai, 6^, , p^)I 

= {A-aJ)L+ {B-bJ)M+ . . . . + (P-pJ)R, (8) 

where L^ M^ , ii are polynomials in -4, -B, . . . ., P, a,, 6,, etc. Form the 

product 

n[f{A,B, ....,P)-f{a,,b,, ....,p,)/J 

of all the differences (8) obtained by letting t, ;, . . . ., fc vary independently 
from 1 to n. This product is zero. For when the product is expanded in 
terms of the quantities (A — a,/), {B—bfl)^ etc., each term of the result not 
containing {B—b^)j . . . ., {P—ptI)y j, . . . ., A being definitely assigned, will 
contain all the factors (A — a,/), i = l, 2, . . . ., w. Hence each term contains 
one or more of the products 

{A-aJ){A^aJ).,..{A-aJ), 
{B-b,I){B-bJ)....{B-bJ), 



{P-pJ){P-pJ)....{P-pJ). 

These all vanish because the result of equating any one of them to zero is the 
characteristic equation of one of the matrices. Therefore 

n[/(J,5, ....,P)-/(a„6, ,P*)/]=0 (9) 

for all values of the parameters Xj , X^ , . . . . , ?.t . 

Equation (9) is a polynomial equation in /(-4, B, , P). If the equa- 
tion of least degree satisfied for all values of ^i , ^ , . . . . , ^^ by that matrix is 

♦ (^)=0, (10) 

^{x) will be a divisor of 

The roots of (10), i.e., the roots of /(A, B^ , P), are all therefore obtained 

by assigning proper values to t, ;, . . . . , A; in 

f{a,,bi, ,pj. (11) 

We can therefore find n sets of constants dij (ii^ . . . ., p< (namely, the sets of 
values a,, fey, . . . ., p^ in (11) ) such that the roots of /(^, ff, . . . ., P) are 

/(a<, /?o ,p<)# ^ = 1, 2, , n. (12) 

In particular, if ^, ?.«, . . . ., X^ are so chosen that /(^l, B^ . . . ., P) =^, we 
shall have f{oLiffiif....,pi) =a, . The roots of A are therefore o^, o^, . . . . , a«. 

Similarly, the roots of B are ^Si , /^^ , , ^3^ , etc. By a change of notation 

we can then make a<=a<, ^i^bi, etc. The roots of /(A^ /?, , P) are then 

/(^o 6o ' " 'f Pi)f which was to be proved. 
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5. Canonical Form. — Two sets of associated roots Oi , 61 , . . . . , Pi ^^^ 
a2 , 62 > • • • • > P2 will be considered different unless 

Let ttij bij . . . 'f Po i^=lj 2j . . . ., m 

be the different sets of roots of the commutative matrices Ay B^ . . . ., P. Let 
31, //, . . . . , p be numbers not satisfying any of the equations 

Xa^+//6,+ .... +pPi=^Mt+iibi^ \- .... +pPkf i^Jc. 

By Theorem II, the distinct roots of ^A-\'iiB+ . . . . +pP are 

Xai+(ibi+ .... +pPi, i = l, 2, . . . ., m. 

The factors of its characteristic equation are 

7iA+fiB+ +pP—{^ai+ijibi+ +pPi)I 

=X(^-a,Z) +fi{B-bJ) + .... +p{P-pJ), 

and the equation of least degree satisfied for all values of A., /C£, . . . . , p is 

n [MA'-aJ) +fi{B-bJ) + . . . . +p(P-Pi/]'*=0, (13) 

the numbers ri^ r2 9 . . . . , r,^ being the multiplicities of the roots. 



tn 



Let ^,= n [MA-a,I) -{■fi(B-bJ) + .... +p(P-pJ) y 

<=2 

and, generally, let -J/y be the product of all the factors in (13) except 

mA-a^I) +ii{B-b^I) + .... +p{P-p^I)]n, 

It is clear that 

^i^*=0, i^k, (14) 

for the product contains all the factors in the left member of (13). Let i^^ be 
the function obtained by replacing ^, ^, . . . . , p in 4* by ^^S f^S . . . . , p'. Con- 
sider the product 

[X'{A-aJ) + . . . . +p^{P-pJ) y^,. (15) 

When this is multiplied by ^I the result is zero because 

[X'(A-aJ) + .... +p'(P-Pi/)]H;=0. 

Also the product of (15) and any one of the functions ^'a? ^> • • • •> 'J', is zero 
by (14). Hence 

[^'{A-a^I) + ....+p'(P-pJ)^^,{^[+'>i^,+ ....+^J=0. (16) 

The roots of the matrix 

^i+^2+....+'4'« (17) 
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are obtained by replaoing -4, 5, . . . ., P by a,, &<, . . . ., p... When they are 
replaced by ai , 6i , . . . . , Pi the result is not zero because '4^[ is not zero, 
whereas 

4'2 = '4'8= ='4'm = 0- 

In a similar way it is seen that the other roots of (17) are not zero. We can 
therefore divide (16) by (17) and so get 

[X'{A-aJ) + .... +p'{P-PiI)]Hi=0. (18) 

Since V, fi'j . . . ., p' are arbitrary, if (18) is expanded in powers of tJiose 
parameters, each coe£Scient will vanish. Hence 

{A-a^iy^{B-bJ)^. . . . (P~Pi/)^»>^i=0 

for all positive integral values of a^ fiu . . . . , pi such that 

ai+/?i+ +pi = ^i- 

In a similar way it is shown that 

{A-ajy*{B-bjy^. . . . (P-p,/)^*4'i=0, (19) 

for all positive integral exponents such that 

a,+fi,+ ....+p,=r,. (20) 

Let • ^='4^1+^2+.... +'4^«. (21) 

As in case of (17) it is shown that none of the roots of (21) are zero. We 
can then define a set of functions ^,. by the equations 

^<= -p, i=l, 2, . . . ., nt, (22) 

It is clear that 

4>i+<?>2+....+0*.=/. (23) 

Also, by (14), 

<J>,4>,=0, i^k. (24) 

Multiplying (23) by ^< we therefore get 

^5=^^., 1=1, 2, . . . ., m. (25) 

Let /(a, 6, . . . ., p) be a polynomial in a, 6, . . . ., P ^^^ 

ga+/5+....+p 

/a./5 p(^y ^ yP)= Sa^'db^ dp^^^^' ^' '^^' 

By Taylor's theorem 

/(a, 6, , p)=f{ai, hiy , p<) 

-tZuLA ^/a./J f,\0,if Oij . . . ., Pi) r- j— . 

a fi p \a IP 
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Since this is an identity in the variables a,b, . . . ., p, we can replace them by 
A,B, , P. Then 

f{A, ,P)=f{ai, ,Pi)I 

+L Lfa fiOi, , Pi) j- j— . (26) 

« p l« IP 



fiA, ....,P) = 2«?.,/(a„ . . . ., p,) + 2 S. . . .2/. ,(o,. . . .p,) -'— ^, (27) 



a .... I p 



Let Ai=^i{A-aiI), ...., Pi=^i{P—pJ). 

From (25) it follows that 

AfBf. . . .Pt=^i{A-ajy{B-bJ)^. . . . {P-pjy. 

Equations (19), (20), and (22) show that this is zero if a+j^+ .... +p> ff. 
Finally, if we multiply (26) by ^,-, sum for i=l, 2, . . . ., m, and use (23) we 
get 

m m A a "Dp 

'^fa p(ai Pi) '"' * 

i=l t=:l O p 

the summation including powers ^?. . . .PJ for which 

0L+(i+ +p<r,. (28) 

Equation (27) gives a form in which any polynomial in the given com- 
mutative matrices AjBy . . . ., P can be expressed. We shall refer to it as the 
canonical form for a function of the matrices.* Its most important property 
is expressed in the following theorem: 

Theorem III. If A, B, ....,P are commutative matrices with corre- 
sponding roots a^j bi, , , . ., Pi and f{a, 6, . . . ., p) is any polynomial^ the 
matrix f{AjBy ....,P) can he expressed as a linear function of matrices 
depending only on A, By . . . ., P, the coefficients in the linear functions being 
obtained by substituting each set of roots a^^bij . , . ,yPiin f{aj 6, . . . ., p) and 
tM its partial derivatives of order lower than the multiplicity of the root 
Xai+(ibi+ .... +pPi in the equation of least degree satisfied for all values of 
Jl, /ti, . . . ., p by XA-\'(jiB+ .... +pP. 

A case of particular interest is that of a polynomial such that all I he 
coefficients /(a^ • • • •, Pt)> /o, ....,p(«<> . . . ., p<) in (27) vanish. Then, evidently, 
f{A, J5, . . . ., P) =0. We can consider the values a<, fe<, . . . ., p, as coordinates 
of a point in hyperspace. In the case considered, the function /(a, 6, . . . ., p) 
has a zero of order r, at the point (fli, 6<, ....,Pt). Therefore we have 
proved 



*Thc formula for a function of a single matrix with distinct roots was given by Sylvester, Compies 
Rendus, Vol. XCIV (1882), p. 65. The case of a single matrix with repeated roots was given by 
A. Buchheim, Phil. Mag., (5) 22 (188G), pp. 173-174. 
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Theorem IV. If the polynomial fia^hy . . . ., p) has at each of the points 
{aij biy . . . ., Pi), i = l, 2, . . . ., m, a zero of order equal to or greater than the 
multiplicity of the corresponding root in the equation of least degree satisfied 
for all values 0/ X, /[/,...., p by XA+(iB+ .... +pP then f{AyB, . . . ., P) =0. 

If the matrices ^,., AfB^. . . .P? in (27) are linearly independent, Theorem 
IV expresses the necessary and sufficient condition that f{AjBj ....,P) 
vanish. This is easily shown to be true for polynomials in a single matrix.* 
For polynomials in two or more matrices such may not be the case. For 
instance, A and B could be equal. Then Ai and Bi would be equal. 

6. Commutative Matrices not Expressible as Polynomials in the same 
Matrix. — The simplest illustration of commutative matrices is furnished by 
polynomials in a single matrix. If 

obviously A and B are commutative. If it were true that any two commuta- 
tive matrices could be so expressed,! by a repetition of the process, any finite 
number could be expressed as polynomials in the same matrix. The results of 
the preceding sections could then be more readily obtained by using these 
expressions. That such is not the case will now be shown by a simple 
example. Let 



A = 






1 







1 








, B = 























By direct multiplication it is shown that 

A^=B^=AB=BA=0. (29) 

Hence A and B are commutative. Suppose they are expressible as poly- 
nomials in ^. Since the characteristic equation for ^ is of third degree, the 
expressions can be reduced to the form 

A = ai^'+a^ip+aJ, B=P,ip^+^^+^,I. 

If ai and ^i are both zero, these polynomials are of first degree, 
we form the expression 

{B,A-a,By=[B,{a^+a,I)-a^{fi,q>+^J)r. 

Equation (29) shows that this is zero. The expression 



(30) 
If not, 

(31) 



* See Metzler, American Joubnal, Vol. XIV (1802), p. 339. 

t FrobeniuB raised this question in the article to which we have previously referred, but stated that 
he had not decided whether it could be done or not. 

35 
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is not identically zero, however, because A and B do not satisfy an equation 

of the form fi^A — aiB=0. By the use of (31) we can then reduce (30) to the 

form 

A = ai^ + a2l, B = hj^-\-b2L (32) 

The coefficients ai and &i can not be zero because A and B are not multiples of 
the unit matrix. Hence, as before, we form the expression 

{b^A—a,By= (M2— aA)'/=0. 

This shows that hia2 — ai62=0, and so, from (32), biA — aiB = 0. Since A is 
not a multiple of B this is impossible. Therefore A and B cannot be expressed 
as polynomials in ^. 

7. Limits and Convergence. — A variable matrix ^=||r^^|| is said to 
approach a matrix -4 = ||ajjt|| as limit if 

Lim r{t=a,jb, i, fe = l, 2, . . . ., n. 

In this case it is clear that each root of ^ will approach a root of A as 
limit. For the roots of ^ and A satisfy the equations 

|r/-4)|=r»+pir~-^ + ....+p„=0, (33) 

I al—A I =a"+aia"-^+ +a»=0. (34) 

The coefficients pi, p2> ••••>?!• ^^"® definite rational integral functions of the 
elements rn, of ^, and the coefficients ai, a2, . . . ., a„ are the same functions of 
the elements of A. When ^ approaches A as limit 

Lim Pi=ao i = l, 2, . . . ., w. 

Also, if the coefficient of the highest power (in this case unity) does not 
approach zero, the roots of a polynomial equation are continuous functions of 
its coefficients.* Hence as ^ approaches A as limit the roots of (33) approach 
those of (34) as limits. 

Since different matrices can have the same roots, the roots of ^ can 
approach those of A when does not approach A as limit. 

The sum ^1+^2+ • • • • +4>m of m matrices is equal to a single matrix 8^ 
If S^ approaches a limit S when m increases indefinitely, the series 

4^1 + 4^2+ • • • • +<?>m+ • • • • 

is said to converge and have the sum S.f In case of a multiple series, such as 

24>».i,*> h J J k=lf 2, ,00, 

♦ Weber's Algebra, Vol. I, § 44. 

fPeano treated the convergence of a matrix series by means of a modulus, Math. Annalen (1888), 
Vol. XXXII, pp. 450-456. See also 6. A. Bliss, Annalt of Mathematios (2) 6, pp. 49-68. 
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an order of summation is assumed to be included in the definition of the 
series. It is thus equivalent to a simple series. 

If Aj By . . . ., P are commutative matrices, by Theorem III, any poly- 
nomial f{Ay By ...., P) is expressible as a linear function of matrices 
depending only on -4, 5, . . . ., P, the coeflScients being /(a^, 6^, . . . ., p<) and 
perhaps some of the derivatives /a, ^, . . . ., p(a<, 6<, . . . ., p<). If these 
coefficients approach definite limits when the number of terms in the poly- 
nomial increases indefinitely, the matrix /(^, B, . . . ., P) will then approach 
a definite limit. 

Theorem V. If Ay By ... .yP are commutative matrices and /(a, 6, . . . . , p) 
an infinite serieSy the series f(Ay By . . . ., P) will converge and he represented 

by (27) if the series /(a,., fe,., , pj, /a.^ ^{a^y 6,, , p<) in the right 

member of (27) converge. 

In this theorem it is understood that fa^^ ^ia, fe, . . . ., p) is obtained 

by differentiating /(a, 6, . . . ., p) term by term and arranging the results in 
the same order as the corresponding terms in /(a, 6, . . . ., p). 

If /(a, by . . . ., p) is an analytic function of the variables a, 6, . . . ., p 
and Ay By ...., P an equal number of commutative matrices, we define 
f{Ay By . . . .yP) SiS thc valuc (if it is definite) determined by (27). In order 
that the value be definite it is sufficient that /(a, 6, . . . ., p) be analytic near 
each of the points {a^y biy . . . ., p,) determined by the distinct sets of asso- 
ciated roots. For then the derivatives in (27) are also definite. If the 
function is many valued, a definite branch must be chosen at each of the points 
(a,, 6,-, . . . ., Pi). The same branch need not however be used for all. 

8. Taylor's Series. — Let f{z) be a function of the complex variable z 
analytic in the neighborhood of each root of a matrix A. If we choose a 
definite branch of /(^) at each root (but not necessarily the same branch for 
different roots) the functions f{A)yf'(A)yf'{A)y etc. are determined by (27). 
Let Z he a matrix commutative with A and consider the series 

^{Ay Z) =f{A) +nA) (Z-A) + .... +f-{A) ^^Tf^^ + (35) 



Let Zi and a^ be corresponding roots of Z and A. The series (35) will con- 
verge if each root Zi lies within the circle of convergence of f{z) with center 
at ai . For then the series 

/(fl.) +/'(ai) (Zi-ai) + .... +r{a,) ^^i=^ + ...., (36) 
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and the series obtained by substituting a< and Zi in the partial derivatives of 
t^{Xj y) will converge. Hence the conditions of Theorem V are satisfied. 

Conversely, if (35) converges, (36) will converge, and so Zi will lie within 
or on the circle of convergence of f{z) with center a^. For the sum of m terms 
in (36) represents a root of the sum of corresponding terms in (35), and, if a 
matrix approaches a limit, we have shown that its roots must approach 
definite limits. Furthermore 

^(^o Zi) =f{ad +f{a,) {z,-a,) + . . . . +r{a,) ^^^^j^^ + • • • • =/(^<). 

Also, if 

it is readily seen that 

Hence (27) gives the same expression for -^{AyZ) and for f{Z). Therefore 

/(Z) =f(A) +f'(A) (Z-A) + .... +riA) ^^7-^^" + (37) 

\ni 

We may call this the expansion of f{Z) in the neighborhood of the matrix A. 

Theorem VI. The Taylor's series (37) for f{Z) is valid for any matrix 
Z commutative with A if each root of Z lies within a circle with center at the 
corresponding root of -4, in which f{z) is analytic. 

This theorem enables us to determine an analytic function of a matrix Z 
by means of a power series 

Cj + c^{Z-A) + .... +r^(Z-J)-+ . . . ., 

and its analytic continuations just as we determine an analytic function of the 
complex variable z by the series 

Ci+c^iz—a) + +c«(25— a)"'+ , 

and its analytic continuations. The principal difference in the two cases is 
that Z and A must be commutative and that the region of convergence of the 
matrix series consists of m circles (one for each distinct root of A) instead of 
one. On a range of commutative matrices the function f{Z) is one valued if 
each root of Z is restricted to a region of the complex plane (not necessarily 
the same for different roots) in which the corresponding branch of f{z) is 
one valued. 



On the Luroth Quartic Curve. 

By Frank Morley. 



It has been known since 1870 * that the problem of inscribing a five-line 
in a planar quartic is poristic; of the ten conditions nine fall on the lines and 
one on the curve. Thus the quartic is one for which an invariant vanishes, 
and the degree of this invariant is sought. We use Aronhold's construction 
of a curve of class 4 from seven given points. And the starting point is the 
theorem of Prof. Bateman t that the seven points which have the same polar 
line as to a conic and a cubic give rise to a Liiroth quartic. 

For completeness I indicate the proof. A conic and a cubic have the 
canonical forms (aa^), (/?a;*) where (a;)=0. The polars of x are (axy), 
(^xy^). Working in a space of three dimensions the line (y) =0, (axy) =0 is 
to touch the quadric i^xy^). This requires that 

Ti^o^iXofCi ( OiX^—azXsy = 0, 

or (a//?)V(aVi3) = (l//?rr), 

and this is a quartic of Liiroth's type. The seven common polar lines are an 
Aronhold set of double lines of this quartic, and by polarity as to the conic 
the seven points a^ which have these polar lines are double points of a Liiroth 
curve of class 4. 

§ 1. The Bateman Conic. 

Take now a conic (arc)* and a cubic (/3a;)'. The Jacobian of these and a 

line {^x) 

{ax){^xy\a^^\ = 

gives the net of cubics on the seven points a<. Referred to one of the points 
and the corresponding line let the conic be a^+2xiX2, and the cubic be 

a^o+XQ(yx)l-\- (hx)l. 
Then for {J^x)^Xq the Jacobian is 

(ai/?.-a^i) (oo;) {fixy=fit{fixyx,-fi,{^xyx,, 
80 that not only terms in n^ but also the term x^iX^ is missing. 

* LCirotb, Math. Annalen, Vol. I. 

t AXEBICA5 J0UB5AL OF MATHEMATICS, Vol. XXXVI. 
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That is, the seven cuhics with double points a< have their nodal tangents 
apolar to the conic a. I will call this conic the Bateman conic. 

Given any seven points a< , cubics on them determine by their remaining 
intersections a Geiser involution a^x^^=0. If ^ is the join of x and y, then 
aVi/=0, or removing the Jacobian of the net, an aV, aVy = 0. This is the 
canonic form of the net.* 

It may be written as a two-one connex aV^, giving for every line ^ the 
Geiser pair on £. This Geiser pair is the neutral pair of the net of binary 
cubics of ^, cut out by the net of cubic curves. The quartic, locus of lines ^ 
for which the Geiser pair come together, is found by making ^ touch the conic 
a^od^^j and is an a^®^*. 

Write the above two-one connex aV^ as (yir)^(c^), and consider 
iyx) (yy) \cxy\ an a^a?y^. This skew form is the polar conic of y as to its 
associate cubic, and when y is a« it is the nodal tangents to the cubic with 
double point a< . We have seen that in the case in question these seven line 
pairs are apolar to a conic. But there are only six independent conies. Thus 
the required condition is that for arbitrary y the associate conic be apolar to 
a conic. That is, the six-rowed determinant of all coefficients y^f^^ vanishes. 
But being a skew determinant it is a square. Thus a cubic function of the 
coefficients y^fi, vanishes. 

% 2. The Cubic Invariant of Seven Points. 
For the connex (yxY{cl^) the possible expressions of the third degree are 

{cy) {cy) (cy) lyyyl, {cy) (cy) (cy) lyyyl, 

{cy) (cy) (c'y) \yYy"\, \cc'c"\ lyyyl*. 

Of these the first, second, and fourth change sign on interchange of c'y' with 
c"y", and therefore are zero. Thus the invariant in question is 

The invariant expressed in terms of the seven points a^ is of degree 15. But 
if six points are on a conic it will vanish. 

For the form aVy* was made up in this way : on the line xy is a net of 
binary cubics, with a neutral pair, and xy are taken harmonic with this neutral 
pair. If ya< meet the cubic curve with double point at a< at p,, then the 

^ An expression for the net of cubics on seven given points may be noted, though nut of present use. 
Let A be the Jacobian of cubics on a^ . . . . cm?, and so on. Then the determinant of seven rows 

l«*io* «*ii> »*•«» fluaisf OitOfoi »io<»ii, (yi)ai)Ao| 
is the expression in question. For when d7=ai, Af ••^r vanish and (yZ)ai)Ai also vanishes. Pre- 
sumably this expression for the net is canonic. 
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neutral pair is a« and p,, and if the polar of y as to these be j:,, then the seven 
points x^ are on the conic a^ary^ associate with y. 

If now Os a-! are on a conic (ax)*, the points Pt- . . .pr are on the line 

(ax) (ay), and the form aVy* becomes (ax) (ay) |aiXy|. 

This with Oi as the reference point (1, 0, 0) and (ax)* as a:^+2xxX, 

becomes 

(^uyo+^^i+iCjyi) (ariy,— Xjyi), 

and since there is no term in yj the invariant of the coefficients vanishes. 
Thus the expression of degree 15 in a, breaks up, and removing the factors 
which vanish when any six of the seven points are on a conic, we are left with 
a cubic expression in the a,. 

Thus, given six of the points, the locus of the seventh, Oy, is a cubic curve. 
If once more the six are on a conic (ax)* then the nodal tangents of the cubic 
ja^ayxl (ox)* are apolar to (ax)*, which is therefore the Bateman conic. Then 
the tangents at a^ to the cubic of the system with double point a- are apolar to 
the conic, and this definps the cubic. Thus, if the six points on the conio be 
given by the binary form {^t)\ the locus of 07 is (i30'(/f^<')' = 0, namely, that 
cubic on the six points to which the conic (as a line-curve) is apolar. 

Thus a special seven-point for which the cubic invariant vanishes is six 
points on a conic and any point on the apolar cubic through them. 

Hence, given any six points aj . . . . a© we have a counter-six 61 .... &e where 
&x is the extra point in which the conic on a^. . . .ae meets the cubic on a^. . . .Oe 
and apolar to this conic. The locus of a? passes through all twelve points. It 
is to be noticed that the relations of the points a,- and the points 6, are mutual. 

Expressed in terms of Professor Coble's* linear invariants a. . . ./ of six 
points, and linear covariants a..../, these being cubics on the points, the 
covariant cubic in question can be no other than Da*a. This is then an 
expression for the cubic invariant of seven points. 

§3. The Liiroth Invariant. 

If now we map the plane on a cubic surface by means of cubics on the six 
points ai. . . .a^j the covariant cubic curve becomes a covariant plane of the 
isolated double-six of lines on the surface. The construction becomes as fol- 
lows : Let a, and &< be a pair of lines of the double-six. Sections of the surface 
on a^ determine points on &,-. The tangent conic sections determine two 
points on &«• . There is a conic on the surface through these two points and 
this determines a point on a^ on the plane required. 

* TranaactionB, Vol. XVI (1915), §4. 
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If from any point where this plane meets the surface we draw the tangent 
lines we obtain a quarlic curve of Liiroth's type. Now a cubic surface has 
thirty-six double-sixes, and therefore thirty-six such planes. The locus of 
points on the surface which give rise to Liiroth quartics is then thirty-six 
planar cubics. 

But a covariant of the surface of order 2(1 gives an invariant of the corre- 
sponding quartic of degree 3/^. Hence, the Luroth invariant is of degree 54. 

A line of the surface belongs to sixteen double sixes. Thus the thirty- 
six planes meet a line of the surface in 16 -[-20 points. Thus a Liiroth quartic 
can acquire a double point in two ways. In the one, the lines at the double 
point are apolar to the points on a double line. In the other the lines at the 
double point meet the curve again on a line of the curve. 

This indicates the nature of the Liiroth invariant I^^ , namely it is, to the 
discriminant I^ as modulus, the product of two invariants. 

Consider a nodal cubic surface in Sylvester's form, {xa^) where (1/ Vx)=0. 
It can be proved that the plane corresponding to the double-six of lines on the 
node is (a;Vx). 

Hence, when (1/Vx) is not 0, there is a covariant of order 16, product of 
the sixteen planes {xVx), meeting any line of the surface at the sixteen points 
on it, so that there is an invariant I^^ which vanishes for a nodal Liiroth 
quartic of the first kind. 

For a nodal Liiroth quartic of the second kind, the inscribed five lines are 
three lines on the double point, and two lines on a fixed point of the curve. In 
particular the tangents from the node fall into two sets of three, each set 
having its contacts on a line. Thus such a quartic is included in those for 
which three intersections of double lines lie on a line. 

Looking then at a double-six from a point y of its cubic surface, the six 
lines from y to each pair lie on a quadric cone which breaks up into two planes 
when y is on one of ten planes corresponding to the separation of the six pairs 
into threes. 

If in the case of a nodal cubic (xoc^) surface these ten planes formed for 
the nodal double-six have an equation rational in x^, then an invariant Zu 
vanishes for the nodal Liiroth quartic of the second kind, and the Luroth 
invariant will be /27/J7+/2J16 where I\j is an invariant which is probably the 
discriminant also. 

VucEYABD Haven, Mass., July, 1918. 



On the Order of a Restricted System of Equations.' 

By F. F. Deckbb. 



Section 1. 

In an earlier paper f the writer gave a proof of the theorem — announced 
without proof by Salmon t — that the number of solutions of the system of 
equations arising from the vanishing of all the determinants of the m-th order 
that can be formed from a matrix with m rows and n columns, m }^ n, by the 
suppression of n — m columns, the elements in the f-th row and j-th column 
being of degree a<+ay in n—m+1 non-homogeneous variables is K^^^i 

where £^i=2c{dt.o ^i representing the sum of all possible products of { 

different a^s and hi the sum of all possible products of { a's, repetitions being 
permissible. 

In this paper the system arising from the vanishing of all the determinants 
of the r-th order that can be formed by the suppression of n — r columns and 
m — r rows, r }^ m, r ^ n, is treated. The order is shown to be 

-^w— f+l -^ii-r • • • ••^11— m+l 

-^n-r+t -^n— r+1 • • • "^ii— iii+t / a \ 



If the degree of every element is h the order reduces to 
*-^ - jc-r+ixm-r+i)^ ^j^j^j^ ^^^ ^^ Written 






*-^ n ...c 






. b(»-^+l)Cii-r+l)^ ^BJ 



<>>0 

a result established by Segre. ^ 

^ Presented before the American Mathematical Societx, April 27, 1918. 

t « On the Order of a Beitricted Sjttem of Equations/' Amebican Joubxal ow Matbjbmatiob, Vol. 
XXXVII, No. 2, April, 1016. 

t Salmon, " Modem Algebra,** Fourth Edition, pp. 289-313. 

§ Segre, '' Gli ordini delle variety ehe annuUano del direrti gradi ettratti da una data matriee,'' 
Bendic. B. Acead. Dei Lineti, Series 5, Vol. IX, session of October 21, 1900. 

36 
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In ^ 2 the notation is defined and some preliminary relations are given. 
Theorem VI simplifies the derivation of the order for m>n after it has been 
derived for m>w (Theorem XIJ). In ^3 is considered the case of the van- 
ishing of the determinants of two matrices having some common rows. The 
order of that part of the system for which the determinants of the common 
rows vanish is found (Theorem IX). In §4 is established by mathematical 
induction, with the aid to Theorem V, the relation (A) of § 1 (Theorem XIII), 
and the relation (B) is established in §5 (Theorem XIV). 



Section 2. 



Un 



• • . • 



% 



Willi . . . . 'w 



mn 



(r) 

(1 n \^*'^ 

^ ) denotes the aggregate of all 

X • • • • m / 



determinants of the r-th order that can be formed from the matrix 



u 



11 



• . • • 



t^i. 



w»i • • • • 'W 



mn 



by suppressing nt—r rows and n — r columns. That all these determinants 
vanish will be indicated by 



liu Uln 



l/ml ....!/ 



mn 



(f) 

=o«riP„r=o.r(J;;;:»)"'=o. 



M{hyk) denotes the matrix formed from 



suppressing the 



\i . . . . m/ 

first h rows and the last k rows, that is(, ,i ^ 7). 

' \n + l. . . .m — kj 

The order of the system of equations A=0 will be indicated by A. When 
the (r) is lacking from the symbol it will be understood to be the same as the 
smaller of the two numbers m, n. If r is one more than the smaller of the 
numbers m, w, the order symbol is to be understood to represent the number 1, 
and if r exceeds each of the numbers m, n by more than one, the order symbol 
is to be understood to represent zero. 

q> is an operator such the ^if (1^, ki)M{\y /^a) ^{Ky K) produces the 

algebraic sum of all the products that can be formed from 

M{hi, ki)MOH,h) . . . .M{h., k,) 

by interchanging ki with each of the other k's in turn, the sign of each product 
being given by the formula (—1)**+^ where ti is the number of inversions of 
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the natural order of the k'a in the different permutations, the h's occurring in 

the natural order. Ki^ S c^i^^ and J,= S rf^/_,- where (?^=I1 11 a< , y^^S H a< , 

and rf and 5 differ from c and y, respectively, only in permitting repetitions of 
the same letter in forming homogeneous products. Ko=Jo=Co=dQ=yo=So=l. 
When { is negative the values of the symbols are zero. K\=Kn^^^,. 

i/„ denotes a function of not less than {n—r+l){m—r+l) non-homo- 
geneous variables, and, whenever the order is calculated in terms of K'a or J% 
ti„ is considered to be of degree a^+«,. 

Use will be made of the following relations (Theorems I-III), proofs of 
which may be found in a previous paper on the subject by the writer already 
referred to. 



\1 . . . . m/ 1 ^ ^ \ 1 .... m/ \1 . . . . m/ 



n— m+l 

-1+1) 



_y . ^ \»+iA- • • -^ — iV^^/n — m + 1. . . .n — i+l\ 

"7^ ^^ \l....m ) \ l....m / 



Theorem III. 2(— 1)%_,J,=0. 

Theobem IV. K^ =K^-K^ia^+K^^^at-....+{-iyK^^^^ 

asr+l. ,,m 11 1 

where the a's run from \ to n in all the K'Sj and the a*s run from 1 to m, 
except in the case noted. 

To establish this relation we divide the terms of K^ into those that con- 
tain oj and those that do not. From the definition of Kj K^=aiK^i+ K^ , 

whence K^ =K^ — aiK^^i. Then we assume that 

r— 1 r-1 

K^ =K^—K^iI!iai+ + (— l)'"^iC^,+iSaia8 a|_i 

r...,m 1 1 

r-1 

-f (— l)'fi'^_,Saia, ai+ 

1 

It follows that 

r— 1 

JST, = JT, —arK^i=K^— (a,+ S ai) Jr..i 

» ^r A ■ • • * ^W W m • • m lA V • • • • IW X 

r-1 r-1 

+ . . . . + (— l)*(a^Saia,. . . .a^i+ SaiOCf . . .a^)K^,+ .... 

1 1 

r r 

=-^11 — J^n— iSai4- ....-{- ( — l)*JE^^_^aiat. . . .a, 

1 1 

r 

+ .... + ( — 1 ) ^^K^^fSjOLiOf .... a, • 

1 
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Theorem V. (1—0) (^^i' * ' *y^.=^*+i, w> w, 



where A,= 



( 
( 

( 



1. 


• • 


.n 


1. 


• • 


.m — 1 


1. 


• • 


.n 


2. 


• • 


.m — i 





\ /I . . . . n \ /I .... n \ 

—l) \l....m—l + l)""\l....m—l) 

/I .... n \ 
\2. . . .m — 1/ 



i+i 

\ n....n \ 

I \2 m—l-\-\) 



1 ... .It 

I . . . .m 



-<)(?:; 



.n 



Jlf (0, 
^(T, i) 



1/ \l m—lj 



if (0, l—l) 
Mil, 1=^) 



M{^, 1) 

....If (1,1) 



if (I— 1,0 if(f— 1,Z—1).... if (i— 1,1) 



Proof: A. = 2(— l)''-"if(0, A;i)if(l, A;,) .... if(s— 1, ]E,), where Jfci, 
kt, . . . .,k,iB a permutation of the numbers 1, 2, . . . ., s, and tf the number of 
inversions of the natural order of the k'a in the different permutations. When 
^ operates on M{s, 0)A, and the series of first indices is restored to the natural 
order, all the permutations of the second indices except ki, kt, . . . ., k,,0 will 
be obtained and the number of inversions of the series of second indices will 
be changed by one. Therefore 

(1-^)^(5, 0)A,=2(-1)''+W(0,fci)jtf (I,*,) . . . .M{s,K+i) =A.+a. 



Thbobbm VI. A=A',* 

K, K^i Kil 

K.,^1 K, .... K.2 Ki 1 .... 



where A^ 



Kt K,_i 



^1 






• 

1 



-^t+l-l ^t+t-t ^t+1 ^a 



and A' 






«+2 



«^«+#— 1 «'«+#— 2* • ' *Jt 



and s^t, 



* For the case m = 0. Theorem VI yields a relation between the total symmetric functions and the 
elementary products of the a's. If also « = 1, there results a formula for the total symmetric function Ft 
in terms of the elementary products, a formula which has already been proved by Roe in the Tran^aotioM 
of the American Mathematical Society, Vol. V, No. 2, p. 202, April, 1904. 
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Proof : 



Let A" 







(-l)'-V, 











i-iy-'j.-x 



-Jt) 



«+«-i 



*+l— 2 



s i-iy-'K.^^r_,T, s (-i)-'a:,+,_,v< 












1 
Kr 1 






• • 

• • 


..0 
..0 


• • ■ 

• • 

• • • 

• • • 


.K, 

• • • 



<— 1 



III, 



(-l)'-V, (-1)'-V,.x 



• • • • ( 1) «'«-f+l 



— «/«-,+«) 



IV 



«+«-! 



#+<— 2 



s (-i)*-'Jsr.+,_i_.J* s (-i)*-'^.+,_2_^< 



2 (-i)*-'jsr,v* 



«— 1 



«-«+! 



+^, 


+J,-1 


— «'«+l 


-J. 


+J.^t 


+^.+1 



(-l)'-V,^^, (_1)-V^^^, 



also let l={t—$)Sj 






(-i)-v, 



andDs 



1 
K, 1 









ix,_l il,_2 • • • • 1 






p=l+ ±(21-8-1),^ 



p + -X- , when s is even, 
p H — jr— , when s is odd, 



, q therefore 



always being even. 

If for the K's of the first column of A the values given by Theorem III 
are substituted and the result expressed as the algebraic sum of s+t — 1 
determinants by using the corresponding terms of the elements of the first 
column for the first columns, then the process repeated for the second, third, 
. . . . , S'ih column in turn, the sum of the determinants that do not vanish on 
account of columns differing by a common factor is identical with A". If A" 
is expanded by Laplace's development in terms of its first t—s rows, the 
result is ( — 1)'-A"^ After the factor ( — 1)'""^ is removed from the first 
column, ( — 1)'"' from the second, and so on, the resulting determinant is, 
according to the product theorem for determinants, D • A^^. Thus 







• 

1 



•^1—1 ^t-f ' ' '^M+1 ^$ 



A= {—ly-D • A'^= (—!)«• A'=A'. 
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Section 3. 



/I n y~-^^ .jj ^^ considered. (^ J' * * -^ V"* ''z^ unless 

(i*'"* i)=0 and In"' 1=0. It vanishes with them except when 
\1 . . . . m — 1/ \2 . . . . m/ ^ 

fi----** ,Uo/ LetfJ----«V""'=fJ-"-« \.(l'--*')-X. The 
\2....m — 1/ \l....m/ \l....m — 1/ \2....m/ 

value of X will now be found, or rather a quantity satisfying a more general 
condition will be found (Theorem IX), and from it the value of X will follow 
as a special case. First, however, some preliminary theorems (VII and VIII) 
will be proved. 



TH«,..« VII.. (1: : : j)=efl)+(}i) • {^^+{^). 

This relation will be proved by a system of sections. The section of 
L **' 'kJ=0 by the spreads ( 2 5/"^ degenerates into two parts of the 

same dimension for one of which, say -4, L ] and (-i ' ' k) also vanish, and 

for the other B^lo ^s/^^- Thus ( * ' * ' j= A+B. Again, taking the 

/ 23 V^^ / 2 \ 

section of -4=0 by (oj^c ) =0, the section of B=0 by (045 )=0, and then 

taking the section of one of the parts into which B=0 degenerates by 

/ j=0, it is found that 

(l;^:l)=(D[©+(i?5)]+(l)[(i)+(l)]+e3^«) 

=V-\.D+E, where (^=(l)(l^ + (^2)' 

M(l)+(l)](l)'"'^^=C"i*v*> 

Now C is seen to give the first term required and D the second, by taking 
sections by (2)=0. The theorem follows. 



VI tnj ,=»_,+t\l k/ \k+l m/ 

* See author** paper already referred to. 
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Proof: Theorem Vila shows the relation to be valid for n=6, tn=5, A; = 2. 
It will be assumed to be valid for n— 1, m, k and for n — 1, m — 1, k — 1. Then 

taking the section of (J" "^)=0 ^7 (2 ^ m)^^' ^* follows that 



/I n\ /l\/2 '^\ + (^ ^\ 

\1 . . . . w/ ~" \1/ \1 .... m/ \2 .... w/ 



Vl/<^„»^+jk\l k) \k + l m) 



»=n-in+ib\2. . . .A/ \A+1- • • -W/ 



^^* (l)(l A;) "^(2 k) ~(l k) * *® °^^^ ^® ®^®^ by taking the 
section of the manifold L A:)~^^^(2 A;)~^' ^^^ *^® theorem follows. 
Consider the two systems of equations 

\l. . . .5/ 

The vanishing of / is a necessary but not sufficient condition for the vanishing 
of //. For the system / there may be obtained an equivalent system III by 
means of a formula previously found by the writer — the formula from which 

(-''*' ^ ) is found in Theorem II — and, in general, for a part of this system 

II vanishes and for a part it does not. Let Y^j^ represent the part of the 
system ///, and therefore the part of the system /, for which II vanishes. 
The value of 7)^ ^ will now be investigated. 

Theorem Villa. If j>k—s+2j ff,k=0. 

For in this case ( -1 ' * * * ) atid ( 1 ' ' * * ^ ) combined contain not more than 
[k—s + l] + [n—j'-\'l)—s+l] linearly independent determinants, which is 
less than n — s+1, the number contained in ( - ' ' " * j and i^'') can not, in 

general, be made to vanish with ( -1 * ' ' * ) and [l' ' ' '} • 

\ JL .... o / \X .... S / 
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Theorem Vlllb. If j = k—s + 2 and k=n — l, then Fy. *= F^-,+i, n-i 



_ta-l\<«-«+i> 



___ /I . . . . n\ 
■"yl. . . .5/ 

Proof: (}""'') =S(-1)^^^ /l....n-iY^ /n-s + 1. . . .n-i + l\ 
by Theorem 11. Therefore (}• ' ' .n-lV'Wn-s+l. . . .nV'^^/l. . . 'A''\f^^ 
where none of the matrices in F contain the w-th column and for none of them, 
therefore, does (i * ' * « ) vanish. Therefore F„_,+i^ ^_j=f ' ' ' '^M . 

Theorem VIIIc. // j=k-s + 2, f,,,= ^*-+M=(J; ; ; [f)^ 

Proof: By using the value of ( -i ' * ' *^) of Theorem Vlllb and reducing 



/I n 1\ ^y. jQggjjg Qf Theorem II 



0: : : ::)=("" '^1: : : ::)[l<-i''"(l: :: :r'-7"'("~i;;; irT'l 



,'^,Iy(1 n— i— iyY«— 5+1 «— tV— ' 

1 \ J. ....O / \ J.....O / 

_/l «— 2y'T/n— s n—iy/n—s+l «Y"_ /n— 5+1 «— IV-'H 

/I. . . .«— Syf/n— s. . . .n— 2y'-"/n— 5+1. . . .nV" 

+("-'^\;;;rT"]+(r^)"'[]+-- 



_/l n— 2y'Y«— s "V" + A n— syT/n— 5— 1 nV') 

~\1....5 / \ 1....S/ \1....S / L\ 1....5/ 

/n— 5— 1. . . .n—2y"/n—s. . . .mY""] , /"l. . . •«— iV'Tlj. .... 
V 1....5 / \ 1....S/ J"*"Vl....5 / U 

We will suppose this relation to be valid in the formula obtained for 
r ■ ■ ■ ■ j after « — A; — 2 reductions have been made, that is, that 



/I ""N^/^i ft+iyv^— 5+3 wV" I /^i *V*Tr 

VI.. -.5/ \1 5 / \ 1....5/ ''"\1....5/ \_\ 



Jk— 5+2 nV" 

1 sj 



_/A;— 5+2 k+lV'Vk—s+S »^"n . /^l *— l^'Tl-L. . • • 

V 1....5 J \ l....sj y\l....s J U 
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Reducing ( ^ ) by Theorem II, 



\1 sj \ 1 sj |_\1 s) \ 1 s ) 

_/l. . . .A;— l\«'yjk— s+2T:Tjfc\'-»> 1 

U 5 / V 1 s) "*■ J 



, /I A;Y'T/Ac— s+2 n\ 

"•"U */ L\ 1 «/ 



_/i ikyvft— 5+2 "V" . /"i *— iVTlo- • • 

~\\....s) \ \....s) ■•'U....* / U 



H-™ (1::::*)"'C~''+?::;::)'"=(J:::::) +P' "■•" »»■-« »' «■« 



_/l «\"> 



matrices in F contain the n-th column. Therefore r)^4= ^k-t^t,k=\^ ' " ' ) • 

\X • • • • sy 

Theobbm Vllld. // j=k—s+l. 



^ _^ _/'k—s+l nN"yi nV" 

Proof : 



_/A— s+3 nyVft— s+2 AV'-'* 

\ 1 .... 5/ \ 1 .... 5/ 

, /ft^T4TT77n\"yft— «+3 A;\(-*> "I 



Therefore 



j't-.+i.*-^ 1....*; ^* 



/A;-5+2....A;Y'""v- , /A— «+3. .. .AfV-**^ 

~V l....sj ^»-.+».»+i, 1....5y J^»-.+«.»- 



But IV-.+... = (};:;;^)"* by Theorem VIUo and F»_+,..= n_.+,,» 
. . =0 by Theorem Villa. Therefore 



V —V _/A— 5+1 A;N"yi «^ 



ii) 
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— /I k\ 

Theorem VIIL The order Y^j, of the part of the system K s)^^^ 

Proof : Suppose it was already shown that 



(«)•.; /M\(*) 



by Theorem II, 

=I(-i)-C-'^::::i-^'-T"'[(r^)"'C^^"']- 

Therefore 



"^t*/"^ V 1....S J K l....sj \l....sj 



(«) yl ^v(«) 



=(i::::') G;:::") . by Th.or,m n. 

It is to be noticed that Theorems Villa, b, c are special cases of Theorem 

(1 k\^'^ 
• J has the value 1 when 

j=:k—s+2j and the value when ;>*— 5+2. 

Theobem IX. The order X,^^i of the part of the system ( i ' ' i ) =0, 
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and 



Proof: ^^••••^Y"= 'tr' (^l---* y*-'Y»+2....n\ 



(I— A+1) 



according to Theorem VII. Therefore 



\1....// \h....fnj 



^ *'|r* /i....t Y*~". '"s * /I- • • .;Y'^''Y*+2. . . .nY*^^Yi+2. . . .n Y*~'' 



Therefore 



*-f-* /I .... i \^*-^> '%-* ^ fj+2....n \<— '> 



(»-i) 



by Theorem VIII, 

\fc....i/ f„y_|+jk_j\l. . . .fc — 1/ y=,,_«+j\ h....lj' \l-\-\. . . .m) 
= Cfc. . . . J <-,-S.-x(l. . . -h-l) (/,... .mJ ' ^y T^^*^'^^'" VII, 

i: ■.::?) (1:::;1) . "y Theorem vu. 

Cobollabt: Xi,^j,= ^\\''l)\h^p according to the definition of ^. 

Section 4. 



(«— 1) 



Theorem X. 7/ w > u, (J ^) = 



(l....n \/l....n\ 
1 . . . . m — 1/ \1 . . . . m/ 

/I. . . .n \ /I. . . .n \ 
\2 m—lj \2 m/ 



Proof: A. pr«vio..ly pointed o«t (lyl ) '" =(} ; ; ; ■l_{)(\- ::;«), 

-■^-=(1: : : .l-OC: : : ::)-(}:: : IXl: : : ::-i> "^ ^heoreo. e. 

The theorem follows. 
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(m— 1) 



Corollaby: i ^ * ' ' * J = 



K2 K'l 

^8 ^2 



, where Ki=K 



n— m+t J 



m ^n, 



Proof 



l....n V"-^> 



/I 

• u.... 



m 



) 



K2 K'l 

C = l....fll— 1 (Isb1....1II 



, by theorems X and I, 



Ki—a^K[ K'l 
Ks — OL^K^ K2 

A^2....in a=2. . . .n 



, by Theorem IV, 



k: 



£:; 



fiTJ K'2 

A:=2>>>>M A3s2....1ll 



By introducing ai into the second row in a similar way, the corollary follows. 



Theobbm XL If myn(l ^ ") 

' ^ \l....m/ 



/I 

u.... 



1. . . .n 



1... 


.w> 


1... 


, .m^ 


/I., 


. . .n 


u. 


. . .w 


^1- 


. . .« 


b.. 


. . • w 



(m-.2) 



/I w \ /l....n \ /l....w\ 

\2 m—2j \2 m—lj \2 mj 

/1....W \ /l....n \ /l....n\ 

V3 w— 2/ V3 m— ly \3 mJ 



1. 


• • 


.n 


.1. 


• • 


.m 


1. 


• • 


.w 


2. 


• • 


.w 



= 5at/ A, 



Proof: r} •••^V* *'t^0 unless CJ--"^ ,Y"* ''=0 andfj' ' * '** VO- 
\l....w/ ^^ \l....m— 1/ \3....m/ 



It vanishes with them except when in' " '^ 1 )=0. 



=--(i:::::r'=G:::::-ir'a:::::K'- 






= ^^-^^3! ! '. !m)(l*//. ".m-l) 

by Theorem IX, corollary, 

/I. . . .w \ /I. • . .M \ 
\1 . . . . m — 1/ \1 . . . . mJ 



=<i-*)(3:::;y 



(1 .... w \ /I . . . . n \ 
2....m — 1/ \2....fn/ 

by Theorem X, 
=Ag, by Theorem V. 



*See author'i paper already referred to. 
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COBOLLABY : ( i ' * ' * j = 

\1. . . .tn/ 



K^ K^ Ki 

K^ JSl8 -^2 

K^ K\ K'^ 



, K'i=K^^, 



k+o 



m^ w. 



(m— 2) 



Proof: (\'"^Y = 



^5^3 JSl2 -fiTJ 



i • • • • fl 



K^ Ks Kf 

AB2....ai— 2 aaa2....iii— 1 a=2....m 

K', k: k', 

a^8. ...iii-~-'2 a^S. • ..tn—l a=8....iii 



, by Theorems XI and I. 



By means of Theorem IV the missing a's may be introduced as in the 
proof of the corollary of Theorem X, completing the proof. 

Theobem XIL If m^n, 



( 



1 wy.- 

1 . . . . mj 



(1. . . .n\ 
l....rj 

(1 . . . . n\ 
2 rj 



/I. . . .M \ 

\l....r+lj 

(1. . . .n \ 
2 r+lj 



(1. . . .w \ 
1 mJ 

\Z .... fn/ 



c 



l....n\/ l....n V.^ l....n\ 



= say Ai,-r+i. 
Proof : It will be assumed that a relation shown in Theorem X to be valid 



f or f J • • • • ^ Y** '' is valid f or f J * ' ' ' ^ - V'', namely : 
\l....m/ \l....m — 1/ ' "^ 



/l....n Y'^^ 
\1. . . .m — 1/ 



1 ... .71 



/I. . . .w\ /I. . . .n \ 
U rJ \1 r+lj 



(1. . . .n\ 
2....rJ 



(1. . . .n \ 
2. ...r+l/ 



. . . . 



/I. . . .n \ 
\1. . . .m — 1/ 

/l . . . . n \ 
V2 m—lj 



/ l....n\ / !....« Y..Y 1- •♦» > 
\m — r....rj \m — r....r+l/ \m — r m — 1/ 

= say A,_,. 



\1 mJ \w— r+l, . . .m/\l m— 1/ * ^^^* 

___.^_ v/ 1 ^ "N/^l ^ N^*^^ 

•"^^ "^^W— r+l....mAl....t»— ly ' 

by Theorem IX, corollary, 
= (1-<?)U_,+1: : : -.:,) A._=A._,,„ by Theorem V. 
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Cobollaby: ii ' * ' * j 



(r) 






•*^fPl— f+l ••••-**- 2 



where K\=K^^^j^ij m^n. 



Proof: (\"'^^ 



l....n\^^^_ 



asl....r 
aB2....r 



a«l....r+l 
0=2 r+1 



i5Ci 



a=i..**M 



^i 



0:=2> • . .M 



-^2(«-r] 



)+l 'K^2(m- 

o=m— r+l....r o«m— r+l. 



..f+1 osam— r+l....ii» 



by Theorems XII and I. 



By means of Theorem IV the missing a's may be introduced as in the 
proof of the corollary of Theorem X, completing the proof. 



Theobbm Xm. For all values of w, 



/I w V- 

\1 m) 



K 
K 



!•— r+l 



ffc— f+2 



•^n— r • • • •''*-i»— m+1 

1\, ||_^a.2 • • • • xX. « 



»— m+2 



K^ 



»— 2r+»+l 



-**■ »— 2f +m • • • • -n. ^__y 



+1 



(A) 



Proof : Theorem XII, corollary gives the result if tn ^ n. If m > n, 



( 



1 n\''' 



. I can be calculated by the method of this paper with the interchange 

of rows and columns. The result will be the A' of Theorem VI where 
t=m — r+l and s=n — r+l. But when m>n the determinant of Theorem 
Xn, corollary becomes the A of Theorem VI with the same values of t and s. 
The theorem follows. 

CoBOLLABT : For all values of n, 



( 



1 nV'^ 

1 . . . . mJ 



(1. . . .n\ 
l....rj 

(1. . . .n\ 
2....r) 



(1. . . .n \ 
l....r+iy 

/I. . . .n \ 
^2 r+iy 



/I. . . .w \ 
\1. . . .m) 

\Z .... m/ 



.... ..•».• 



\m— r+l r/ \m — r+l r+l/ \wi— r+l m) 



This follows from Theorem XIII by retracing the steps of the proof of 
Theorem XII, corollary. 
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Section 5. 

/i nV^^ 
Theobem XIV. ( 1 ■ " * ) , where each element ii,i is a function of 

\i . . . . m/ 

degree b is ^^ jc^-r+ix-r+i, 

n .+«^c, 

Proof : In this case the a'& may be taken each equal to h^ and the a's each 

• /i n N^*^^ 

equal to zero. K^ then reduces to [SoiO,. . . .at]«^=6=,C7^6*i and ( ^ J to 



jc»-,.+i,(..r+i) . ^ where A= 









»t^ii— ir+«+l •^»— lr+« .... nCw-r 



+1 



Next we apply the formula jCi=wPn-i to each of the elements and multiply 
the resulting determinant by unity in the form of the determinant 



Cr 







. 
. 



• • . . • 



Gm f m f i^ji p 2 .... X 



This gives for the element in the ^-th row and the A;-th column. 



«+»— r+l— * 



C^f-1-jk+fc — 



(n+m — r+l — h)\ 



(r— 1— fe+A;)!(n+m— 2r+2— A)! 



■"(r— 2+ft)!(n+m— 2r+2— Aj)!'*^* 



= 1 



The factorial number in the numerator is constant for a given row as is 
the denominator for a given column. Hence A=AA', where 



"Is' (n+m— r+1— fe)! 



+1 



and A' = 



S (r— 2+*)I(n+w— 2r+2— Jk)I 



fc=l m — r+1 

k=l. . . .Ill — f+1 



= a 



^4.* 



Let Z)'ajk,;k ^dt^^k—dKh^ij ^Xi=^*,i- Then | D'a^,. ;k | — A'. 



= (/i-l)^+*P, 
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Finally 



D'*-''a 



h.k' 



D 






Hence 



A'= 



ak.k-i=ih-l){h-2). . . .ih-k+ll_-,P^t 

_({h—l)l, if k 
~\0, if k>h. 
0! 

II 

2! 



= h 




{m—r)\ 



irsm — r 

= n t!. 

{-0 



n (n+m—r—i)l U t! 
Hence A=A'A=i^^ *"" 



<a=m— r 



n 

i'aiO 



n-\-m 



-r^r-l+i 



n {r+i—l)\'u\n + m—2r+l — i)\ 






The theorem follows. 



(1 n N^*"' 
- ' * * ' j , where each element Ui^ is a function of degree b, is 



<=sm — r 

" »+<^n— f+1 
♦»0 

n n-r+l+i^^fi-r+l 
<=0 



,(iii~r+l)(n-f+l) ♦ 



(B) 



Proof : By changing the form of two of the factorial numbers in the value 
of .4A', and introducing the factor [(n — r+1) 1]^"*"'^+^^ in the numerator and 
the denominator 



tasm— r 



At^=. 



n (n+t)l 



<-0 






«=m — r {sm— r 

n (r— l+t)!(n— r + l)I n (n— r+l + i)! 



t«0 



The corollary follows. 



* See paper by Segre, already referred to. 



On the Lie-RiemannrHelfnholtz^HilheTt Problem of the 

Foandations of Geometry. 

By Robebt L. Moobb. 



§ 1. Introduction. 

CoDceming Hilbert's paper, " Uber die Omndlagen der Geometrie/' * Poin- 
care says, aocording to Halsted's translatioiiyt ''As regards the ideas of 
Lie, the progress made is considerable. Lie supposed his groups defined by 
analytic equations. Hilbert's hypotheses are far more general. Without 
doubt this is still not entirely satisfactory, since though the form of the 
group is supposed any whatever, its matter^ that is to say the plane which 
undergoes the transformations, is still subjected to being a numher-manij old 
in Lie's senzse. Nevertheless, this is a step in advance, and besides Hilbert 
analyzes better than anyone before him the idea of number-manifold and gives 
outlines which may become the germ of an assumptional theory of analysis 
situs." 

The present paper contains a set of assumptions S in terms of the notions 
point, region, and motion. Here the space which undergoes the transforma- 
tions (motions) is not subjected in advance to the condition of being a number 
plane nor is it presupposed that the regions are in one-to-one correspondence 
with portions of such a plane. Of course Poincare's statement that '^ the form 
of the group is supposed any whatever '^ applies to its presupposed form. 
Hilbert's axioms so condition the form of the group in question as to necessi- 
tate that it should be simply isomorphic with the group of rigid motions in a 
space of two dimensions. It is largely, or entirely, a question of analysis. It 
may be said that Hilbert analyzes the group of transformations (motions) but 
leaves largely unanalyzed the space that undergoes the transformations. In 
the present treatment the '' form " of the transformations and their '' matter '' 
(the space that is transformed by them) are subjected to what might be 
termed a simultaneous analysis. 

•JfatematUeKe Annalen, VoL L\l n90'2-a3), pp. 381-422. 
t " The Boljai Prixe,'' Beienee, U^j 19, 1911, p. 7d5. 

38 
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§ 2. Preliminary Explanations and Definitions. 

I consider a class S of undefined elements called poiiits, an undefined class 
of sub-classes of S called regions and an undefined class of one-to-one trans- 
formations of 8 into itself called ^notions.* If P is a point of S, and M is a 
motion, the point into which P is transformed by M will be denoted by the 
symbol M{P). If £" is a point-set and M is a motion, M{K) will denote the 
set of all points M{P) for all points P of K. 

Definitions. A point P is said to be a limit point of a point-set K if and 
only if every region that contains P contains at least one point of K distinct 
from P. The boundary of a point-set K is the set of all points [X] such that 
every region that contains X contains at least one point of K and at least one 
point that does not belong to K. If ^ is a point-set, K' denotes the set of 
points composed of K plus its boundary. If 22 is a region the point-set S — R' 
is called the exterior of R. A point in the exterior of R is said to be withotU R. 

A set of points is said to be connected if however it be divided into two 
mutually exclusive subsets, one of them contains a limit point of the other one. 
A set of points is said to be closed if it contains all its limit points. A set of 
points is said to be continuous if it is both closed and connected. 

A domain is a set of points K such that if P is a point of K then there 
exists a region that contains P and is contained in K. 

A set of regions G is said to cover a point-set K if each point of K 
belongs to at least one region of the set G. If for every infinite set of regions 
G that covers the point-set K there exists a finite subset of G that also covers 
K^ then K is said to possess the Heine-Borel property. 

A set of points K is said to be hounded if there exists a region R such 
that £■ is a subset of R. 

If A and B are two distinct points, a simple continuous arc from A io B 
is a continuous bounded point-set that contains A and i?, but is disconnected t 
by the omission of any one of its points other than A and B. 

A simple closed curve is a continuous bounded point-set which is discon- 
nected by the omission of any two of its points. 



* By a one-to-one transformation of 8 into itself is meant a transformation T such that (1) for 
each point P of 8 there exists one and only one point P of 8 such that T transforms P into P, (2) for 
each point P of 8 there is one and only one point P of 8 such that T transforms P into P, Point ii 
wholly undefined. Region is undefined except in so far as it is understood that every region is some sort 
of collection of points. Motion is undefined except in so far as it is understood that every motion is 
some sort of one-to-one transformation of 8 into itself. In addition to this information, no further 
information (aside from that furnished hy the axioms of the system Z) is presupposed concerning the 
terms point, region, and motion. 

t A connected point-set K is said to be disconnected by the omission of a proper subset 2^ if JT — V 
is not connected. 
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§3. The Axioms of S. 

Axiom 1. There exists at least one region. 

Axiom 2. // R and K are regions and R' is a subset of K' then R is a 
subset of K. 

Axiom 3. // the region Ri contains the point in common with the 
region R2, there exists a region R C07itaining such that R' is common to Ri 
and R2 . 

Axiom 4. // R^ and R^ are regions and R^ is a subset of Ri then R^ — ZiJ 
is a non-vacuous connected point-set. 

Axiom 5. // Ri and R^ are regions there exists a region R that contains 
both R\ and R^ . 

Axiom 6. Every simple closed curve is the boundary of a region. 

Axiom 7. If is a point and L and N are closed bounded point-sets 
with no point in common^ there exists a region K containing such that if P 
is a point in K then every region that contains both a point of L and a point 
of N can be transformed^ by a motion that carries some point of L into 0, into 
a point-set that contains both and P. 

Axiom 8. Lf R is a region and M is a motion then M{R) is a region. 

Axiom 9.* If A, B, C, A\ B\ C are points^ distinct or otherwise^ such 
that every three regions that contain A, B and C, respectively^ can be trans- 
formed by some motion into regions containing A\ B\ and C", respectively, 
then there exists a motion that transforms A into A\ B into B\ and C into C 

Axiom lO.f // M is a motion there exists a motion M"^ such that if 
M{A)=B then M'-'{B)=A. 

Axiom 11. f If M and N are motions there exists a motion MN such that, 
for every point P,M{N{P))=MN{P). 

Axiom 12.§ // Ri and R^, are regions bounded respectively by the 
simple closed curves Ji and J,, R[ and flj have no point in common, Au B^ 
and Ci are three distinct points on J^, and A^jB^, and C^ are three distinct 
points on J^, and there exist three simple continuous arcs A^XA^, BiYB^, and 
C1ZC2 such that no two of these arcs have a point in common and no one of 
them has any point other than an end-point in common either with R[ or with 
Ri and M is a motion such that R[ and M{R2) have no point in common and 

*Cf. Hubert's Axiom III, loc, cit,, p. 160. 

t Cf. Hilbert, loc, oit., p. 167. 

t Cf. Hilbert*8 Axiom I, loc, cit., p, 167. 

§ Cf. J. R. Kline, "A Definition of Sense on Closed Curves in Non-metrical Plane Analysis Situs/' 
AnnaU of Mathematics, Vol. XIX (1918), pp. 185-200. Axiom 12 corresponds to Hilbert's assumption 
{loc. cit., p. 167) that motion does not change sense on any simple closed curve. 
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there exist three arcs AiXM{Ai), BiYM{B2)y and CiZM^C^) from A^ to 
M{A2)y from B^ to M{B2)y and from C^ to ^(Cg), respectively j then there 
exist three such arcs such that no two of them have a point in common and no 
one of them has any point other other than end-point in common either with 
R[ orwithMiR^). 

§4. Consequences of Axioms 1-4 and 7-11. 

Theorem 1. // the point P is a limit point of the point-set Ky and M is a 
motion^ then M{P) is a limit point of M{K). 

Proof. If M{P) were not a limit point of M{K) there would exist a 
region R containing M{P)y but no point of M{K) other than M{P). But in 
this case M^^{R) would be a region containing P but no point of K other than 
P, contrary to the hypothesis that P is a limit point of K. 

Theorem 2. No point of a region is a boundary point of that region. 

Theorem 3. Every region contains infinitely many points. 

Theorem 3 can be easily proved with the use of Axioms 3 and 4. 

Theorem 4. // A and B are distinct points^ and C is any point what- 
every there exists a region containing C which can not be transformed by a 
motion into a point-set K such that K' contains both A and B. 

Proof. If no region contains the point C then it is vacuously true that if 
R^y R2y and Rz are three regions containing C there exists a motion M such 
that M{Ri) contains Ay and M{R2) and M{Rz) contain B. It follows by 
Axiom 9 that there exists a motion that carries C into both A and B. Thus 
the supposition that there is no region containing C leads to a contradiction. 
Suppose that every region containing C can be transformed by a motion into 
a point-set K such that K' contains both A and B. By Axiom 3, if /2 is a 
region containing Cy there exists a region R containing C such that R' is a 
subset of R. By hypothesis there exists a motion M such that {M{U)y con- 
tains both A and B. By Theorem 1 [M{R)Y=M(R'). Hence M{R) contains 
both A and B. It follows by Axiom 9 that there exists a motion that trans- 
forms C into both A and B. Thus the supposition that Theorem 4 is false 
leads to a contradiction. 

Theorem 5. // L and N are two closedy bounded point-sets with no point 
in commony and is any point whatevery there exists a region R containing 
such that R' can not be transformed by a motion into a point-set that contains 
both a point of L and a point of N. 
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Proof. By Axiom 7 and Theorem 3 there exists a point P distinct from 
such that every region that contains both a point of L and a point of A^ car 
be transformed by a motion into a point-set that contains both and P. By 
Theorem 4 there exists about • a region H which can not be moved into a 
point-set containing both and P. If there should exist a motion M such 
that M{E) contains both a point of L and a point of Ny then there would exist 
a motion M such that MM(R) contains both and P. But this would involve 
a contradiction. By Axiom 3 there exists about a region R such that R' is 
a subset of R. The region R clearly satisfies the condition of Theorem 5. 

Theorem 6. // P is a limit point of M+N it is a limit point either of 
M or of X. 

Theorem 6 can be proved with the use of Axiom 3. 

Theorem 7. // the point P is a limit point of the point-set ilf, then every 
region that contains P contains infinitely many points of M. 

Proof. Suppose the region R contains the point P and has in common 
with M only a finite set of points Pi, P^, Ps, . . . ., P„ distinct from P. By 
Theorem 4 for each i{l<i<n) there exists about P a region Ri that can not 
be transformed by a motion into a point-set containing P and P< . But there 
exists a motion that leaves all points fixed. This motion carries R^ into R^. 
But Ri contains P. It follows that iJ, does not contain P,. The regions Ri 
and Rt contain in common a region K2 containing P. The region K2 contains 
neither Pj nor P,. Similarly there exists in K2 a region K^ that contains P, 
but no one of the points Pi, Pj, P,. This process may be continued. It 
follows that there exists about P a region K^ that lies in R but contains no 
point of the set Pi, Pj, Pg, . . . ., ^n- Hence P is not a limit point of M. 
Thus the supposition that Theorem 7 is false leads to a contradiction. 

Theorem 8. // the region R contains a point in the region K and a 
point P without Kj then it contains a point on the boundary of K. 

Proof. By Axiom 3 there exists about a region R^ which is a subset 
both of R and of K. By Theorem 3 there exists in R^ a point P distinct 
from 0. By Theorem 7 and Axiom 3 there exists about a region R^ such 
that R2 is a subset of Ri—P. By Axiom 4 R—R'i is connected. But it con- 
tains the point P in K and the point P without K. Hence it contains a point 
of the boundary of K. 



* In this connection " about " is synonymous with " containing." 
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Theobem 9. If is a point there exists a countahly infinite sequence of 
regions Ru R^j Rsy . . . ., such that (1) P is the only point they have in com- 
mon, (2) if n is a positive integer and M is a motion such that M{R^^x) (con- 
tains 0, then M{R'^^i) is a subset of ii„, (3) if R is a region containing 
there exists an n such that jB„ is a subset of R. 

Proof. By Axiom 1 and Theorems 3 and 4 there exists a region Ki con- 
taining 0. By Axiom 3 there exists a region K2 containing such that K^ is 
a subset of Ki and a region K^ containing such that K^ is a subset of K^. It 
follows by two applications of Axiom 4 that Ki — Kg is a connected point-set 
containing at least two distinct points. Let P denote a definite point of 
Ki — K'g. Then P is a limit point of Ki—K^^—P. It follows that there exists 
a countable sequence of points Pi , P2 , Ps , .... all distinct from P such that 

P is a limit point of the point-set Pi-fP2+P8+ By Theorem 7 and 

Axiom 7 there exists a motion M such that M{P)=0. For every n let P, 

denote M{P^). Then is a limit point of the point-set P1+P2+PS+ 

By Theorem 4 there exists about a region R^ such that if ilf is a motion that 
transforms R^ into a point-set containing then M{R\) does not contain P^. 
By Theorems 6, 7 and 5 there exists a region R^ containing such that if M 
is a motion that transforms R2 into a point-set containing 0, then M (Ui) con- 
tains no point of the closed, bounded point-set P^+Li where L^ is the boundary 
of Bi. It follows by Theorem 8 that, for every such motion M, 3/ (Bi) is a 
subset of Ri . This process may be continued. It follows that there exists a 
sequence of regions Ri^ R^yRzy .... containing such that if n is a positive 
integer and ilf is a motion that transforms R^^i into a point-set containing 0, 
then M{R'^^i) contains no point of the point-set Pi-f Pj+PsH- .... '\'P^+8 — R^. 
The sequence R^ R^, Rz, .... satisfies the requirements of Theorem 9. That 
it satisfies requirement (2) is obvious. Suppose it does not satisfy both (1) 
and (3). Then there exists a point P distinct from and a region R con- 
taining such that for every n R^ contains a point of the closed and bounded 
point-set P+L where L is the boundary of R. It follows by Axiom 7 that 
there exists a positive integer m such that, for every n, R^ can be transformed 
by some motion into a point-set containing P^ and 0. But R^^i can not be 
moved into such a point-set. Thus the supposition that R^ R^j R^j .... does 
not satisfy requirements (1) and (3) has led to a contradiction. 

Theorem 10. Every region is a connected set of points. 

Proof. Suppose Ri is a region. There exists in Ri a point P. By 
Theorem 9 there exists a sequence of regions R^i Rsf Ri9 .... 1 all lying in Ri 
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and having in common only the point P and such that (1) for each w, iJ^+i is 
a subset of /2„, (2) if 22 is a region containing P there exists an n such that 
R contains R^ . By Axiom 4, Ri — /?i is connected. But 

R,= {Ri-R',) + (Ri-Rs) + {Ri-R[) + . . . . +P, 
Ri — R'^ is a subset of (Ri—Rn+i) and P is a limit point of 

(R^-R^) + {R^-R^ + (Ri-R:) + 

It easily follows that R^ is connected. 

Theorem 11. Every boundary point of a region is a limit point of the 
exterior of that region. 

Proof. Suppose the boundary of the region R contains a point X which 
is not a limit point of S — R\ Then there exists a region R that contains X 
and lies wholly in R'. It follows that R' is a subset of R'. Therefore, by 
Axiom 2, A is a subset of R. Thus X belongs to R and is therefore not a 
boundary point of R. 

Theorem 12. If Ru Rij Rs^ . . . . is a sequence of regions closing down * 
on the point 0, M^jM^yM^j .... are motions and L and N are two closed and 
bounded point sets with no point in common^ then there do not eonst infinitely 
many positive integers n such that M^{Rl) contains both a point of L and a 
point of N. 

Theorem 12 is a consequence of Theorem 5. 

Theorem 13. If R^ R^y R^j . . . . is a sequence of regions closing down 
on the point 0, Mu Miy Msj .... are motions, and Aiy A^y A^y .... and 
Biy B^y B^y .... are two infinite sequences of points such thaty for every w, A^ 
and B^ are both in M^ {Rn)j l^^^^ ^f Ai+Ai+As^ .... has a limit point every 
such point is also a limit point of B1+B2+B2+ 

Proof. Suppose X is a limit point of A1+A2+AS+ . . . ., and iJ is a 
region containing X. By Axiom 3 there exists a region R containing X such 
that R' is a subset of R. The region R contains infinitely many distinct points 

A^^y A^^y A^y .... of the sequence Aiy A^y A^y It follows with the help 

of Theorems 8 and 12 that, for infinitely many positive integers t, iJ,^ , and 
therefore B^^ , is a subset of R. It follows that X is a limit point of 
B^+B,+B,+ 

Theorem 14. Every bounded infinite set of points has at least one limit 
point. 

* A sequence of regions Ri, Ra, Rt, .... is said to close doum on the point if it satisfies with 
respect to aU the requirements of Theorem 9. 
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Proof. Suppose that /f is a region and that Xi, Xg, X3, .... is an infinite 
set of distinct points lying in R' and having no limit point. Let Ru R2, Rs, .... 
denote a sequence of regions closing down on a point 0. For each n there 
exists a motion M^ such that M^{0) =X^. For each n there exists in the region 
M^{Rn) a point X^ distinct from every point of the set Xi, Xg, Xs, .... and 
lying in R\ By Theorem 13 the point-set X1 + X2+XS+ . . , . has no limit 
point. Thus X1+X2+X8+ .... and Xi+X2+X^+ .... are closed, bounded 
point-sets with no point in common. But, for every «, 3/,(JR„) contains a 
point of each of these sets. This is contrary to Theorem 12. 

Theorem 15. There does not exist a compact* point-set K and an 
uncountahly infinite set G of mutually exclusive regionc such that every region 
of the set G contains a point of K. 

Proof. Suppose there does exist a compact point-set K and an uncount- 
able set of regions G satisfying such conditions. Let R^ R^^ Rzy ... denote 
a sequence of regions closing down on some point 0. If X is a point of K 
lying in a region g of the feet G then for each n there exists a motion M„ such 
that 3/„(0) =X. By Theorems 8 and 12 there exists a positive integer m such 
that M^{R^) is a subset of g. It follows by Zermelo's Postulate that there 
exists a set G of regions such that (1) each region of the set G contains one 
and only one region of the set Gy (2) for each region g of the set G there 
exists a motion that transforms some region of the ^ei R^ R^jRzj .... into g 
and transforms the point into a point of K that lies in g. In view of the 
fact that G is an uncountable set it follows that there exists a positive integer 
w and a set of motions il/i, Afg, Ms, .... such that, for every j, M^{0) is a 
point of K and such that no two of the regions ilfj (/?„), M^iRn)^ ^sC^n)? • • • • 
have a point in common. By hypothesis the set of points M^{0) -{-M^iO) 
+Mz{0) . . . . has at least one limit point Z. There exists a motion M such 
that il!/(/2„+i) contains Z. There exists k such that Mj,{0) is in M{R^^i). 
Hence is in Mj^M (R^+i) . It follows that Mt^M{Rn+i) is a subset of R^. 
Hence M{R'„+i) is a subset of Mi,{R^). Therefore Mi,{Rn) contains Z. Hence 
there exists an index i distinct from k such that Mj,{R^) contains ilf,(0). It 
follows that ilffc(i?„) and ilf^(Zi„) have a point in common. Thus the supposi- 
tion that Theorem 15 is false leads to a contradiction. 

Theorem 16. Every compact set of points is a stibset of a compact 
domain. 

*A set of points K is said to be compact if every infinite subset of K has at least one limit point. 
Cf. M. Fr^chet, '* Sur quelques points du calcul fonctionnel/' Rendiconti del circolo matemaiioo di 
Palermo, Vol. XXIl (1906), p. 6. 
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Proof, Let Ru R^^ R^y .... be a sequence of regions closing down on a 
point 0. There exists an index m greater than 1 such that if ilf is a motion 
such that M{R^) contains a point of R^ then M{R^) is a subset of Ri. 
Suppose there exists a compact set of points K which is not a subset of a 
compact domain. Then there must exist an infinite set of distinct points 
Pi , Pjj -Ps > • • • • lyiiig in Kf an infinite set of distinct points Pj, P,, P,, .... such 
that Pi+P2+?s+ • • • • bfts no limit point and a set of motions Mu Mj, 3/,, .... 
such that for every n the region M^(R^) contains both P„ and P„. The point- 
set Pi+Pf+P^ has at least one limit point 0. There exists a motion M such 
that M{0)=0. There exists an infinite set of distinct positive integers Wi, 

«2, ns, .... such that the points P^f Pt^j Pnt^ • • • • ^^^ ^^^ ^ -S^C^m)- Each 
of the regions M^^{R^)y M„^(jB^), M^{R^), .... is a subset of M{Ri). Hence 
the infinite point-set P„i+P,,+Pn,+ .... is a subset of M{Ri). It follows by 
Theorem 14 that Pi+P,+P8+ . . . . has a limit point. Thus the supposition 
that Theorem 16 is false has led to a contradiction. 

Theobem 17. If the compact point set T is covered by an uncountably 
infinite set of regions Gj then T is covered by some countable subset of G. 

Proof. By Theorem 16 the compact point-set T is a subset of some com- 
pact domain K. Let Ri, R^, R^y .... denote a sequence of regions closing 
down on a point 0. For each point P of T there exists an integer np greater 
than ly and a motion Mp such that the region Mp(R„^^i) contains P and lies 
both in K and in some region of the set G. Let G be the set of all regions 
Mp{R^^) for all points P of T. There exists a finite or countably infinite set 
of distinct positive integers m, ,^2,^3, .... and a sequence (7^^, G^j G^y .... 

of subsets of G such that (1) G=G^-\'G^+G^+ (2) for every t, G^^ is 

the set of all regions Mp{R^^) for which np=mi. For every i let 2\ denote 
the set of all those points of T which are covered by the set of regions G^^ . 
The regions of the set G^^ can be arranged in a well-ordered sequence ga$9a$ 

g^j ^^ , Call this well-ordered sequence /9. Let ^^ be the first 

region in the sequence ^ that contains a region that has no point in common 
with ga • Let g^ be the first one following g^ that contains a region that has 
no point in common with ^^ or with g^ . Continue this process thus obtaining 
a well-ordered sequence y such that (1) every element of y is an element of ^9 
(2) if yi is any subsequence of y such that there exists an element of y that 
follows all the elements of yi ^ then the first element of y that follows all the 
elements of yi is the first element of /3 that contains a region that has no point 
in common with any of the elements of yi. There is not an uncoimtable 

39 
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infinity of elements in the sequence y. For if there were, there would exist 
in K an uncountable infinity of distinct regions, no two of which have a point 
in common, which is contrary to Theorem 15. It follows that there exists a 
countable subset (?< of the set of regions G^^ such that every point of T< either 
is in a region of tEe set G^ or is a limit point of the point-set L,. obtained by 
adding together all the regions Mp^(JR^J, Mp^{R^^), Mp^(R^^), .... of the set 
Gi. Let Gi denote the set of regions Mp^{R^^^i)y 3/p,(i?«„_i), Mp,(/?„,_i), .... 
The set Gi covers T< . For suppose there exists a point X of T< which lies in 
no region of the set Gi. Then X is a limit point of L,. There exists a 
positive integer fc^ such that the region Rj,^ can not be transformed by a motion 
into a point-set containing both a point in R^^ and a point in S — i2„,_i. But 
there exists a motion M such that M{Rj,^) contains -X. The region M{Rj,^) 
contains a point of L, and therefore, for some ;, a point in common with 
Mp^{R^J. If it also contained a point in common with S—Mp^{Rjn^_i) then 
MpjM{RkJ would contain a point of R^^ and a point of S — /i^i-i* But this is 
impossible. It follows that, for every r, T^ is covered by Gi. But every 
region of Gi is a subset of some region of G, and T is the sum of the finite or 

counlably infinite set of point-sets Ti, T^, T^y It follows that T is 

covered by a countable subset of G. 

Theorem 18. If a closed and compact point-set is covered by an infinite 
set of regions then it is also covered by some finite subset of that set of 
regions. 

Proof. By Theorem 17 if a compact point-set is covered by an infinite 
set of regions G it is covered by a countable subset of G. But if a closed and 
compact point-set is covered by a countable set of regions then * it is covered 
by a finite subset of that countable set. 

Theorem 19. If H' is a closed and bounded set of points there exists an 
infinite sequence of regions K^^iy Kb'2j K^^j .... such that (1) if m is a posi- 
tive integer and P is a point of £f', there exists an integer n^ greater than m, 
such that Kff^n contains P, {2) if P and P are distinct points of H' lying in a 
region iJ, there exists an integer 8 such that if n>Z and Kgt^ contains P then 
Kn'n is a subset of R — P. 

Proof. Let R^ R^y R^y .... be a set of regions closing down on a point 0. 
If Z is a point of H' and n is a positive integer, the region R^ can be trans- 
formed by a motion into a region Kxn containing X. For any fixed n consider 

*Gf. F. Hausdorff, ''GrundzOge der Mengenlehre/' Veit & Co.^ Leipzig, 1914, p. 231. 
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the set of all such Kxn^ for all points X of H\ By Theorems 14 and 18 there 
exists a finite number of these Kxn^j say K^\ K^\ K^^\ . . . . , iT^"*-^ covering H\ 
Let n take on successively all positive integral values. Let Ku^u K^^j 

AVa, , Ku^^, denote K^^\ fi:f^ A7\ , K^^-\ respectively. For w>l let 

^w, m^+i > A///^ ^^^2 > A^/^ ^^^8 J . . . . , i^wm^^x dcuote A^^.! , K^^i , A,i^i , . . . . , A,^i", 
respectively. The infinite sequence of regions Kb»ij K^f^j A'^^^s, .... so 
obtained satisfies all the requirements of Theorem 19. 

Theobem 20. // H is a region there exists an infinite sequence of regions 
Kff^j Kff^j Kff^j .... such that each Kg^ is a subset of H, and such that if, in 
the statement of Conditions (1) and (2) of Theorem 19, H' is replaced by H, 
the resulting conditions are fulfilled. 

Proof. Let Ajy^i, A^.jj -K^//'8> • • • • be a sequence of regions satisfying all 
the requirements of Theorem 19. Let K^i denote the first region of this 
sequence that lies in H. Let K^z denote the first region that follows Kgi in 
the same sequence and lies in H. If this process is continued there will be 
obtained a sequence of regions satisfying the requirements of Theorem 20. 

§5. Consequences of Axioms 1-lS. 

Theobem 21. If R is a region S—R' is a connected set of points. 

Proof. That 8 — R' exists and contains infinitely many points may be 
easily proved with the use of Axioms 5 and 4. Suppose A and B are two 
points in 8—R\ There exist regions R^ and Rg containing A and B, respect- 
ively. By two applications of Axiom 5 there exists a region K that contains 
R\ R'^ and Rg , and therefore contains A and B. By Axiom 4, K — R' is con- 
nected. Thus every two points of S — R' lie together in a connected subset of 
8 — R'. It easily follows that 8 — iJ' is connected. 

Theorem 22. There exists an infinite set of points that has no limit 
point. 

Proof. Suppose on the contrary that every infinite set of points has at 
least one limit point. Then 8 is compact and closed. But every point of 8 is 
in some region. Hence by Theorem 18 there exists a finite set of regions ^i , 
R^j Rsj . . . .J R^j such that every point is in some region of this set. But by 
n applications of Axiom 5 there exists a region R that contains all the regions 
Rij Ri^ Rzj . . . ., R^. Hence R contains all points. But, by Axiom 5, there 
exists a region K that contains 22' and, by Axiom 4, K contains at least one 
point that is not in 22. Thus the supposition that Theorem 22 is false has led 
to a contradiction. 
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With the use in particular of Axioms 3 and 5, and Theorems 14, 10 and 
20, the truth of the following theorem may be established by methods in large 
part similar to or identical with those employed in the proof of Theorem 15 on 
pages 136-139 of my paper " On the Foundations of Plane Analysis Situs/' • 

Theorem 23. Every two points of a connected domain are the extremities 
of a simple continuous arc that lies wholly in that domain. 

Theorem 24. If is a point in a region R there exists a simple closed 
curve that lies in R and encloses 0. 

Proof. There exists a region R which can not be transformed by a 
motion into a region L such that L' contains both and a point of 8 — R. By 
Theorems 23 and 10, if A and B are two points in the region A, there exists 
an arc AXB lying wholly in R. There exists a region K containing X such 
that K' is a subset of R — A—B. There exists an arc AYB that lies wholly in 
the domain R — K\ It is clear t that the point-set composed of the arcs AXB 
and ATB together contains at least one simple closed curve J. By Axioms 6 
and 2, and Theorem 21, /, the interior of J, is a subset of R. There exists a 
motion M such that M{I) contains 0. The closed curve M{J) lies in R and 
encloses 0. 

Theorem 25. If J and C are simple closed curves^ is a point on J hut 
not on Cy Ai and A^ are distinct points common to C and J, and A^XA^ is an 
arc on C such that AiXA^t H^s within J, then there exist two points Oi and Oj 

distinct from such that 

(1) Oi and Oi lie on the intervals AiO and A^O of the arc AiOA^ of the 
closed curve J. 

(2) There is on the curve C an arc O1YO2 such that O1YO2 is within J. 

(3) 7/ Bi and B^ are points on the intervals OiO and 0^0 j respectively ^ of 
the arc A^OA^ of J, such that there exists on C from B^ to B^ an arc whichj 
except for its end-points^ lies entirely within J, then B^=Oi and B^^^O^^ 

For a proof of Theorem 25 see pages 152 and 153 of F. A. 

* Transactions of the American Mathematical Society, Vol. XWll (1916), pp. 131-164. Hereafter 
this paper will be referred to as F. A. 

t For a proof that simple continuous arcs and simple closed curves as defined in the present paper 
have certain fundamental properties including properties of linear and cyclical order respectively, see 
my paper, ** Concerning Simple Continuous Curves." See also F. A., pp. 139 and 140. 

t If ABC is an arc, ABC denotes the point-set ABC^ A^B. Likewise if AB is an arc, AB denotes 

the point-set AB — A — B, 
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Theorem 26. // P is a point on a closed curve J, and J is a closed curve 
enclosing P and containing at least one point within J, then there exist two 
closed curves Q and Q such that (1) every point of Q belongs either to J or to 
J and so does every point of Qj (2) the curves Q and Q contain in common a 
segment of J that contains P, (3) the interiors of Q and Q are both subsets of 
the interior of J, (4) every point within Q is within J and every point within 
Q is without J. 

Proof. If the curve J had no point without J, the interior of J would be 
a subset of the interior of J and therefore could not contain a point of J. It 
follows that J contains a point C without J. The curve J is the sum of two 
simple continuous arcs PEC and PFC. Let A and B denote the first points 
that the arcs PEC and PFCj respectively, have in common with J. The curve J 
is the sum of two arcs AEB and AFB (Fig. 1). Let H denote the interior of 

T 




Fio. 1. 

the closed curve AEB PA formed by the arc AEB and the interval APB of the 
curve J, and let K denote the interior of the closed curve AFBPA formed by 
the arc AFB and the same interval APB. By Theorems 24 and 25 of F. A. 
the point-sets H, K and APB are mutually exclusive and H+K+APB=ly the 

interior of J. If the curve J contains a point X in H, then J has in common 
with the curve AEBPA two distinct points A^ and B^ such that the segment 
AgXB^ of J is a subset of H. By Theorem 25 there exists on J an arc A^B^ 
such that (1) -4^ is on the subinterval A^P of the interval B^A^P of the curve 
AEBPA, (2) 5, is on the subinterval B^P of the interval AJBJ" of AEBPA, 
(3) AJi, is in JET, (4), if T is a point on the subinterval A^ of the interval 
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B^A^P of the curve AEBPAj and Z is a point on the subinterval B^P of the 
interval A^B^P of A EBP A such that the interval ACB of J contains a segment 
that has T and Z as end-points and lies entirely in J7, then Y=A^ and Z=B^. 
It is clear that the arc Aj,B^ is completely determined by the point X. For every 
X on ACB that lies in H construct the corresponding A^B^. Let h denote the 
point-set which is composed of all the A^B^'s so constructed together with 
every point F on AEBPA which has the property that for no X is F separated 
from P by -4, and B, . It may be easily proved that ^ is a simple closed curve. 
That H, the interior of hy is a subset of fl, and therefore of the interior of J is a 
consequence of Axioms 6 and 2 and Theorem 21. It is clear that h contains APB 
and that H contains no point of J. Similarly there exists a closed curve k 
containing APB such that every point of k belongs either to J or to AFBPA^ 
and such that (1) -ff, the interior of A;, is a subset of iC, (2) K contains no 
point of J. The point-set h-\-k — ABP is evidently a simple closed curve a. 

If APB were in the exterior of a, then by Theorem 27 of F. A., either H would 

be a subset of K^ or K would be a subset of fl, neither of which is possible in 
view of the facts that H and K are subsets of H and K respectively, and H 
and K have no point in common. It follows that APB is within a. Hence, 
by Theorem 25 of F. A., fl, the interior of a, =APB+H+K. Since R con- 
tains P, a boundary point of J, it must contain a point Pi within J and a point 

Pj without J. Let Q denote that one of the curves li and Tc that encloses Pi 
and let Q denote the other one. Since the interior of Q contains a point within 
J and no point on J it must lie entirely within J. Hence Pg is within Q, and 
Q is entirely without J. The curves Q and Q fulfill all the requirements of 
Theorem 26. 

Theorem 27. // R and R are Jordan regions* and P is a point in R and 
on the boundary of iJ, there exist in R two Jordan regions K and K such that 
K contains P, K lies in 2J, and all those points of the boundary of R that lie 
in K are points also of the boundary of K. 

Theorem 28. // R and R are Jordan regions and P is a point in R and 
on the boundary of JB, there exist in R two regions L and L such that L con- 
tains P, L lies in S — jB' and all those points of the boundary of R that lie in L 
are points also of the boundary of L. 

Proofs of Theorems 27 and 28. Let J and J denote the boundaries of R 
and R respectively, and let K and L respectively denote the interiors of the 



* A Jordan region is the interior of a simple closed curre. 
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curves Q and Q that satisfy with respect to J, J and P the requirements of 
Theorem 26. Let K and L denote two Jordan regions both of which contain 
P and lie in E, but neither of which contains any point of J that is not on the 
interval APB described in the above proof of Theorem 26. It is clear that 
the regions K and K satisfy the requirements of Theorem 27 and that L and 
L satisfy those of Theorem 28. 

If Theorems 20, 10, 21, 18 and 14, 22, 26, 27 and Axiom 6 of the present 
paper are compared with Axioms 1-8 of F. A., it will be seen that if the term 
region employed in the latter axioms is restricted to mean Jordan region, the 
so modified axioms hold true * for the set of all points 8 lying in a given 
region R of our space S. Furthermore, in view of Theorem 24 it is clear that 
if a point is a limit point of a point-set in accordance with the definition given 
in the present paper it is also a limit point of that point-set in accordance with 
the definition obtained by substituting "Jordan region'' for "region'' in that 
definition and conversely. In view of a theorem established in my paper 
" Concerning a Set of Postulates for Plane Analysis Situs," t it follows that 
the following theorem holds true. 

Theobem 29. If R is a region^ then between the points of R and the set 
of all sensed pairs of real numbers there is a one-to-one correspondence which 
is continuous in the sense that in R the point P is a sequential limit point X of 
the sequence of points Pi, Pj, Psi • • • • */ o,^^d only if Lim x^=x and Lim y^=y 

where (x^j y^) and (a;, y) are the number pairs that correspond to P» and to 
P respectively. 

Definitions. If ^ is a point, a rotation about ^ is a motion M such that 
M{A) =A. If A and B are two distinct points the set of all points [X] such 
that B can be transformed into X by a rotation about -4 is a circle. The 
point A is the center of this circle. The notation kj^s will be used to denote 
the circle which contains B and has its center at A. A circle will be called 
proper if it is a simple closed curve and its center lies within it. A proper 
circle Ajq^ is said to have a proper interior if for every point P, within A;©^ and 
distinct from 0, the circle kop is proper. 

* Of course here Axiom 5 would be interpreted to mean that there exista in the region R an infinite 
•et of points that has no limit point in K, and Axiom 2 would be interpreted as meaning that if 1/ is a 
simple closed curve lying in R the interior of J is connected. 

t rraiMocitoiM 0/ the American Itathematical Society, Vol. XX (1919), pp. 169-178. 

t The point P is said to be a sequential limit point of the infinite sequence of points Pt, Pa, Pt, .... 
if and only if for every region K containing P there exists an integer 8 such thai if n> 8 then Pn lies in K. 
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Theorem 30.* If is a point there exists a simple closed curve J 
enclosing such that if P is a point on or within J the circle kop contains 
infinitely many points. 

Proof. There exists a point A distinct from and a region R^ containing 
A sucb that R'^i does not contain 0. By Axioms 7 and 3, and Theorems 5 and 
7 there exists a region R containing such that if P is a point in R then 
every region that contains both A and can be transformed by some motion 
into a region containing P, but such that R can not be transformed by a rota- 
tion about into a point-set containing a point of JB^ . There exists a simple 
closed curve J that encloses and lies wholly in R. Let P denote a definite 
point within or on J but distinct from 0. There exists about 0, and within J, 
a region K such that K' can not be transformed by a rotation about into a 
point-set that contains P. It may be easily established with the aid of 
Theorem 29 that there exists an infinite set ^fi , ^fj > ^s > • • • • of distinct regions 
each containing and A such that if nj and i?2 are two distinct positive 
integers, every point that is common to g^^ and g^^ is either in R^ or in K. For 
each n there exists a motion M^ and a point P^ in g^ such that Af,(P^) =P. 
For each n, P„ is in the exterior both of i?^ and of K. Hence the points Pi , 
P^f Psf .... are all distinct. But by Axiom 10 these points are all on the 
circle kop^ 

With the help of Theorems 29 and 30 the next two theorems can be proved 
by methods wholly or in large part identical with those employed by Hilbert t 
in his proofs of more or less closely related theorems. 

Theorem 31. If is a point in a region R and there exists a region R 
such that every rotation about throws R into a subset of -ft, and every circle 
with center at that contains a point of IV contains infinitely many points^ 
then if P is a point of R' distinct from the circle kop is a proper circle with 
proper interior. 

Theorem 32. If k is a proper circle with center at and with a proper 
interior then (1) every rotation about that leaves fixed one point within k 
leaves fixed every point within A;, (2) if X is a point within ft, and M^ and M^ 
are rotations about such that Mi{X) =Mt{X) then^ for every point P within 
or onk,Mi{P)=M2{P). 



* Gf . Hubert's Axiom II, loc. cit., p. 168. 

t Of. in particular pp. 173-101, loc. oit. On page 179| in lines 6 and 6, Hilbert says *' so ist W* 
offenbar ein Weg, welche K^ und K4, innorhalb dieser ncuen Kurve verbindet." • It is possible that W* 
should lie without this " neucn Kurve." This possibility does not, however, in any way invalidate what 
follows. 
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Theorem 33. If k is a proper circle with a proper interior there exists a 
proper circle k* with a proper interior such that k* and k are concentric and 
k is within k*. 

Proof. Let denote the center of k. There exists a region R such that 
li and its interior are subsets of R. If P is a point on k there exists about P 
a region R which does not contain and which can not be transformed by any 
motion into a region containing both a point of k and a point on the boundary 
of R. There exists about P a region K such that if X and Z are two distinct 
points in K, the circle k^z is a simple closed curve enclosing X. The regions 
R and K contain in common a region K that contains P. There exist two 
points A and B onk and an arc AXB^ lying, except for its end-points, entirely 
without kj such that the closed curve a formed by the arc AXB and the arc 
APB of the circle k lies entirely within K. 

Suppose that, for some point W within the closed curve a, the circle kow 
contains only a finite number of points. Then there must exist a motion M 
such that M{0) =0, and such that the circles M{knrp) and k have in common 
an uncountable set of points N such that if X and Y are any two points of N^ 
there exists a motion M such that M{0) =0, M{X) =Y and M{W) =W where 
W is the center of M{k^rp). It follows that there exists in the set N two 
points C and D such that if Mq is a motion, such that Mq{C) =I>, Mo{0) =0, 
and Mq{W) = PT, then there exists no positive integer n such that MJ (C) =C. 
It follows that if L denotes the set of all points [P] such that, for some 
positive integer m, Ml^{C)=P then L is everywhere dense both on Tc and on 
M{kwp). It follows that if (/r,pp) is identical with Tc. But this is impossible 
in view of the fact that Mik^p) encloses the point W which lies without k. 

It follows that for every point W within a the circle kow contains infinitely 
many points. Let ^ denote the simple closed curve composed of the arc AXB 
of the curve a together with that arc of k which has A and B as end-points 
but does not contain P. The interior of ^ equals the interior of k plus the 
interior of a plus the segment APB of a. It follows with the aid of Theorem 
31 that there exists a proper circle k* with proper interior and with center at 
such that k is within A*. 

Theorem 34. Every circle is a proper circle. 

Proof. Suppose there exists a point such that not every circle with center 

at is a proper circle. Then the set of all points is the sum of two mutually 

exclusive sets 8i and S^ such that every point of Si lies on a proper circle with 

center at and with proper interior, but no point of 8% lies on any such circle. 

40 
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It can easily be seen with the aid of Theorem 33 that Si contains no limit 
point of 82. Let P denote some definite point in Sg. By Theorems 9, 10, 11 
and 21 the set of all points is a connected domain. It follows by Theorem 23 
that there exists a simple continuous arc OP from to P. There exists a 
point X which in the order from to P on OP is the first point on OP that 
does not belong to iS'i . Let OX denote the interval of OP whose end-points 
are and X. If F is a point of Si then OX has a point within, and a point 
X without, the circle with center at which passes through Y. Hence this 
circle contains a point of OX. It follows that for every point Y of Si there 
exists a point Y on OX and a motion M such that M(0)=0 and M{Y) = Y. 
The point-set Si is non-compact, otherwise it would * be bounded and its boun- 
dary would be a circle with center at and passing through Z, and this circle 
would be a simple closed curve enclosing 0. Hence, there exists in Si an 
infinite set N of distinct points that has no limit point. There exists a set of 
motions Mu M^y M^^ . . . ., all rotations about 0, a point P on OX and a set of 
points Pi , Pj , Ps , .... all lying in Si and on OX such that P is a sequential 
limit point of the sequence Pj, Pg, Pa, .... and such that Mi{Pi)j M^^Ptj^ 
Ms{Ps)} • • • • ^re distinct points of N. Let k denote a definite circle with center 
at and lying in Si and let C denote a definite point on k.f There exists a 
sequence of distinct positive integers Wj, Wg, lij, .... and a point C on k such 

that C is the sequential limit point of the sequence M„JiC)f M^J^C), M^/C), 

There exists a motion M such that M{0)=0 and M{C)=C. There exists a 
region R containing the arc OX. The sequence Wj, Wg* ^a? • • • • contains an 
infinite subsequence of distinct integers jijjijjsy •••• such that M^^iP^J^ 
M^^(PyJ, Mj^{Pj^)y .... are all without the region M{R). For each i the arc 
Mf^{OPfJ contains a point E^^ on the boundary of M{R). There exists a 
point E on the boundary of M{R) and an infinite sequence of distinct integers 
kij kzy ksf .... of the sequence ji , J2 > is > • • • • such that E is the sequential 

limit point of Ej^^ , Ej^^ , Ef,^ , There exists on OX a sequence of points 

jE/^tj, Ef,^y Ej^, . . . ., all belonging to S^ such that, for every i, Ej,^=M^^{Ei,^). 
There exists a point E on OX and an infinite sequence mi, mg, mg, . . . . of distinct 
integers belonging to the sequence kuk^yk^j . . . . such that E is the sequential 

limit point of the sequence E^^jE^, E^y The point C is a sequential limit 

point of the sequence M^^{C)y M^{C)y M^{C), . . . ., the point is a sequential 

* If JT is a compact set of points, JET' is compact and closed. But every point of K' is in some region. 
It foUows by Theorem 18 and Axiom 6 that K is bounded. 

t From here on the present proof bears a certain relationship to an argument of Hilbert's on pp. 
407 and 408, loc. cit. 
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limit point of 3/^(0), M^(0), M^(0), , and the point ^ is a sequential 

limit point of M^{E^), M^(E^), M^{E^), ...^. It follows that there 
exists a motion M* such that M* (0) =0, M* (C) =C and 3f * (£?) =E. Since 
J/*(0)=ilf(0)=0 and M*{C)=M{C) therefore, by Theorem 32, M*{E^) 

=M{E^Jy M*{E^)=M{E^)y But the point E is a sequential limit 

point of E^^j E^y E^y . . . ., the point M{E) is a sequential limit point of 

M{E^)j M{E^)y M{E^)j , and M* {E) is the sequential limit point of 

M*{E^)y M*{E^)y M*(£;^), It follows that M*{E)=M{E). But 

M*(jE;) is on the boundary of M{R) while M{E) is in M{R). Thus the sup- 
position that there exist points that are not in 8i has led to a contradiction. 
It follows that every point distinct from is on a simple closed curve that 
encloses and is a circle with center at 0. 

Theorem 35. There exists an infinite system of circles k^ kzf k^y .... 
such that for every n, k^ is within k^^i and such that every point is within 
some k^. 

Proof. Let denote some definite point. By Theorem 22 there exists 
a countably infinite set of distinct points Xj , Z, , Zs > • • • • such that 
Xi+X2+Xi+ .... has no limit point. Through the first X^ that is distinct 
from there passes a circle ki with center at 0. Through the first X^ that is 
without ki there is another such circle ki . This process may be continued. It 
follows that there exists a sequence kiy kij k^f .... of circles with center at 
such that, for every ny k^^i encloses both k^ and the point-set 

o+x^+x^+....+x^. 

If Z is a point distinct from 0, and k is the circle with center at that con- 
tains Zy there exists a positive integer m such that X^ is without k. The 
circle k^ encloses Z. The truth of Theorem 35 is therefore established. 

Theorem 36. The set of all points S is a number plane in the sense that 
between S and the set of all sensed pairs of real numbers there is a one-to-one 
correspondence such that in 8 the point P is a sequential limit point of the 
sequence of points P^y P^y P^y .... if and only if Lim x^=x and Lim y^=yy 

where (a;, y) is the pair of real numbers corresponding to P andy for every Uy 
{^n9 Vn) is the pair corresponding to P^. 

Proof. Let Ai , ftg , A;, , .... be a sequence of circles satisfying the require- 
ments of Theorem 35, and let Riy R^y R^y .'. . . be their interiors. Let both 
R^i and Rq denote the null-set. For every positive n let E^ denote the point- 
set Rn—Rn-i . For every n let Ksfj, , Kef^ , -BT^/^ , .... be an infinite sequence 
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of regions satisfying with respect to the point-set E'^ the requirements of 
Theorem 19 and such that each of them is a subset of R^^i — /Jn-2- Let 
Ki^ K2, Ksj .... denote the sequence of regions 

It is easy to see that the sequence Kiy Kzy Ks, .... satisfies, with respect to 
8 J the requirements of Axiom 1 of F. A. As has already been shown, if in the 
statement of Axioms 2-8 of F. A. the term regiofi is restricted so as to apply 
only to Jordan regions, the so modified axioms are all fulfilled in 8. It 
follows* that Theorem 36 is true. 

It having been established that 8 is a, number plane, one may now follow 
Hilbert and arrive at the conclusion that if straight lines, congruence, etc., are 
defined as he defines them, the so determined geometry is Euclidean or 
Bolyai-Lobachevskian, according as our group of motions has or has not an 
invariant subgroup other than the identity. In this sense every geometry that 
satisfies the axioms of S is either a Euclidean or a Bolyai-Lobachevskian 
geometry of two dimensions. 

^6. Independence Examples. 

The symbol E^ will be used to denote an example of a system in which 
Axiom n is false, but all the other axioms of the set S are true. In each 
example E^ , except Ei , use is made of a well-defined space 8^ . In every case 
the points of JE?„ are the ordinary poins of 8^ , but the regions of the various 
E^'q are defined in various ways. 

El. la El the terms point, region and motion have no significance. 

E2. 82 is Euclidean space of two dimensions. A point-set -M is a region 
if and only if M=I or M=I — P where I is the interior of some Jordan curve 
and P is a point in 7. A motion is an ordinary two-dimensional motion that 
does not change sense on any closed curve. 

Es . 89 is Euclidean space of two dimensions. A region is the interior 
of a Jordan curve whose maximum diameter is equal to or greater than 1. 
Motion has the same significance as in E2 . 

E^. /S'4 is the linear continuum ( — Qo<a;<oo). A region is a segment. 
A motion is a one-dimensional rigid motion that does not reverse order. 

jEfi . 8s is a point-set composed of a countably infinite set of equal spheres 
Ki, K2, K^, > . . ., sll lying in a fixed Euclidean space E of three dimensions, 
such that every K^ is wholly without every other one. A motion is a one-to- 

* Cf. proof of Theorem 29. 
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one transformation of S^ into itself which results from first permuting or 
leaving fixed the spheres of the set and then rotating each sphere about one of 
its diameters. A set of points 3/ is a region if and only if it is one of the two 
point-sets into which one of the spheres is separated by a closed Jordan curve 
lying on it. 

£^0. 8^ is Euclidean space of three dimensions. A set of points is a 
region if and only if it is the interior of a cube. Motion has its usual sig- 
nificance. 

El . S^i is Euclidean space of two dimensions. A set of points is a region 
if and only if it is the interior of a closed Jordan curve. The only motion is 
the identity transformation. 

£fg. Ss=S',. Motion has the same meaning as in £2 • '^be interior of 
every simple closed curve is a region. Every region^ with the exception of a 
certain region Rq , is the interior of a simple closed curve. The region Rq is 
the domain enclosed by the point-set ki+ki described on page 162 of F. A. 

Eg. 89=8',. Region the Bame as in Ey. Every one-to-one continuous 
transformation of 8g into itself that does not change sense is a motion. 

EiQ . Same space and same regions as in £7 . Select a system of rectan- 
gular coordinates. Let M denote the transformation of 810 into itself repre- 
sented by the equations x'=2Xf y' = 2y. A transformation is a motion if and 
only if it can be expressed in the form M^MiM^. . . .3/^ where 3fi, Mj, . . . ., M^ 
is a finite set of transformations, distinct or otherwise, such that for each 
t(l<i<n)3f2 is either the transformation M or some rigid motion that leaves 
sense invariant. 

j^ii. Same space and same regions as in E^q Let M have the same 
meaning as in E-^ and let M"^ represent the inverse of M. A one-to-one 
transformation of 811 into itself is a motion if and only if it is identical with 
M or with ilf~\ or with some ordinary two-dimensional rigid motion that 
leaves sense invariant. 

Ei^. Same space and same regions as in £^7. A motion is a one-to-one 
continuous transformation of 8^ into itself that carries lines into lines and 
preserves distances. 

U5IVKRSITT or Pennbtlvania. 
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